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Abstract

Calculus for dynamic equations on time scales, which offers a unification of discrete
and continuous systems, is a recently developed theory. Our aim is to investigate
Constantin’s inequality on time scales that is an important tool used in determining
some properties of various dynamic equations such as global existence, uniqueness
and stability. In this paper, Constantin’s inequality is investigated in particular for nabla
and diamond-alpha derivatives.
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1 Introduction

To study the boundedness of solutions for some nonautonomous second order linear dif-
ferential equations, Ou-Iang [1] used a nonlinear integral inequality. This type of integral
inequality had been also used to obtain global existence, uniqueness and stability proper-
ties of various nonlinear differential equations. Pachpatte [2] gave the generalized Ou-lang
type integral inequality. In 1996, Constantin [3] established the following interesting al-
ternative result for this generalization.

Theorem 1.1 Iffor some k, T > 0, u € C(R§, R{) satisfies

W) <k*+2 /t{f(s)u(s)[u(s) + /Sg(r)w(u(f)) d‘L':| + h(s)u(s)} ds,
0 0

vt € [0, T], wheref,g,h € C(R{,R}) and w belongs to the class of continuous nondecreasing

Sfunctions on R such that w(r) > 0 if r > 0 and satisfies [, % = 00, then

u(t) < K(t) + /Otf(s)G_l{G(K(t)) + /Os[f(r) +g(r)] dl’} ds,

where K(t) = k + fot h(s)ds, G(r) = flr ij(s) , 7> 1. Gt denotes the inverse function of G.

Applying above Theorem 1.1 and a topological transversality theorem, he showed that,
under some suitable assumptions, the integrodifferential equation

x'(t) = F(t,x(t), /LI([t,s,x(s)] ds)
0
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has a solution and gave bounds on that solution. Additionally, Yang and Tan [4] gave the
generalization of Constantin’s inequality, and they also presented the discrete analogue of
this inequality which is stated as follows.

Theorem 1.2 Let the function w € C(R,,R,) be nondecreasing, w(r) >0 for r >0, ¢ €
CHR,,R,) with ¢’ being nonnegative and nondecreasing. u,c € C(Npy, R,) with c(n) non-
decreasing. Further, let

f(n,s),g(n,s),h(n,s) e C(Ny x Np, R,)

be nondecreasing with respect to n for every s fixed. Then the discrete inequality

n-1 s—1
¢lu(n)] < c(n) + Z{f(n,s)¢’[u(s>] x [u(s) - Zg(s,s)w(u(a)}
s=0 £=0

+ h(n,s)d)’[u(s)] }, neNy

implies

n-1 s-1
u(n) < L(n) +ZfﬂS)G ( (n)] Zf(”rg)"'g(n"g))
s=0

£=0

Here G(r) = fm e T =70, 1> 70> 0, limy, 00 G(x) = 00, L(n) = ¢~ Uem)] + Y10 hin,s),
Ny={neN:n<M,M e N}

2 Some basic definitions related to time scales

Using [5-7] we give the following information. By a time scale, denoted by T, we mean a
nonempty closed subset of R. The theory of time scales gives a way to unify continuous
and discrete analysis.

The set T* is defined by T = T/(p(sup T),supT] and the set T, is defined by T, =
T/[inf T, o (inf T)). The forward jump operator o : T — T is defined by o (¢) := inf(¢, o),
for t € T. The backward jump operator p : T — T is defined by p(¢) := sup(—o0, £), for
t € T. The forward graininess function u : T — R is defined by u(t) := o (t) — ¢, for t € T.
The backward graininess function v : T — R{ is defined by v(¢) := t — p(t), for ¢t € T. Here
it is assumed that inf@ = sup T and sup ¥ = inf T.

For a function f : T — T, we define the A-derivative of f at t € T*, denoted by f2(¢) for
all € > 0. There exists a neighborhood U C T of ¢ € T* such that

[f(0®) ~f) -2 (0 (t) - 5)| < €|o(t) 5|

forallse U.
For the same function define the V-derivative of f at ¢ € T,, denoted by £V (¢), for all
€ > 0. There exists a neighborhood V' C T of t € T, such that

[f()=f(0(®) =¥ O (s = p®)| < €|s = p(®)]

forallse V.
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We define ¢,-derivative of f at ¢t € T%, denoted by f°(¢) for all € > 0. There is a neigh-
borhood U C T such that for any s € U,

la|f(o®) =) |p@) = s| + A= )|f(0(&) =f )| |o (@) 5| = @] p(®) = 5] |0 () - 5]

< e\p(t) —sHo(t) —s|.

