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Abstract

In the setting of partially ordered metric spaces, using the notion of compatible
mappings, we establish the existence and uniqueness of coupled common fixed
points involving a (¢, ¥)-contractive condition for mixed g-monotone operators. Our
results extend and generalize the well-known results of Berinde (Nonlinear Anal. TMA
74:7347-7355,2011; Nonlinear Anal. TMA 75:3218-3228, 2012) and weaken the
contractive conditions involved in the results of Alotaibi et al. (Fixed Point Theory
Appl. 2011:44,2011), Bhaskar et al. (Nonlinear Anal. TMA 65:1379-1393, 2006), and
Luong et al. (Nonlinear Anal. TMA 74:983-992, 2011). The effectiveness of the
presented work is validated with the help of suitable examples.
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1 Introduction and preliminaries

Bhaskar and Lakshmikantham [1] introduced the notion of coupled fixed points and
proved some coupled fixed point theorems for a mapping with the mixed monotone prop-
erty in the setting of partially ordered metric spaces. These concepts are defined as follows.

Definition 1.1 [1] Let (X, <) be a partially ordered set and F : X x X — X. The mapping
F is said to have the mixed monotone property if F(x, y) is monotone non-decreasing in x

and monotone non-increasing in y; that is, for any x,y € X,

x1,% € X, x1 <x, implies F(x1,y) < F(xy,7)

and

Y1, )2 GXI N SyZ lmPheS F(x,yl) = F(%J’z)-

Definition 1.2 [1] An element (x,y) € X x X is called a coupled fixed point of the mapping
F:XxX— XifFlx,y)=xand F(y,x) = y.
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Bhaskar and Lakshmikantham [1] proved the following results.

Theorem 1.3 [1] Let (X, <) be a partially ordered set and suppose there exists a metric d on
X such that (X, d) is a complete metric space. Let F : X x X — X be a continuous mapping
having the mixed monotone property on X. Assume that there exists a k € [0,1) with

d(F(x,y),F(u, V)) < [d(x, u) +d(y, v)] (1.1)

N | X

forallx>uandy<v.
If there exist two elements xo,yo € X with xo < F(xo,y0) and yo > F(yo, o), then there
exist x,y € X such that x = F(x,y) and y = F(y,x).

Theorem 1.4 [1] Let (X, <) be a partially ordered set and suppose there exists a metric d
on X such that (X, d) is a complete metric space. Assume that X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
Let F: X x X — X be a mapping having the mixed monotone property on X. Assume
that there exists a k € [0,1) with the condition (1.1). If there exist two elements xg,y9 € X
with xo < F(xo,Y0) and yo > F(yo,%0), then there exist x,y € X such that x = F(x,y) and

y=F(y,x).

Lakshmikantham and Ciri¢ [2] extended the notion of mixed monotone property to
mixed g-monotone property and generalized the results of Bhaskar and Lakshmikantham
[1] by establishing the existence of coupled coincidence point results using a pair of com-

mutative maps.

Definition 1.5 [2] Let (X, <) be a partially ordered setand F: X x X - X and g: X — X.
We say F has the mixed g-monotone property if F(x,y) is monotone g-nondecreasing in
its first argument and is monotone g-nonincreasing in its second argument; that is, for

any x,y € X,
% €X,  gxy <gx, implies F(x1,y) < F(x2,)
and

yy2€X,  gn <gy, implies F(x,y1) > F(x,y2).

Definition 1.6 [2] An element (x,y) € X x X is called a coupled coincidence point of the
mappings F: X X X - X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition 1.7 [2] An element (x,y) € X x X is called a coupled common fixed point of
the mappings F: X x X - X and g: X — X if x = gx = F(x,y) and y = gy = F(y,x).

Definition 1.8 [2] Let X be a non-emptysetand F: X x X - X and g: X — X. We say F
and g are commutative if gF(x,y) = F(gx, gy) for all x,y € X.
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Later, Choudhury and Kundu [3] introduced the notion of compatibility in the context
of coupled coincidence point problems and used the notion to improve the results of Lak-
shmikantham and Ciri¢ [2].

Definition 1.9 [3] The mappings F: X x X — X and g: X — X are said to be compatible
if

lim d(gF(x,,,y,,),F(gx,,,gy,,)) =0 and lim d(gF(y,,,x,,),F(gy,,,gx,,)) =0
n—00 n—oo

whenever {x,} and {y,} are sequences in X such that lim,_, o F(%y,y,) = lim,_ 00 g%, = x
and lim,—, oo F (¥, %) = lim,,—, oo gy, = y for some x,y € X.

In recent years, following Bhaskar and Lakhsmikantham [1], the existence and unique-
ness of coupled fixed points under more general contractive conditions were established
by various authors. One can refer to [2, 4-15].

In order to generalize the results of Bhaskar and Lakshmikantham [1], Luong and Thuan
[7] considered the following class of control functions.

