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Abstract: In this manuscript we introduced the generalized fractional Riemann-Liouville and
Caputo like derivative for functions defined on fractal sets. The Gamma, Mittag-Leffler and Beta
functions were defined on the fractal sets. The non-local Laplace transformation is given and applied
for solving linear and non-linear fractal equations. The advantage of using these new nonlocal
derivatives on the fractals subset of real-line lies in the fact that they are better at modeling processes
with memory effect.
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1. Introduction

The calculus involving arbitrary orders of derivatives and integrals is called fractional
calculus. Recently, fractional calculus has found many applications in several areas of science and
engineering [1-6]. The nonlocal property of the fractional derivatives and integrals is used to
model the processes with memory effect [1,2]. For example, the fractional derivatives are used to
model more appropriately the dynamics of the non-conservative systems in Hamilton, Lagrange
and Nambu mechanics [7-10]. The continuous but non-differentiable functions admit the local
fractional derivatives [11]. The local fractional derivative gives a measurement of fractal sets.
Consequently, recently, the F*-calculus on the fractal subset of real line and fractal curves is built
as a framework [12,13]. Fractal analysis has been established by many researchers by using different
methods [14-17]. Using F*-calculus the Newton, Lagrange and Hamilton mechanics were built on
fractal sets [18,19]. Also, Schrodinger’s equation on a fractal curve was derived in [20-22]. Motivated
by the above-mentioned interesting results, in this work, we define the non-local derivative on fractal
sets. These new derivatives can be successfully used to derive new mathematical models on fractal
sets involving processes with memory.

We organize our manuscript as follows:

In Section 2, we give a brief exposition of F*-calculus and defined fractal Gamma and Beta
functions. In Section 3 we define the non-local derivative on fractals as generalized Riemann-Liouville
and Caputo fractional derivatives. In Section 4, Mittag-Leffler function and non-local Laplace
fractional on fractal sets are introduced. We solve the non-local differential equations on fractal using
the suggested methods. Section 5 is devoted to our conclusion.
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2. A Review of Fractional Local Derivatives

In this section, we review the F*-calculus [12,13].

Calculus on Fractal Subset of Real-Line

Fractal geometry is the geometry of the real world [1]. Fractal shape is an object with fractional
dimension and the self similarity property [9,10]. In a seminal paper, Parvate and Gangal established
a calculus on fractals which is similar to Riemann integration. The suggested framework became a
mathematical model for many phenomena in fractal media [12,13]. We recall that the triadic Cantor
set is a fractal that can be obtained by an iterative process. In Figure 1 we show the Triadic Cantor
set [14].

Figure 1. The finite iteration for constructing the triadic Cantor set.

The integral staircase function for the triadic Cantor set is defined as [12,13].

*(F,a,b), if x > ag,
S5(x) —{ T : )

_,),OL (FI a, b)r OtheWise.

where « is the y-dimension of triadic Cantor set. In Figure 2 we plot the integral staircase function
for a triadic Cantor set.

The integral staircase function
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Figure 2. We plot the integral staircase function for triadic Cantor.
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The definitions of F*-limit, F*-continuity and F*-integration are given in the ref. [12,13]. The
F*-differentiation is denoted by D7 and it is defined as

fy) = f(x)
S

F—limy_,y =—>+——*—, if F,
i“:f(x>={ oGy —sax) NS )

0, otherwise,

if the limit exists [12,13].

Definition 1. The Gamma function with the fractal support is defined as

SE(0) ., .
TH(x) = f eSOy (1O agy, ®)
S¢(0)
h
where e . si(1)
e F =F—nhngo(1— . ). 4)

Figure 3. We sketch the fractal Gamma function which is compared with the standard case.

Definition 2. The fractal Beta function on the fractal set is defined as follows

1
B (r, w) = fo SA(E) (1 - KOVl 5)

which is called two-parameter (r, w) fractal integral, where R(r) > 0 and R(w) > 0.
In the following we present some properties of fractal Beta function.
(1) The fractal Beta function has a symmetry B} (w, ) = Bi(r, w). Since, we have

SE(1)
By(rw) = | o (SHOI = SH) ©)

using the transformation S%(x) = 1 — S¢(y), we conclude that
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Se(1)

BRCw) = | (=St (St = B )

(2) Using the transformation S¢(x) = sinZ(S%(B)), we get following form for the fractal the
Beta function