A function f : T — R is rd-continuous if it is continuous at right-dense points in T and
its left-sided limits exist at left-dense points in T. The class of real rd-continuous functions
defined on a time scale T is denoted by C,q(T, R). If f € C,.4(T, R), then there exists a func-
tion F(t) such that F2(¢) = f(¢). The delta integral is defined by fab f(x)Ax = F(b) — F(a).

Similarly, a function g : T — R is 1d-continuous if it is continuous at left-dense points in
T and its right-sided limits exist at right-dense points in T. The class of real Id-continuous
functions defined on a time scale T is denoted by Ci4(T,R). If g € Ciq(T,R), then there
exists a function G(¢) such that GV (¢) = g(¢). The nabla integral is defined by f: gx)Vx =
G(b) - G(a).

By [8], if a function /(t) : T — R is continuous, then it is diamond-alpha integrable, and
the fundamental theorem of calculus is not true for ¢, -derivative. We know that

(/I: h(s) og s)oa = (1 — 20 + 2a2)h(t) + (a - az) [h(,o(t)) + h(o(t))].

Ferreira [9] generalized Constantin’s inequality involving delta derivatives on an arbi-
trary time scale.

Theorem 2.1 Assume that u € Cq([a, b]r,R}), ¢ € Cia([a, blT, R*) is nondecreasing, ® €
C(R{,Ry) is a strictly increasing function such that

lim ®(x) = oo.
xX—> 00

Letf(t1 E), h(t7 %-) € Crd([a: b]'ﬂ' X [d) b]T")RS) and g(t) E) € Crd([ﬂ, b]T" X [ﬂ, b]'ﬂwz !Ra) be
nondecreasing for every fixed & . Further, let w, ¢, V € C(R{,R}) be nondecreasing such that
{w, ¢, ¥}(x) > 0 for every x > 0. Define

M(x) = max{¢(x), \Il(x)}

on R§ and assume that the following function

x ds
F) = /xo Mo d1(s)

withx>c(a)>x020iff(;c#

, d
5 < and x > c(a) > xg >0 lffg Mocbs-l

5 = satisfies

lim,_, o F(x) = 00.
Also assume that the function

" ds
P(r):/m =

wherer>0,ry >0 lff()r% <ooandr>0,ry>0 lff()r% = 00 satisfies lim,_, o, P(r) = 00.
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If 7 [F(x)] <, for all x > 0, the inequality

Pu(®)] < c(®) +/ (f(t, 8)p[u(s)] |:u(s) +/ g(s,f)w[u(s)]A“g‘] + h(z, S)\Il[u(s)]> As

fort € [a,b]r implies

u(t) < o |:F—1 <K(t) + /t<f(t,S)G_l |:G(K(t)) + /s max{f(t,é),g(t,E)}AE])AS)].

a

Here K(t) =: Flc(O)] + [} h(t,s)As and G(r) = [ —&_.

ro w(s)+s

3 Some new results
We try to generalize Constantin’s inequality containing nabla and diamond-alpha deriva-
tives and present the results we have obtained.

First we look for the discrete analogue of Constantin’s inequality involving nabla deriva-
tives.

Theorem 3.1 Let the function w € C(R,,R,) be nondecreasing, w(r) >0 forr >0, ¢ €
CHR,,R,) with ¢' being nonnegative and nondecreasing. u,c € C(Ny, R,) with c(n) non-
decreasing. Further, let

f(n,s),g(n,s),h(n,s) e C(Ny x Npy, Ry)

be nondecreasing with respect to n for every s fixed. Then there exist fixed constants k,1 > 0
such that the discrete inequality

n

¢u(n)] < c(n) + Z{f(ms)«b’[u(s)] x {u(s) + Zg(s,s)w(u(a)}

s=1

+ h(n,s)¢’[u(s)] ], ne Ny
implies
n §
u(n) <L(n) + Z:kf(n,é)G_1 (G[L(n)] + lef(n,s) +g(n,s)>.
£=1 s=1

Here G(r) = [T =%~ r < 715,157 >0,lim, . Gx) = 00,L(n) = ¢~ [c(m)] +k Y1, h(n,s),

ro s+w(s)

Ny={neN:n<M,M e N}. Assume that N starts with 1.

Proof Fixing an arbitrary positive integer m € [1, M].
We denote the set ] = {1,2,...,m} and we define a positive function z(n) € K(J,R,) such
that

z(n) = c(m) + {f (m, )¢’ [u(s)] [M(S) + Zg(m,S Yw(u(& ))} + h(m, s)¢'[uls)] } (1)
1 £=1
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Then u(n) < ¢ [z(n)]. Using (1) we get

Vz(n) Y - -1
S =000 <f(m,n) |:¢ [z(n)] + ;g(m,s)w(qﬁ [z(n)])i| + h(m, n). (2)

Since we have finitely many elements in the domain, functions are bounded and, since
each of them goes to R, it never takes 0. Then

@'l z(m)]] ¢l [z(m ~1)]]
@'l z(m - D ¢'[p7 z(m = 2)]]"
¢'[¢" [=(m)]] ¢'l¢~' =] }
¢l e =D ¢'[97[2(0)]]

k:max{

exists.