Definition 1.10 [7] Let ® denote the class of functions ¢ : [0, 00) — [0, co) which satisfy

(1) @ is continuous and non-decreasing;
(¢2) @(t)=0ifand onlyift=0;
(p3) @(t+5) < p(t) + ¢(s), for all ¢, 5 € [0, 00).

Definition 1.11 [7] Let W denote the class of functions y : [0,00) — [0, 00) which satisfy

(iy) lime, ¥ (t) > 0 for all ¥ > 0 and lim,_, o, ¥ () = 0.

The contractive condition considered by Luong and Thuan [7] is given below:

@(d(F(x,9),F(u,v))) < % 5 1.2)

d(x,u) +d(y,v)
¢(dew) +d(y,v)) - w(iw :
wherep e @,y e Wandx >u,y <v.

On the other hand, Alotaibi and Alsulami [16] extended the results of Luong and Thuan
[7] for a compatible pair (F,g), where F: X x X — X and g : X — X are the maps satisfying

the following contractive condition:

9(d(F(x,p), F(u,v))) <

d(gx, d(gy,
w(d@x,gund(gy,gv))—w( (@rgn) + gy g”’>, 13)

2

N =

with ¢ € &, ¥ € ¥ and gx > gu, gy < gv.
We consider the class ® redefined by Berinde [5] as follows.
Definition 1.12 [5] Let ® denote the class of functions ¢ : [0, 00) — [0, co) which satisfy

(i,) ¢ is continuous and (strictly) increasing;
(lip) @(t) <tforallt>0;
(iiiy) @(t +5) < @(t) + ¢(s) for all £, s € [0, 00).

Note that by (i,) and (ii,), we have ¢(t) = 0 if and only if = 0.
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Berinde [5] weakened the contractive conditions (1.1) and (1.2) by considering the more

general one

(p(d(F(x,y),F(u, V) 42- d(F(y,x),F(v, u))) < (p(d(x, u) ;— d(y, V))

~ I/f(a’(x, u);rd(y, v)) (1.4)

for a mixed monotone mapping F: X x X — X, x> u,y <v, where ¢ € ® and ¢ € V.
The present work extends and generalizes several results presented in the literature of
fixed point theory. Our theorems directly derive the main results of Berinde [4, 5]. We
give suitable examples to show how our results extend the well-known results of Alotaibi
et al. [16], Bhaskar et al. [1] and Luong et al. [7] by significantly weakening the involved

contractive condition.

2 Main results

Theorem 2.1 Let (X, <) be a partially ordered set and suppose there exists a metric d on X
such that (X, d) is a complete metric space. Let F: X x X — X, g: X — X be two maps with
F having the mixed g-monotone property on X such that there exist two elements xo,yo € X
with gxo < F(xo,y0) and gyo > F(y0,%0). Suppose there exist ¢ € ® and W € V such that

d(F(x,y), F(u,v)) + d(F(y,x), F (v, u)) d(gx, gu) +d(gy,gv)
7 9 =¢ 5

_ 1p(al(gx,gu) + d(gy,gV))

5 (2.1)

forall x,y,u,v € X with gx > gu and gy < gv.
Suppose that F(X x X) C g(X), g is continuous and the pair (F,g) is compatible.
Also suppose either
(a) F is continuous, or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then gx, < gx for all n;
(i) if a non-increasing sequence {y,} — y, then gy < gy, for all n.
Then there exist x,y € X such that gx = F(x,y) and gy = F(y,x); that is, F and g have a
coupled coincidence point in X.

Proof Let x9,y0 € X such that gxo < F(x0,%0) and gyo > F(¥0,%o). Since F(X x X) C g(X),
we can choose xy,y; € X such that gw; = F(xo,y0), 21 = F(¥0,%0). Again, we can choose
%2,¥2 € X such that gxy = F(x1,91), g2 = F(y1,%1).

Continuing this process, we can construct sequences {gx,} and {gy,} in X such that

X1 = F(xmyn)) &Vn+1 = F(ymxn) for all n >0. (22)
We shall prove, for all # > 0, that

X = 8Xn+1s (2.3)

Dn = Gnel- (2.4)
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Since gxg < F(x0,0) and gyo > F(yo,%0), gx1 = F(%0,%0), &1 = F(0,%0), we have gxg <
gx1, gyo > gyy; that is, (2.3) and (2.4) hold for n = 0.

Suppose that (2.3) and (2.4) hold for some n > 0, i.e., gx, < g%y41, &Vn > &Vu+1- As F has
the mixed g-monotone property, by (2.2), we have

EXpi1 = F(xmyn) =< F(xwrl:yn) =< F(xn+l»yn+1) = 8&%Xn+25

and

&Vn+1 = F(men) = F(ynﬂ;xn) = F(Ynﬂ»xnﬂ) =8Vn+25

that is,

Gl < gne2 and  @Ypi1 > gVni2.

Then, by mathematical induction, it follows that (2.3) and (2.4) hold for all n > 0.