S8(7/2)
B = [ si(sh 0 cosdSho)  sin(Sh @) os S @), ®
S0
58(/2)
2 f sin2 ~1(S%(9)) cos2? (S%(6))d%x. ©)
54(0)

(3) The Beta fractal function is related to the fractal Gamma function as

w1 TEOTE(w)
Proof. We have
() -
TH(NTH(w) = 4La(0) (SH(x)) >~ (S ()20 eSO S vy, an
F

Transforming to the polar coordinates S§(x) = St(p)cos(SE(¢)), SE(x) = SE(p)sin(SE(¢))
we obtain

St (o0) SE(71/2)

T%(r)T (w) = 4 f (S%(0))20r+e)=1=SHe) g2 cos? 1(S¥(¢)) sin® 1 (S¥(¢))d %,
S§(0) S§(0)

= BE(r, w)['E(r + w). (12)
Thus, the proof is completed. [

3. Non-Local Fractal Derivative and Integral

In this section, we define the non-local derivative for the functions with fractal support.
Definition 3. If f(x) € Cf[a, b] (x-order differentiable function on [4, b]) and B > 0 then we have

T = s [ IO s> i), 13
TE(B) Jss(a) (SE(x) —SE(t)*—P
where if § = & then we have fractal integral whose order is equal the dimension of the fractal, and
0 = s [ e D, sy <50, 14
TE(B) Jssx) (SE(x) — SE(1)*P

are called the analogous left sided and the right sided Riemann-Liouville fractal integral of order S.
Definition 4. Let n —a < B < n, then the analogous left and right Riemann-Liouville fractal
derivative are defined as follows:

Brivy.— L an [FF) f(t) "

JDif(x) = T = ﬁ)(DF) L%(u) i) — st (t))fﬂﬁﬂdpt, (15)
by e — L (puy [T f(8 :

<Dy f(x) = F%(n—ﬁ)( Dr) JS%(X) (S%(t)—Sfé(x))—n-&-ﬁ-&-ucht' (16)
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Definition 5. Let f(x) € C*"[a,b], then the analogous left sided Caputo fractal derivative is
defined by

CDEf(x) = 1JS%(X)(5“(X) — SE()PT(DR)" f(t)dEt, n=max(0,—[-p]).  (17)
o T§(n—B) Jsa) " F F B ’

Also, the analogous right sided Caputo fractal derivative has the form

CDEf(x) = . JSUFC“’)(S%G) — SH(x))" P4 (—Dg)" f(t)dft. (18)
o I'E(n—B) Jse(x)

Now, we give some important relations, namely

It +1)

JTE(S§(x) — SH(@) = Fiy 1 1) F® —St@)1F, > 1. (19)
Proof. Using the Equation (13) we conclude
(S5 (x) - SK@)! = = f%%“ (x) — SE(4)P1(SA(E) — Sh(a))dt. 20)
a=x \“F F Foﬁ(ﬁ) S"F‘(u) F F F F F

Let us consider
SE(G) = S5 (x) = 5%(a)’ dpt = (Sp(x) — Sp(a))dEg. (21)

Therefore, we have St(G) : S3(0) — SE(1) while S§(t) : SE(a) — S%(x). As a result we obtain

K1) - SE@)
SH@)

Substituting Equations ( 21) and ( 22) in Equation (20) we conclude that

Sg(x) = SE(H) (SE(t) = SE(0)). (22)

SE(D)
TESHW — SHO = poepr [ (1= SHENPISHOMFSH) - SH@)P T (SH W) — SHa)E,
I'E(B) Jse (o)
5(a)

1 St o — S“(t), 1= o 4 - o o o
5 . o) (1 SHOF (sh—a)  SHO=SHa)F S — Spane @

Then, we have

JTE(S%(x) — S¥(a))" =

&(y) — SX(g))\BT1 SE)
(SE(x) fF(a)) ”J (1_5%@))/3*1(5%(@))’711%@. (24)

In view of Equation (5) we derive

(S8 (x) — SH(a)! = "B+ 1). 25)

Applying Equation (10) we get

(S§(x) — SE(a))PHT TE(B)TE (7 +1)
I':(B) IEB+n+1)”°
I +1)

_ o« _Qn B
= T 4y 1) (SH) — SH@)P. 26)