If we multiply (2) by k and use the mean value theorem, we get

Vq)’l [z(n)] < kf (m, n) |:¢1 [z(n)] + Zg(m, s)w(qYl [z(n)]):| + kh(m, n).
s=1

Substituting # with & in the last assertion and summing over & = 1,...,n, we have

¢ [z(m)] < 7' [2(0)] + k> h(m, &)
£=1
n &
+k Y f(m,&) [qu [2&)]+ ) glm,s)w[e™ [z(s)]]}.
£=1 s=1

Define the right-hand side of the last inequality as v(r), then we get ¢}[z(n)] < v(n) for
n € J. Taking the nabla derivative of v(#), we obtain

Vv(n) < kf (m, n) |:V(n) £y g(m,s)w[v(s)]:|, nej.

s=1

We define y(n) = v(n) + Y _._, g(m, s)w[v(s)] and take the nabla derivative of y(n), then we
get

Vy(n)

o0+ wiyGry = N o) + glm, ) N

For inequality (3), substituting # with s and summing over s = 1,2,...,n, we obtain

3 Vy(©) < 3 k
—————— < ¥ kf(m,s)+g(m,s). (4)
Z} )+ () Z}

Vy(s)
251 FE w6

Let [ = max,e[o,m] L. Multiply (4) by / and by the mean value theorem, we get

1G]
i 50w

y(n) < G (G[y(O)] +1) kf(m,s) + g(m,s)).

s=1
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Since Vv(n) < kf (m,n)y(n), we obtain

Vu(n) < kf (m,n)G™* (G[y(O)] + lef(m,s) +g(m, s)).
s=1

Substituting # with & and summing over & =1,2,...,xn and using u(n) < ¢[z(n)] < v(n),
we get

n §
u(n) < L(m) + Y kf(m,£)G™! (G[L(m)] +1Y " kf(m,s) + g(m,s)>.
£=1

s=1
Hence we get the desired result. O

Example 3.1 Let
w(m)=L+2) Hn—s)u(s). ©)
s=1

Here n € [1, M]. The unique positive solution for equation (5) can be obtained by suc-
cessive substitution. For instance, by letting # = 1,2 we obtain

u(1) = /L +2H(0)u(1),

u(2) = /L + 2HQ)u(1) + 2H(0)u(2).

By using solutions of quadratic equations, we can find u(0), u(1), u(2),...,u(M) succes-
sively. If we use the theorem above, then the bound for u will be u(n) < VL +kY " H(n—
s). With the help of the proof of Theorem 3.1 here

. 1 2H(M — n)u(n)
B éﬂ%}[ T L+ 2HM = 1)u(l) + 2HM — 2)u(2) + - - + 2HM — 11 + Dl — 1)}'

Here f(n,s) = g(n,s) =0, h(n,s) = H(n —s), c(n) = L > 0, L is constant, u, H € K(Ny, R,), P
is nondecreasing, and ¢ (x) = x%.

If we choose H(n,s), L good enough, k does not exceed a number ¢ when M tends to
infinity. For instance, if H(n,s) =1, L = 3, then k does not exceed 3 when M tends to infinity.
Therefore, for the equality #?(n) =3 +2 Y, u(s), by using the theorem above, we have the
bound for

u(n) <~/3+3nm neN.

Lemma 3.1 Letf:R — R be continuously differentiable and g : T — R be nabla differen-
tiable, then f o g is nabla differentiable and the formula is given by

1
(Fog)’(t)=g"() [ [ alo) + miog" o) dh].

Proof Apply an ordinary substitution rule from calculus and get

1
7)) £ (e(p(0))) = 2(5) - g(0(0) /0 F/(hgs) - (1 - (o)) dh.
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Let t € T, and € > 0 be given. Since g is nabla differentiable at £, there exists a neighbor-
hood U] of ¢ such that

g(s) —g(p(®) —g" O (s — p(®))| < €*|s—p@®)|, Vsell,
where €* = T < .
142 [y I (hg(s)-(1-h)g(p(0)))| dh
By assumption we have
[ (1(e()) + (1= g (p®)) ~f ((e(®) + (0 - Wg(p®))| = <= [gv o Yeele

where V§ > 0 U, is a neighborhood of ¢ such that |g(s) — g(t)| < 8, Vs € U,. Here let us
define a neighborhood U of ¢ such that U = U; N U,. Then we have