If, for some n > 0, we have (gx,41,€Vn+1) = (€%, V), then F(x,, y,) = gx, and F(y,,x,) =
gyy; thatis, F and g have a coincidence point. So, now onwards, we suppose (g%,+1, Vu+1) 7
(gx,,gyy) for all n > 0; that is, we suppose that either gw,.; = F(x,, ) 7 g% OF gVn41 =

F(Yu %n) 7 8Yn-
Since gx,, > gx,-1 and gy, < gy,_1, by (2.1) and (2.2), we have, for all n > 0, that

0 <d(gxn+lrgxn) + d(gyt’ﬁl’gyﬂ))

2
_ (p(d(F(xmyn): F(xn—lry"—l)) + d(F(y”’x”)’F(yn_l’xn_l))>
2
S (p(d(gxmgxn—l) ; d(gymgyn_l)) B w (d(gxn:gxn—l) ;’ d(gymgyn—l))' (25)

Since ¢ is non-negative, we have

d(gxnﬂrgxn) + d(gynﬂ;gyn) d(gxmgxn—l) + d(gymgyn—l)
¥ D) =¢ 5 .

By the monotonicity of ¢, we have

A(g%X141,8%n) + A(gYn+1,8Yn) _ d(gxn, gxn-1) + AV, &Yn-1)
2 - 2 ’

) then {R,} is a monotone decreasing sequence of non-

Let Rn — d(gxn+1ygxn);d@yn+1ygyn

negative real numbers. Therefore, there exists some R > 0 such that

lim R, = lim

n—00 n—00

[d(gxml,gxn) + d(gynmgyn)] _R (2.6)

2

We claim that R = 0.
On the contrary, suppose that R > 0.

Page 5 of 19
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Taking limit as # — 0o on both sides of (2.5) and using the properties of ¢ and ¥, we
have

@(R) = nllg;lo P(R,) < nli)ngo[gp(Rn—l) - 17D(Rn—l)]

= ¢(R) _leng(Rn—l) <@(R),

a contradiction.
Thus, R = 0; that is,

lim R, = lim
n—00 n—00

[d(gxml,gxn) + d(gym,gyn)] _0. 2.7)

2

Next, we shall show that {gx,} and {gy,} are Cauchy sequences.

If possible, suppose that at least one of {gx,} and {gy,} is not a Cauchy sequence. Then
there exists an ¢ > 0 for which we can find subsequences {gx,x}, {g¥n@)} of {gx,} and
{gynio} {@Vmw} of {gy,} with n(k) > m(k) > k such that

_ A&hniky &5mt)) + A @Yt &Ymw) _

. 2.8
Tk 5 =& ( )

Further, corresponding to m(k), we can choose (k) in such a way that it is the smallest
integer with n(k) > m(k) > k and satisfies (2.8). Then

A(GXn(t)-1,8%m(k) + AVn(k)-1, &Ym(k))
2

<e. (2.9)
By (2.8), (2.9) and the triangle inequality, we have

_ A, &) + AYntt) &Ymiv))

e <rk
2
- {d(@%nk)» 5nk)-1) + A @Xn(t)-1,&%mk)) + A@Yn(k)» &Vnk)-1) + A(@Vnk)-1, &Ym(k))}
- 2
d (k) EXnl)— d n(k)s YVn(k)-
. (@%n(k)> §%n(i0-1) + AGYnik)» &Yn(i)-1) e

2

Letting k — oo and using (2.7) in the last inequality, we have

(gt &Xmiky) + d(gymk)’gym(k))} . (2.10)

lim 7, = lim [
k—>00 k— 00 2
Again, by the triangle inequality

_ A, 8om)) + AQYntt) &Yty
2

Tk

{ A(GXn(k)s &on(k)+1) + AGXn(k)+1> §Xm(k)+1) + A(GXim(k) 11, §Xmik)) }
+d(@Y () EYn(0+1) + A@Yn(k)+1: &V m(k)41) + AV m(k)+1, & mik))
- 2
A(GXn(k) 11, §Xm(k) 1) + AV n(k)+1» &Ym()+1)

2

= Ruy + Ry +

Page 6 of 19
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By the monotonicity of ¢ and the property (iii, ), we have

(2.11)

d 1) +1 EXm (k) + d n(k)+1> &YV m(k)+
w(rk)Sgo(Rn(k))+<p(Rm(k>)+¢( (8%n(k)+15 Xm(k) 1); (&Yn(k)+1 &Ymik) 1))'

Since n(k) > m(k), g%u) = &%m) and gVu) < EVmk)-
Then by (2.1) and (2.2), we have

p (d(gxn(k)ﬂygxm(k)ﬂ) + d(@Vn(io)+1, EYmik)+1) )
2

o (d(F(xn(k),yn(k))f F( (ks Ymk))) + AE Y(kys Xn(h))s F(ym(k>,xm(k))))
2

<y <d(gxn<k),gxm<k)) + d(gymk):gym(k)))

= 2
y (d(gxmk),gxm(k)) +d (gyn(k»gym(k)))
2

= @(rr) — ¥ (re). (2.12)

By (2.11) and (2.12), we have

(1) < Ruwy) + @ (Ryniiy) + 0 (i) — ¥ (rx).