1
}/ 0 g(5) —f 0g(p() = (s - p(1)g" (©) /0 76) dh'
1 1
- ]g<s) —g(o®) - (s - p)g" () /0 F@dh+ (s - p0)g" () /0 F@)-F () dh‘
1
< le(s) = g(p(®)) - (s - p(0)g" ®) /0 /(@) dh
1
+ [s= 0(0)]|g"®) / If'(@) ~f'()| dh
0
1 1
<e*fs— o) f IF'(@)| dh + |s - p(0)]|g” 0) / (@)~ (B)| din
0 0
1 1
< s p(o) / FB)| dh + s - p®)| (" ®)] + €*) / If'(@) ~f'()| di
0 0

< Sl 0]+ Sls o] =els- o0,

where « = hg(s) + (1 - h)g(p(¢)) and B = hg(t) + (1 - h)g(p(£)). Hence f o g is nabla differen-
tiable and its derivative is as claimed above. O

This lemma first occurred in the article of Atici et al. [10] as

1
(fog)V () =g"(t) [ /0 £ (g(®) + ho(t)g" (1)) dh}.

With a counter example, we can show that their version of the formula is not true.

Example 3.2 Letg(x):7Z — R such that g(n) = %, f(x) : R — R such that f(x) = x%. There-
fore the first derivative of f(x) is continuous. If we apply the above formula to find the
nabla derivative of the function (f o g)(¢), we get

1-2n 1 V# 1 V/12 1Y, of th 3-2n
— == — — )+ - =
(n2)(n —1)2 n? n 0 n n (n2)(n —1)2
Lemma 3.2 Let a,b € T, consider the time scale [a, bt and a function r € Clld([a, blr,R)
with r¥(t) > 0. Suppose that a function g € C(R§,R}) is positive and nondecreasing on R.

Page 7 of 17
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Then, for each t € [a, b, we have

t v
G(r(®)) = G(r(@) + / g(rr(pi((rr)))) v

where G(x) = fx’;gds),wherex>0 x0>01ff0 ; <ooand x>0, xo>0lff0 =

.

Proof Since g is positive and nondecreasing on (0, c0), we have

R V()
(”/ s hv(t)rV(t)) = 20O)
By using Lemma 3.1, we get

¥ (¢)

° v
(Gor 0= o)

and

torV()
G(r(®) = G(r(a)) + / g(r(p(:«')))v

Hence we get the desired result. 0

The delta derivative version of Lemma 3.1 was proved by Ferreira and Torres [11]. By
using these results, we proved the following theorem.

Theorem 3.2 Assume that u € Ciq([a, b1, R{), ¢ € Cu([a, b]r, R*) is nondecreasing, ® €
C(R{,Ry) is a strictly increasing function such that

lim ®(x) =

X—> 00

Letf(t’ S)’ h(t) E) € C]d([ll, b]T X [ﬂ, b]TK: Ra) and g(tr ‘i:) € Cld([ﬂ, b]T,( X [d» b]']I‘Kz ) Ra) be
nondecreasing in t for every fixed & . Further, let w, ¢, V € C(R{,R}) be nondecreasing such
that {w, ¢, V}(x) > 0 for every x > 0. Assume that the following function

* ds
- | e

with x > c(a) > %9 > 0 iffOxMogs_l(s) <00 and x > c(a) > x0 > 0 if [
lim,_, o, F(x) = 00, where M(x) = max{¢(x), ¥ (x)} on R{.

Also assume that the function

" ds
Pm:fm =

wherer >0, 1 ZOiffor% <ooandr>0,r0>0iff0r% = 00; lim,_, oo P(r) = 00
Then there exist fixed constants a, 8 > 0 such that ®[F~1(x)] < x for all x > 0, then

Mo<l> G ~ O

Pu(t)] < c(®) +/ (f(t,s)d)[u(s)] |:u(s) +/ g(s,E)w[u(s)]VE] + h(t,s)\IJ[u(s)])Vs

a

Page 8 of 17
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fort € [a, bl implies
ult) < ot [F (K f (f(t $)G™ [G(K(t))

+ﬁ/Smax{af(t,S),g(t,é)}V“;‘])Vs)].

Here K(t) := Flc(t) +afhtsVsandG() [ s

ro w(s)+s”®

Proof If t = a, then, obviously, theorem holds. Let us fix an arbitrary number ¢, € (a, b]r,
we define z(t) on [a, ty]T such that

2(t) = c(to) + / (f(to,S)qS(u(S)) [u(5)+ / g(to,S)W(u(S))Vé} +h(to,S)‘If[u(S)]>Vs

Since ®(u(t)) < z(t), then u(t) < ®71(z(t)), so we have

z¥(t)

ity =/ 0@ o)+ tg(ta;é)w[@l(z@»]vs] chD. O

Define z(t) on [a, b]T such that

z(t) = c(b) + / (f(b, s)¢[u(s)] |:u(s) + / g(b,é)w[u(é)]vs:| + h(b,s)W[u(s)])Vs.

It is obvious that z(¢) < Z(¢) on [a, ). Using z(£) we define « such that

Mo d! oz(t)
o= max —————
telatolr Mo P~ 1o:z(ol)

From the definition of the functions z(¢), z(t), M, ®! and by Theorem 1.65 from [12] «
exists.

Multiply (6) by & and use Lemma 3.2 to get

z(t) <F*' |:F(c(t0)) + a/ (f(to,s)|:d>1 (z(s)) + /sg(to,é)w[dfl (z(é))]Vé])Vs
+a /to h(to,s)Vs:| = F‘l(y(t)),

where
30 = Fclto)) + / (f(to,s)[cbl(z(s))+ f g(to,s)w[d>1(z<s>)]vs])Vs

to
+o / h(ty,s)Vs

By differentiating the function y(¢£) and using ®~X(F1(y(t))) < y(¢), we obtain y¥(¢) <
af (to, t)[y(t) f g(to, E)w[y(£)]VE]. Let us define Q(t) = y(¢) + f g(to, E)w[y(£)]VE, so
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Q(t) = y(t). Then

Qv(2)

Q) + W] < max{af(to, £),g(to, 1) }. -

Let us define 7(£) and (¢) on [a, b]t such that

3@ = K(b) + / (f(b,s)[cl>1(z(s))+ f g(b,é)W[dﬂ(z(é))VE]DVS’
0 -5+ [ g omfie]ve.

It is obvious that y(¢) < y(¢) and Q(¢) < Q(¢t) on [a, to] 7. Using Q(¢) we define B such that

5o may 20FWOO)
" telatolr Qa) + w((a))

Again from the definition of the functions Q(£), ¥(¢), y(£), Q(2), w($2(¢)) and by Theo-
rem 1.65 from [12] B exists, where

Q) + w((D) Q(2) + w(Q(t))
max > .
telatolr Q2(a) + w(Q(a)) ~ Q(p(t) + w(Q(p(1)))

If we multiply (7) by 8 and use Lemma 3.2, we have
t
Q@) =G |:G(K(to)) + ,Bf max{af(to,s),g(to,s)}Vsi|.

Since yY (£) < af (to, £)2(¢), then y(£) < K(to) + « f;f(to,s)Q(S)Vs. Also using the informa-
tion u(t) < ®1(z(¢)) < P UFL(y(2))), we get

u(t) < e [F‘l (K(to) tao / t(f(to,s)G‘l [G(I((to))

+ﬂ/ max{af(to’g)’g(tOrg)}Vg}>vs)j|~

Since ¢ is arbitrary, we can set ¢ = £, in the above inequality, and we get the desired re-
sult. O

Remark 3.1 The function G(r) defined above satisfies lim,_, o, G(r) = co by Constantin
[13]. This was discussed in [14—16].

Example 3.3 If we take ¢(x) = ¥ (x) = ®’(x) with &’ being nondecreasing, then M(x) =
@’(x), and this implies

F(x) = ‘/xo m ds = CD_I(x) - CI>_1(x0).

Choose xy = ®(0) > 0. Then ®1(®(0)) = 0, hence F(x) = ®!(x). For the particular case
T = Z, an application of Theorem 3.2 gives Theorem 3.1. For the particular case T = R and
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a = B =1,an application of Theorem 3.2 gives the generalization of Constantin’s inequality
which is done by Yang and Tan [4].

Example 3.4 Letustake T = hZ such thatx, t € [h, Mh), h(x,t) = H(x—1t), g(x,£) = f(t,x) =
0, ®(x) =42, p(x) = 0, Y (x) = 5 defined for x > 0 and ¢(n) = L, L > 0 is constant. Then

M(x) = max{ f,O} = f.
2 2

If we set xg = 0, we obtain

*1
F(x):/ jds:éh/a—c.
o7

Thus, lim;—, o F(x) = 00. F (%) = (£)* and ®7L(F1(x)) = (
If we get the equality, we have

7) <x,Vx>0.