Letting k — 00, using (2.7), (2.10) and the properties of ¢ and ¥ in the last inequality, we
have
¢(e) = ¢(0) + ¢(0) + p(e) — lim ¥ (ri)
= ¢(e) - rlkigls V() < p(e),
a contradiction.

Therefore, both {gx,} and {gy,} are Cauchy sequences in X. By the completeness of X,
there exist x,y € X such that

lim F(x,,y,) = lim gx, =x and lim F(y,,x,) = lim gy, =y. (2.13)

n—00

Since F and g are compatible mappings, we have from (2.13)

lim d(gF(x,,,yn),F(gx,,,gy,,)) =0, (2.14)
lim d(gF(yn,xn),F(gyn,gxn)) =0. (2.15)

Let the condition (a) hold.

For all # > 0, we have

d(gx, F (g% @yn)) < d(g%, gF (n,yn)) + d(GF s yn)s F(@%ns QVn))-

Page 7 of 19
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Taking n — oo in the last inequality, using the inequalities (2.13), (2.14) and the continu-
ities of F and g, we have d(gx, F(x, y)) = 0; that is, gx = F(x,). Again, for all n > 0,

d(gy, F(gym g%n)) < d(y, 8F (s %)) + A(GF (Vs %), F (€Y1 %))

Taking #n — oo in the last inequality, using the inequalities (2.13), (2.15) and the con-
tinuities of F and g, we have d(gy, F(y,x)) = 0; that is, gy = F(y,x). Hence, the element
(%,y) € X x X is a coupled coincidence point of the mappings F: X x X — X andg: X — X.
Next, we suppose that the condition (b) holds.
By (2.3), (2.4) and (2.13), we have {gx,,} is a non-decreasing sequence, gx, — x and {gy,}
is a non-increasing sequence, gy, — y as n — 00. Hence, by the assumption (b), we have
foralln >0,

ggxn <gx and ggy, > gy. (2.16)

Since F and g are compatible mappings and g is continuous, by inequalities (2.13)-(2.15),

we have
lim g, =gx = lim g(F(xuyu)) = lim F(gxu, gyn), (2.17)
and
lim gy, =gy = lim g(F(y,%,)) = lim F(gy,,gxn)- (2.18)
Now,

d(F(x,y),gx) < d(F(%,9),gg%ns1) + A(gg%n:1,8%);

that is,

d(F(x,y),gx) < d(F(%,9), gF (%, yn)) + A(gg¥ns1,8%).

Taking n — oo in the last inequality and using (2.17), we have

d(F(x,y),gx) < lim d(F(x,7), gF (%, ) + lim d(ggxn.1, %)

< lim d(F(x,y), F(g%ngVn))- (2.19)
Similarly,
d(F(y,x),gy) < nlin;o A(F(y,%), F(gy, g%n))- (2.20)

By (2.19), (2.20) and the property (i, ), we have

2

(d(F(x,y),F(gxmgyn)) +d(F(y,x),F (gyn,gxn)))
5 )

. (d(F(x, ¥),8x) + d(F(y, x),gy)>

< lim ¢ (2.21)

n—00
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By (2.1) and (2.16), we have

p (d(F(x,y),F(gxmgyn)) + d(F(%x),F(gymgxn))>

2
< (p(d(gx»ggxn) ; d(gy,ggyn)) y (d(gx,ggxn) ; d(gy»ggyn)). (2.22)
Inserting (2.22) in (2.21), we have
p (d(F(x,y),gx) ; d(F(y, x),gy)>
< lim [(p(d(gx,ggxn) ; d(gy,ggyn)) y (d(gx;ggxn) ; d(gy,ggyn))}
_ lim (p(d(gx,ggxn) ; d@y,ggyn)> - lim 1/I<d(z>vc,ggxn) ; d@y,ggyn))

By (2.17), (2.18), the continuity of ¢ and lim,_, o, ¥ () = 0, we get

(d(F(x,y),gx) + d(F(y,x),gy)) < Lim (d(gx,ggxn) + d(gy,ggyn))
¢ 2 - n~>oo(p 2
= ¢(0)=0.

Since ¢ is non-negative and ¢(0) = 0, we have
d(F(x,9),gx) =0 and d(F(y,x),gy) = 0;
that is,

F(x,y)=gx and F(y,x) =gy.

Hence, the element (x,y) € X x X is a coupled coincidence point of the mappings F : X X
X—Xandg: X — X. 0

Now, we give an example in support of Theorem 2.1.

Example 2.1 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers.

Letd(x,y) = |x — y| for x,y € X.

Then (X, d) is a complete metric space.

Let : X — X be defined as

gx)=«?, forallxeX.

Let F: X x X — X be defined as

A2y
F(x:y) = ¢ .
0, ifx<y.

, ifx,ye(0,1l,x>y,

Page 9 of 19
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Let {x,} and {y,} be two sequences in X such that

lim F(x,,y,) = a, lim g(x,) = a,
n— o0 n—

lim F(y,,x,)=b and l1m gly,) =b.

n—00

Now, forall > 0,

g =a2, gy, =92,

S ifxy € [0,1],5, >

=t itw,y € (0,1, %, = Y,
F(xmyn) = 4
0, ifx, <y,

and

, ifx,ye[0,1],y, = x4,

Va2
F(yn:xn) = 4
0, if y, <xy.