- u(ht)
wr(hn) =L + ;hH(hn — ht) 5
By letting n = 1,2, we get
u(h)=4/L+ hH(O)@,
u(2h) =L+ hH(h)@ + hH(0) ”(zh ),

If we apply Theorem 3.2, we find an upper bound for u(hn) as

S hH(hn - ht)

u(hn) < VL +a 7

Here

H((M — m)h)“52
o= max |1+ ) ) oo |
nell,m] L+H(M-1D)h)57 + H(M -2)h) =57 + - + H(M - n + 1)h) =57

Lemma 3.3 Let T be a regulated time scale, a,b € T, and consider the time scale [a, bl

such that o (a) = a. Let r € C*([a, b]t, R) with r¥ (¢),r*(t) > 0. Suppose that a function g €
C(R§, RY) is positive and nondecreasing on R.

_ (% ds . _ (% ds . _

xD:Zine G(x) = fxo oL where x > 0, xo > 0 if G(x) = [ s <0© and x>0, x9 > 0 if G(x) =

0 gl = O° Then, for each t € [a, b]T, we have

(Gor)(t)§2(Gor)(a)+2/ g(:%((ss))))'

Proof By assumption we have

1 1
g(r(p(®)) + hv(O)r¥ (1) = g(r(p(2))
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and

1 1
=<

g(r(®) + hu(e)r2 (@) ~ g(r(2))

For o € (0,1), we get

1 dh 1 dh

A NV

o (t)/o O T @) T (t)/o 2P0 + @ @)
r2(t) rY(t)
=@ T o)
and
o (f)

Gor)« .
(Gor™ (0= o)

By using [8, 17] and the assumption on a, we have the desired result

re(s)

g(r(p(s))

Theorem 3.3 u € C([a, b]t, R,) satisfies for some k > 0 such that

%Gor(t)fGor(a)+/at

W) <k*+ Z/t[f(s)u(s){u(s) + /Sg(r)w(u(r)) O r} + h(s)u(s):| Ou 8.

a

Here our time scale is regulated and o (a) = a.

Page 12 of 17

Vt € [a,blr, f,g,h € C([a,b]1,RY), w(t) € C(R®,R%) and w(t) is nondecreasing, there ex-

ist fixed constants m, c > 0 such that

u(t) < 4k + 2c/t(l —2a + Zaz)h(r) + (oz —az)h(p(r)) + (a - az)h(a(r)) Oa T

+2 /t[(Zc(l - 20 + 20:2)2 + 4o - az)z)f(s)

+ 4c(1 — 20 + 2a2) (a — az)f(,o(s)) + 40(1 — 20 + 2012) (a - az)f(a (s))

+ 26(0[ - otz)zf(az(s)) + 2c(ot - oz2)2f(p2(s))]
x [E‘l {2E(2k + c/to (1-2a +20%)h(t) + (o — @®)(p(7))

+(a = a®)h(o (1)) 0 r) + /as[(élmc(l — 20 + 2a2)2 + 8mc(o - az)z)f(oz(r))

+8mc(1- 20 +20%) (o — &®)f (0 (1)) + 8mc(l - 2o + 20°) (@ — &?)f (0% (7))

+ 4mc(a - az)zf(a4(r)) + 4mc(a - az)zf(t)] Oq T
+ /S[Z(l —2a +20%)mg(0?(1)) + 2(a — &*)mg(o (7))
+ 2(ot - az)mg(og(r))] Ou T ” o S,

where E(r) = lr W(”Sl)is, r>0.
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Proof If we take a = t, then the inequality obviously holds true. Let ¢y € (4, b] and define
z(t) in [a, ty] such that

z2(t) =k*+2 /t[f(s)u(s){u(s) + /Sg(r)w(u(t)) Ou T} + h(s)u(s)] Oy S.
Therefore, for u(t) < /z(t), t € [a, to]r. Since z2(¢),z¥ (t) > 0, if we use [8], we obtain

0 <z™()

<2(1- 2a+2ot)[ t)\/zF{\/%+/tg(r)w(\/z(_r) }+h(t)\/z7]

e o |

+ h(p(0) z(pu))}

+ 2(a - az) I:f(a(t)), /z(o(t)) {\/z(aT)) + /:(t)g(t)w(\/M) Oy r}
+ (o (®) z(a(t)):|.

Then z(¢) is nondecreasing. In other words, z(o (¢)) > z(¢) > z(p(t)), so we have

20 . za+za)[f(t){Jz(T>+ / (f)w(m)%,}% )}

WOk
la=a) o) [ o) + [ st o e}
+h(ot0)]
o?) [f(cr(t)){\/z(aT)) of " (VD) o r}
. h(a(t)):|. ®)

Functions that compose z(t) are from C([a, b],R?), then they are regulated on [a,b]r,

then z(¢) is bounded and z(f) never takes zero. Therefore there exists ¢ such that ¢ =
z(o (1))

2(p(0)