Obviously, a =0 and b = 0.
Then it follows that

A(gF %, yu)s F(g%n,gyn)) — 0 as m — oo,

and

d(gF(yn,xn)rF(gymgxn)) — 0 asn— o0.

Hence, the mappings F and g are compatible in X. Clearly, F obeys the mixed g-monotone
property. Also, F(X x X) C g(X).

Let ¢, ¥ : [0,00) — [0,00) be defined as ¢(¢) = £, ¥ (¢) = £, for £ € [0, 00).

Also, xy = 0 and yp = ¢ (>0) are two points in X such that g(x¢) = g(0) =0 = F(0,¢) =
F(x0,y0) and g(y0) = g(c) = ¢* > C =F(c,0) = F(y0,%0).

Next, we verify inequality (2.1) of Theorem 2.1. We take x,,u,v € X such that gx > gu
and gy < gv; that is, x? > u? and y? < v?. We discuss the following cases.

Casel:x >y, u>v.

Then

p (d(F(x,y),F(u, v)) + d(F(y,x), F(v, u)))

2

1 (d(F(x,y),F(u,v)) +d(0,0)) 1d x —y u?—v
e ( )
1R 2| 1)+ (P 7 -y)
T4l 4 4 |4 4 { 4 }
1 (2 —u?) + (2 =»?) d(gx,gu)+d(gv gy)
S e N R !
B (d@x,guhd(gvygy)) (d(gx,gu +d(gv,gy)>
=¢ 5 -y

Page 10 of 19
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Case2:x >y, u<v.
Then

p (d(F(xry),F(ur v)) + d(E(y,x), F(v, u)))

2
1 [/ d(F(x,y), F(u,v)) + d(F(y,x), F(v, u))
_E< 2 )
)07
4 4 4
1 2y Vo2
‘E( 1 >+< 1 >}
1 22 Vg
‘E< 4 )+( 4 >}
) () ey
4 2 2 4 2

1 [dgngn +dievey)| _ (dlgngn)+digng)\ | (digngn)+ dgng)
4 2 ¢ 2 ¥ 2 '

Case3:x<y,u>v.
Then

p (d(F(x,y),F(u, v)) + d(F(y,x), F(v, u)))
2

1 <d(F(x,y),F(u, v)) + d(F(y,x), F(v, u)))
T2 2

(o) (P )| 2 (52 (252

1 { ~(2 =) = ( —y2)} < l{ (o2 ) + (v —yz)}

4 4 4 4
_1 @ —u?)+ (V=) | 1 [d(gx,gu)+d(gv.gy)
—Z{ 2 }_Z{ 2 }
_ [ dgx gu) +d(gv,gy) d(gx,gu) + d(gv,gy)
¢ 2 v 2 '
Cased:x<y,u<v.
Then
(p(d(F(x,y),F(u, v)) + d(F(y,x), F(v, u)))
2
_1/d(0,0) + d(F(y,x), F(v,u))\ _ ld ¥ —x? v —u?
_E( 2 )‘Z ( 4 4 )
1y’ > v -u?| 1‘—(962—142)—(1’2 -7 1[I -u’) + (VP =)
T4l 4 4 | 4 4 _Z{ 4 }
1@ -u?)+ (P -7 _1 2 —u?)+ (-9
e S
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1| d(gx,gu) +d(gr.gy) | [ dlgx gu)+d(gv.gy)
"1 2 e 2

(d(gx:gu) + d(g%gy)>
-y 5 .

Hence, the inequality (2.1) of Theorem 2.1 is satisfied.

Thus, all the conditions of Theorem 2.1 are satisfied, and it can be easily seen that (0, 0)

is the required coupled coincidence point of F and g in X.

Remark 2.1 If we choose the functions ¢(t) = £/2 and ¥ (£) = t/4, for ¢t € [0, 00), then with
this choice of functions, we can obtain the already existing contractive condition. Since ¢
and v are actually contractions, this will be cleared in Corollary 2.3. But if we choose ¢(t) =
t/(t + 1) and ¥ (t) = £/3, for ¢ € [0,00), then with this choice of ¢ and ¥, the contractive

condition (2.1) does not turn to the existing contractive condition.

The next example shows that Theorem 2.1 is more general than Theorem 3.1 in [16]

since the contractive condition (2.1) is more general than (1.3).

Example 2.2 Let X = R. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d : X x X — R* be defined by

dix,y)=|x—y| forxyeX.

Then (X, d) is a complete metric space.

Define F: X x X — X by F(x,y) = x;_g;v, (x,y) eX x Xandg: X — X by g(x) = §, x € X.

Clearly, F(X x X) C g(X), F is continuous and has the mixed g-monotone property, the
pair (F,g) is compatible and satisfies the condition (2.1) but does not satisfy the condition
(1.3). Assume, to the contrary, that there exist ¢ € @ (in accordance with Definition 1.10)

and ¥ € W such that (1.3) holds. Then we must have
(B3
2

<1 v
o )=3¢( ;
1 (|x—u|+|y—v|>_¢(|x—u|+|y—v|)
2¥ 2 4

ly=vl
4

x-5y u-5v X u

20 20

+

Y
2

, we obtain

for all x > u and y < v. Take x = u, y # v in the last inequality and let p =

p(p) < %w@p) -¥(p), p>0.

But by (¢3) we have %90(2,0) < ¢(p) and hence we deduce that, for all p > 0, ¥(p) < 0, that
is, ¥ (p) = 0, which contradicts (iy ). This shows that F does not satisfy (1.3).
Now, we prove that (2.1) holds. Indeed, for x > u and y < v, we have

x—-5y wu->5v
20 20

<—1| | 1| |
p— +_ —_— »
=TT LYY
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and

1 1
< —ly-v|+ E|x—u|.

— 20

y—-5x v-5u
20 20

By summing up the last two inequalities, we get exactly (2.1) with ¢(t) = %t, Y(t) = ét.
Also, xg = -1, yo =1 are the two points in X such that gxg < F(xo,yo) and gyo > F(yo, o).
F, g, ¢, ¥ satisfy all the conditions of Theorem 2.1. So, by Theorem 2.1, we obtain that F
and g have a coupled coincidence point (0,0), but Theorem 3.1 in [16] cannot be applied
to F and g in this example.

The following Corollary 2.1 is Theorem 2 in [5].

Corollary 2.1 [5] Let (X, <) be a partially ordered set and suppose there exists a metric d
on X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping having
the mixed monotone property on X such that there exist two elements xo,y0 € X with xo <
F(x0,y0) and yo > F(yo,%0). Suppose there exist ¢ € ® and € V such that

(p(d(F(x,y),F(u, v)) 42- d(F(y,x),F(v, u))) < (p(d(x, u) ;- d(y, v))

—y (4"(’“’ “) ;r a0, V)> (2.23)

forall x,y,u,v € X with x > u and y < v. Suppose either
(a) F is continuous, or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n;
(i) if a non-increasing sequence {y,} — y, then'y <y, for all n.
Then there exist x,y € X such that x = F(x,y) and y = F(y,x).

Proof Taking g to be an identity mapping in Theorem 2.1, we obtain Corollary 2.1. O

The following example shows that Corollary 2.1 is more general than Theorem 1.3 (i.e.,
Theorem 2.1 in [1]) and Theorem 2.1 in [7], since the contractive condition (2.23) is more
general than (1.1) and (1.2).

Example 2.3 Let X = R. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d : X x X — R* be defined by

dx,y)=|x-y| forxyeX.

Then (X, d) is a complete metric space.

Define F: X x X — X by F(x,y) = x_TSy, (x,y) e X x X.

Then F is continuous, has the mixed monotone property and satisfies the condition
(2.23) but does not satisfy either the condition (1.1) or the condition (1.2). Indeed, assume
there exists k € [0,1) such that (1.1) holds. Then we must have

x—3y u-3v
6 6

k
< E{Ix—u| +ly-vl}, x>uandy<v,
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by which, for x = u, we get

ly—vi<kly-vl, y=<vw
which for y < v implies 1 < k, a contradiction, since k € [0,1). Hence, F does not satisfy
(1.1).

Further, (1.2) is also not satisfied. Assume, to the contrary, that there exist ¢ € ® (in
accordance with Definition 1.10) and vy € ¥ such that (1.2) holds. Then we must have

1 _ _
w( )s§¢(|x—u|+|y—v|)—w(W),

forall x > y and y < v. Take x = 1, y # v in the last inequality and let o = ;"

x—-3y u-3v
6 6

, we obtain

p(a) < %¢(2a) —vY(a), a>0.

But by (¢3), we have %(p(Zc{) < ¢(a) and hence we deduce that, for all @ > 0, ¥ () < 0, that
is, ¥ (o) = 0, which contradicts (i, ). This shows that F does not satisfy (1.2).

Now, we prove that (2.23) holds. Indeed, for x > & and y < v, we have

x—-3y u-3v
6 6

<1| | 1| |
—lx—ul+=ly—-vl,
=% 2V

and

‘y—?;x v—3u

<1| | 1| |
—ly=v|+ =|x—ul.
6 6 |—6"” 2

By summing up the last two inequalities, we get exactly (2.23) with ¢(¢) = %t, Y(t) = %t.
Also, xg = -1, yo = 1 are the two points in X such that xy < F(x,%0) and yo > F(yo,%o).

So, by Corollary 2.1, we obtain that F has a coupled fixed point (0, 0) but neither Theo-
rem 2.1 in [1] nor Theorem 2.1 in [7] can be applied to F in this example.

The following Corollary 2.2 is Corollary 1 in [5].