Multiply (8) by ¢ and obtain

maX;e(a,tolr

5 Zj(,(ot()t)) < c(l —2a + 2012) [f( ) F +/ <>a r} + h( )]
+cla—a)[1lo0) | o) / " eow(V) o o} +(o0)]
+e(o—a?) [f(a(t)) Jeo) + / " e (2D) ‘L'} + h(a(t))].
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Now we use Lemma 3.3 and we get
Vz(t) < 2k +2¢(1 - 20 + 20%) /t f(s){/z(T)+/ g(r)w ” Oy 8

+26(a—a2)/ﬂt[f(p(5)) m / g@w(Vz(@) 00 T ”oas
r2cla-a?) [ t[f(a(s)) Jeo©) + f gowlyzD) ot [0

+ /to (1-2a +2a%)h(s) + (o — a®)i(p(s)) + (o0 — &?) (0 () 00 5.

Let us say the right-hand side of the above inequality is V (¢), then /z(£) < V/(£). So we get
Ve (t) < (2¢(1 - 20 +20%)” + de(a - a?)?) [f(t){\/(t) + / t gOw(V(@)) ou T ”
p(s)
+ 4c(1 —2a + 2012) (a - az) |:f(,o(t)) { V(p(t)) + / g(r)w(V(t)) Ou T }]
o)
+4c(1-2a +20%) (« — o?) |:f(o(t)) { V(o (1)) + / gow(V(z)) ou T }:|
2\2 2 2 PO
+2¢(a —a?) |:f(p (t)){V(p ®) + / gO)w(V(1)) o r}]
a2t
+2¢(a -a2)2[f(02(t)){v(a2(t)) + / g@Ow(V (1)) o4 r”

Here V°(£) > 0. Similarly, if we take the delta and nabla derivative of V(¢), we also see
that V2(#), VV(¢t) > 0.
Therefore V(o2(t)) > V(o (t)) = V(t) = V(p(t)) = V(p3(t)). Then
Vo(t) < [(26(1 — 20 + 2042)2 + 46(0( - az)z)f(t) + 46(1 — 20 + 20{2) (oc - Olz)f(p(t))
+ 46(1 — 20 + 2a2) (oc - Olz)f(O’(t)) + 2C(O( - az)zf(a2(t))

()

+2¢(a -a2)2f(p2(t))]{ V(o2(0) + / ’ gOW(V(x)) 0 r}. 9)

Let us take V(o2(t)) + [ g(t)w(V(1)) 04 T = (¢). Taking the nabla derivative of €(¢)
and using (9), we have
Q% (t) < [(2¢(1 - 2a + 20%)° + dc(a - @?)*)f (02(®))
+4c(1-2a +20%) (a — o?)f (o (1))
+4c(1-2a +20%) (a - a?)f (o3(2))
+2¢(a - a?)’f (04(0)) + 2¢(a - &®) F (D] Q)
(1-2a +20%)g (o)) w(V(0?(®)) + (« = &?)g (o)) w(V(c(2)))
+(@=o)e(@@O)w(V(°®)),

+
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Q°(t) > 0. Similarly, Q2(¢), QV(¢) > 0. It is obvious that V(c2(¢)) < Q(t)and since w is
nondecreasing, we also have w(Q2(o (¢))) > w(2(2)) = w(Q(p(t))). Therefore w(2(o (¢))) >
w(V(a3(t))),

2% (¢)
Q(2) + w(Q(o (1))

< [(2c(1 —2a + 20{2)2 + 4c(a - az)z)f(oz(t)) + 4c(1 —2a + 2a2)(a - az)f(a(t))
+ 4c(1 — 20 + 2a2)(a - otz)f(og(t)) + 2C(Ol - ozz)zf(a4(t)) + 26(0[ - az)zf(t)]

+[(1 =20 +20%)g(0(1)) + (@ — o?)g (0o (1)) + (« — ?)g(o?(®))]. (10)

By using the same information while finding the existence of ¢, there exists m such that

Q)+ w(Qo (¢ .
M = MaXse(a,0]y %. If we multiply (10) by m, we have

Q% (¢)
Q(p(2)) + w(Q(p(£)))
< [(2mc(1 — 20 + 2052)2 + 4mc(a - a2)2)f(02(t))
+ 4mc(1 — 20 + 2012) (Ol - oez)f(a(t))
) (e -a?)f(o°()
+2mc(o — az)zf(o4(t)) +2me(o — az)zf(t)]

+[(1-2a +20%)mg(0?(0)) + (« — a?)mg(o (1)) + (o — a*)mg(a° (1)) ].