Corollary 2.2 [5] Let (X, <) be a partially ordered set and suppose there exists a metric d
on X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping having
the mixed monotone property on X such that there exist two elements xo,yo € X with xo <
F(x0,90) and yo > F(yo,%0). Suppose there exists € ¥ such that

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))

d(x, u) +d(y, v))

> (2.24)

<d(x,u) +d(y,v)—21//<

forall x,y,u,v € X with x > u and y < v. Suppose either
(a) F is continuous, or
(b) X has the following property:
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(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n;
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
Then F has a coupled fixed point in X.

Proof Note that if ¢ € U, then for all » > 0, ry € W. Now divide (2.24) by 4 and take
o(t) = %t, t € [0,00), then the condition (2.24) reduces to (2.1) with ¥ = %1// and g(x) = x;
and hence by Theorem 2.1, we obtain Corollary 2.2. 0

Corollary 2.3 Let (X, <) be a partially ordered set and suppose there exists a metric d on X
such that (X, d) is a complete metric space. Let F: X x X — X, g: X — X be two maps with
F having the mixed g-monotone property on X such that there exist two elements xo,yo € X
with gxo < F(xo,y0) and gyo > F(yo,%0). Suppose there exists a real number k € [0,1) such
that

d(F(x,y),F(u, V)) + d(F(y, x), F(v, u)) < k[d(gx,gu) + d(gy,gv)] (2.25)

forall x,y,u,v € X with x > u, y < v. Suppose either
(a) F is continuous, or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then gx, < gx for all n;
(i) if a non-increasing sequence {y,} — y, then gy < gy, for all n.
Suppose that F(X x X) C g(X), g is continuous and the pair (F,g) is compatible, then there
exist x,y €X such that gx = F(x,y) and gy = F(y,x).

Proof Taking ¢(t) = £ and ¥/(t) = (1 - k)%, 0 < k <1, in Theorem 2.1, we obtain Corol-
lary 2.3. O

Remark 2.2 (i) Corollary 2.3 is an extension of the recent coupled fixed point result of
Berinde (Theorem 3 in [4]) to a coupled coincidence point theorem for a pair of compat-
ible mappings having the mixed g-monotone property.

(ii) Again, the choice of functions F and g in Example 2.2 shows that Corollary 2.3 is more
general than Theorem 3.1 in [16], since the contractive condition (2.23) is more general
than (1.3). Indeed, the contractive condition (1.3) does not hold for the choice of functions
F and g, but (2.25) holds exactly for k = % with xp = -1 and y¢ =1 and yields (0, 0) as the
coupled coincidence point of F and g.

Corollary 2.4 Let (X, <) be a partially ordered set and suppose there exists a metric d on
X such that (X,d) is a complete metric space. Let F : X x X — X, be a mapping having
the mixed monotone property on X such that there exist two elements xo,yo € X with xo <
F(x0,0) and yo > F(yo,x0). Suppose there exists a real number k € [0,1) such that

d(F(x,y),F(u, v)) + d(F(y,x),F(V, u)) < k[d(x, u) +d(y, v)] (2.26)
forall x,y,u,v e X with x > u, y <v. Suppose either

(a) F is continuous, or
(b) X has the following property:
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(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n;
(i) If a non-increasing sequence {y,} — y, then y <y, for all n.
Then F has a coupled fixed point in X.

Proof Taking g to be the identity mapping in Corollary 2.3, we obtain Corollary 2.4. O

Remark 2.3 (i) By considering the condition of continuity of F in Corollary 2.4, we obtain
Theorem 3 in [4].

(ii) Again, the choice of the function F in Example 2.3 shows that Corollary 2.4 is more
general than Theorem 1.3 (i.e., Theorem 2.1 in [1]) and Theorem 2.1 in [7], since the con-
tractive condition (2.26) is more general than (1.1) and (1.2). Indeed, the contractive con-
ditions (1.1) and (1.2) do not hold for the choice of the function F, but (2.26) holds exactly
for k = % with %9 = —1 and y, = 1 and yields (0, 0) as the coupled fixed point of F.

Now, in order to prove the existence and uniqueness of the coupled common fixed point

for our main results, we need the following lemma.

Lemma 2.1 Let F: X x X — X and g: X — X be compatible maps and let an element
(%,y) € X x X such that gx = F(x,y) and gy = F(y,x) exist, then gF(x,y) = F(gx,gy) and
gF(y,x) = F(gy, gx).

Proof Since the pair (F, g) is compatible, it follows that

nll)H;od(gp(xn,yn)’F(g(xn)’g(y”))) =0,

nlLHgod(gF(yn, xn),F(g(Yn)rg(xn))) =0,

whenever {x,} and {y,} are sequences in X such that lim,,_, oo F (%, ¥,,) = lim,,—, o g(x,,) = a,
limn—>ooF()/n)xn) = llmneoog(yn) = b for some d,b e X. Takmg Xy =%, Yy =Y and using
gx = F(x,9), gy = F(y,x), it follows that

d(gF(x,9),F(gr,gy)) =0 and d(gF(y,x),F(gy,gx)) = 0.

Hence, gF(x,y) = F(gx, gy) and gF (y,x) = F(gy, gx). d

Theorem 2.2 In addition to the hypothesis of Theorem 2.1, suppose that for every
(5, 9),(x,9") € X x X, there exists a (u,v) € X x X such that (F(u,v), F(v,u)) is comparable
to (F(x,y),F(y,x)) and (F(x',y"),F(y’,x)). Then F and g have a unique coupled common
fixed point; that is, there exists a unique (x,y) € X X X such that x = g(x) = F(x,y) and
y=80) =F(yx).

Proof By Theorem 2.1, the set of coupled coincidences is non-empty. In order to prove the

theorem, we shall first show that if (x,7) and (x’,y") are coupled coincidence points, that
is, if gx = F(x,y), gy = F(y,x) and gx" = F(x',y'), gy’ = F(y', "), then

gr=gx and gy=gy. (2.27)
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By assumption, there is (#,v) € X x X such that (F(u,v),F(v,u)) is comparable with
(F(x,9), F(y,x)) and (F(x",y"),F(y,x")). Put ug = u, vo = v and choose u;,v, € X so that
gur = F(uo, vo), g1 = F(vo, uo).

Then, similarly as in the proof of Theorem 2.1, we can inductively define sequences {gu,, }
and {gv,} such that gu,,,; = F(u,,v,) and gv,,1 = F(v,,, u,).

Further, set xo = x, y0 =y, Xy =%, ¥, =y and, in the same way, define the sequences
{gx4}, {2y} and {gx,}, {gy, }. Then it is easy to show that

&% = F@myn),  @nit = F(ny %)
and
W =F(x,9,), @ =F@,x,) foralln>0.
Since (F(u,v), F(v,u)) = (gu1,gv1) and (F(x,y), F(y,x)) = (gx1,2y1) = (gx,gy) are comparable,

then gu; > gx and gv; < gy. It is easy to show that (gu,,gv,) and (gx,gy) are comparable,
that is, gu, > gx and gv, < gy for all » > 1. Thus by (2.1),

p (d(gum,gx) + d(gvn+1,gy)>

2
_ (A E W, va), E(x, 9)) + d(E (v, ), E(y, %))
¢ 2
- (p(d(gumgx) + d(gvmgy)> _y (d(gumgx) + d@vn,gy))' (2.28)
2 2
Since ¢ is non-negative, we have
A(guni1,8%) + d(gVni1, £Y) d(gun gx) + d(gvn &)
® 2 =9 5 .
By the monotonicity of ¢, we have
g1, 8%) + AgVni1,8y) _ (g g¥) + d(gvigy) (2.29)

2 - 2

Thus, the sequence {d,,} defined by d,, = w, is a monotonically decreasing se-
quence of non-negative real numbers, so there exists some d > 0 such that lim,,_,  d,, = d.

We shall show that d = 0. Suppose, to the contrary, that d > 0. Then taking limit as
n — 00, in (2.28) and using the continuity of ¢, we have

0(d) = ¢(d) - lim y(d,) <¢(d),

a contradiction. Thus, d = 0; that is, lim,,_, o d,, = 0.

Hence, it follows that gu,, — gx, gv, — gy.

Similarly, one can show that gu,, — gx’, gv, — gy .

By the uniqueness of the limit, it follows that gx = gx” and gy = gy". Thus, we proved
(2.27).
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Since gx = F(x,y), gy = F(y,x) and the pair (F,g) is compatible, then by Lemma 2.1, it
follows that

ggx =gF(x,y) = F(gx,gy) and ggy = gF(y,x) = F(gy, gx). (2.30)
Denote gx = z, gy = w. Then by (2.30),
gz=F(z,w) and gw=F(w,2). (2.31)

Thus, (z, w) is a coupled coincidence point.
Then by (2.27) with x” = z and y" = w, it follows that gz = gx and gw = gy; that is,

gz=1z aw=w. (2.32)
By (2.31) and (2.32),
z=gz=F(z,w) and w=gw=F(w,z).

Therefore, (z, w) is the coupled common fixed point of F and g.
To prove the uniqueness, assume that (p, g) is another coupled common fixed point of
F and g. Then by (2.27), wehave p=gp=gz=zand g=gg =gw =w. g

Corollary 2.5 In addition to the hypothesis of Corollary 2.3, suppose that for every
(x,9), (x",9") € X x X, there exists a (u,v) € X x X such that (F(u,v), F(v,u)) is comparable
to (F(x,y), F(y,x)) and (F(x",y"),F(y",x)). Then F and g have a unique coupled common
fixed point; that is, there exists a unique (x,y) € X x X such that x = g(x) = F(x,y) and
y=80) =F@,x).

Proof Taking ¢(f) = £ and ¥(¢) = (1 - k)%, 0 < k <1 in Theorem 2.2, we obtain Corol-
lary 2.5. O

Remark 2.4 Indeed, (0, 0) is the unique coupled common fixed point of the maps F and
g in Example 2.1 in view of Theorem 2.2 and Corollary 2.5.
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