+4mc(1- 20 + 20

Now we use Lemma 3.3 and get
Q@) < El{ 2E<2k +c f N (1 -2 + 207 ) h(s)
+ (a - az)h(,o(s)) + (a - az)h(a(s)) Ou s)

+ /t[(élmc(l — 20 + 20[2)2 + 8mc(oz - az)z)f(oz(s))
+ 8mc(1 - 20 + 2042) (Ol - oz2)f(a(s)) + 8mc(1 — 20 + 2052) (Ol - otz)f(og’(s))
+4mc(o - az)zf(o4(s)) + 4mc(o - a2)2f(s)] Oy S

+ /t[Z(l —2a +2a%)mg(o?(s)) + 2(c — a?)mg(o (s))
+ 2(a - az)mg(a3(s))] Oy s}.
Then we have

Vo(t) < [(26(1 — 20 + 20{2)2 + 4c(ot - a2)2)f(t) + 46(1 — 20 + 2a2)(a - az)f(p(t))

+ 40(1 20+ 2052) (a - otz)f(o(t)) + 20(0[ - az)zf(az(t))

+2c(o - otZ)Zf(:Oz(t))]E‘1 {2E(2k +c /to (1 -2 +20%) hi(s)
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+ (a - otz)h(p(s)) + (a - az)h(a(s)) Ou s)

+ /t[(4mc(1 -2 + 20:2)2 +8mc(a - az)z)f(az(s))
+8mc(1 - 20 +2a%) (o0 — &®)f (0 (5)) + 8mc(1 - 2a +20%) (o — &) (0%(s))

+ 4mc(a - az)zf(a4(s)) + 4-mc(a — az)zf(s)] O S
+ / [2(1 - 20 +20%)mg(o(s)) +2(a — &*)mg (o (s))

+ 2(a - az)mg(UB(s))] Ou s}. (11)
Using [8] we obtain

%V(t) <2k + c/to (1-2a +20?)h(t) + (& = o?)h(p(7)) + (o —®) (0 (7)) 00 T

+ /t[(ZC(l -2+ 20:2)2 + 4 — (xz)z)f(s)
+4c(1-2a +20%) (@ — o®)f (p(s)) + 4c(1 - 20 + 20%) (o — a®)f (0 (5))

+ 2c(a - aZ)Zf(az(s)) + 2c(a - az)zf(pz(s))]
X |:E_1{2E<2k + c/to (1 - 2a + 2a2)h(t)
+ (O[ - 012)]/1(,0(1')) + (a - aZ)h(o(t)) O ‘L'>

+ /s[(élmc(l —2a + 2012)2 + 8mc(a - a2)2)f(02(r))
+8mc(1 - 20 +2a%) (o0 — &®)f (0 (7)) + 8mc(1 - 20 +20%) (o — &?)f (0°(7))

+ 4mc(a - az)zf(a4(t)) + 4mc(a — az)zf(r)] 0o T

+ /ﬂs[Z(l — 20 + 2a2)mg(02(t)) + Z(a - az)mg(a(t))

+2(a - o?)mg(0®(0)] 00 f” .

Since u(t) < /z(t) < V(¢), we get the desired result. O

Example 3.5 If we choose « =1, T =R, m = ¢ = 1/2, then Theorem 3.3 becomes Theo-

rem 1.1.
Example 3.6 Let T = {0} U {ﬁ :n € N} UN. Here we assume that N starts with 1. It is

obvious that our time scales is regulated and 0 = ¢ (0). Let us choose M € N and investigate

the following equality on the time scales [0, M]:

W) =k* +2 /th(s)u(s) Oy S,
0
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h(t)=0ift € {0} U{ﬁ :n € N} and h(t) = P(¢t) if t € N. Therefore u(t) = kif t € {0} U {ﬁ :

ne N}, u*(n) = k2 +PL)u(l) + PQ)u(2) +- - - + Pn—Du(n-1) + (1 — a)P(n)u(n) if n € [0, M].
If we apply Theorem 3.3, we get the bound for u(¢) such that

t-1
u(t) < 4k + 202(1 - 20 + 2a2)P(1:) + (a - aZ)P(r -1)+ (Ol - OlZ)P(‘( +1)

=1

+2¢(1-a)[(1 - 20 +20*)P(t) + (o — ®)P(t = 1) + (@ — &®) P(t +1)],

where

B 1 2P(n — Du(n—1) + 2(1 — o) P(n)u(n)
T eV T I 2P)u() + 2PQ)u(2) + - + 2P(n - 2)u(n—2)°

If we take o« = 1, k* = 2, then for the equation #?(¢) = 2 + 2 fot h(s)u(s) o s, where h(s) = 0,
ifte{0}U{:neN}andh(s)=1ifte N, thenc= % and u(t) is bound with u(£) < 4/2 if

n+l

te{0}u{L :neN}andu(n)§4\/§+n—%ifneN.

n+l
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