JTE (S(x) — S¥(a))! =
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Now, we consider following formula
DE(SE(R) ~ S§@)! = b ir D (85(x) — S8 (a))1 P @)
a=x\YF F l-volg(rl +1— ‘B) F F .
Proof. By rewriting the Equation (27) we get
JDE(SE(x) — $(a))" = (DE)" oZi P (S§(x) - SE())". (28)
Utilizing the Equation (19) we conclude
I't(n+1) _
(DRSH) = SH@)! = gy (DR (S500) = Sty P, 29)
iy +1) -
= A (DY) (S} (x) — SE(a))T7F, n > 1. 30
iy gy ) (O (SE) — SE@)' ™, (30)
O
Now, we write some important composition relations, namely
Df i LG (53 (x) - 3 ()P (31)
oTk oD ) P e Ha
Proof. Using the definitions we get
B B 1 5 () Y o —1np o
T DEF() = g | (53— SHeDP D (e @
I':(B) Jsx(a)
St JS%(X)(S“( ) = SEO)P(DY)" oTi P f(O)dtf (1)t (33)
= x) — x .
Ta(g+1) * 510 F F F) a F F
Applying, n-times integration by part it leads to
(DR D" f(0)lsy
+1— n n a S%(a) _
I oDEf(x) = D} oI Pf(x) g M rn) (R SHa)P
i J(S“(x)#(a))ﬁ*k 4
& TEB—k+1) F F :
O
The similar proof works for the following formulas
7} «Dpf () Z DO 530 — 5P )
RCE P 1""‘ ﬁ +1—/) F F !
n (DR F()l s :
Fepbg £(a))
oI5 ¢ Dif(x ; men) CHE - SE@) (36)
(DR F)ss o :
B C .B ®) /ca _oqu i
T, $ Dy f(x) ; g CHE) ~SEE). (37)

In Figures 4 and 5 we compared the non-local standard derivative versus non-local fractal
derivative and the generalized fractal integral.
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Figure 4. We ploty(x) = x> and f(x) = S%(x)? and their non-local derivative ¢ D’y (x) and (D% f(x),
respectively.

09+

0sf Fle) = (g (=) i
0.7+ B
asl o2 ) = i S

05+ B

04t ule) = ﬁ\ |
03}
i
02t 1
o,
01} o

Figure 5. We show the graph of g(x) = x? and f(x) = S%(x)2 and their non-local integral o19°¢(x)
and (Z9°f(x), respectively.
4. Generalized Functions in the Non-Local Calculus on the Fractal Subset of Real-Line

In this section, we suggest the mathematical tools for solving the non-local fractal
differential equations.

4.1. Gamma Function on Fractal Subset of Real Line

Now, we define the Gamma function for the fractal calculus that will be used in non-local
calculus on fractals.

4.2. Mittag-Leffler Function on Fractal Subset of Real-Line

It is well known that the exponential function has an important role in the theory of standard
differential equation. The generalized exponential function is called the Mittag-Leffer function and
plays an important role in fractional differential equations [1].
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Definition 6. The generalized two parameter 7, v Mittag-Liffler function on fractal F with
a-dimension is defined as

o0 Sa
E%J?V Z i7k+1/' n>0, veR. (38)

In some special cases we have the following results, namely

Efq11(x) = i), (39)

Efq,(x) = &r (40)
o SE(x)

Ef,1(x) = cosh(Sg(x)), (41)

Efoo(x) = anl;és(fch)) (42)

4.3. Non-Local Laplace Transformation on Fractal Subset of Real-Line

The Laplace transformation is a very useful tool for solving a standard linear differential
equation with constant coefficients. The generalized Laplace transformation is applied to solve the
fractional differential equations. Thus, in this section, we generalized the Laplace transformation for
the function with fractal support which is utilized to solve the non-local differential equation on the
fractal set [1].

Definition 7. Laplace transformation for the function f(x) is denoted by F(s) and it is defined as

o Qu S () —S4(s)S%(x) g
FHSH() = L3F0)] = | o ST (43)
F

Now, we give the fractal Laplace transformation of some functions. If we define the fractal
convolution of two function f(x) and g(x) as follows:

St (x)
Fg) = [ A - SEDs(st @)t (4

the fractal Laplace transformation of power function of S%(x) is

SH() 5 (5)5 r%(1
LsE) [ Sppe HOSH (g = ECEP) @)
5t(0) 5
Lemma 1. The Laplace transformation of the non-local fractal Riemann-Liouville integral is given by
JE(SE(s))
L[TE f(x)] = “E2EE) 46

Proof. The Laplace transform of the fractal Riemann-Liouville integral is

SE(x)
L‘%[osz(x)]:c%l o AUE— @)

TE(B) Jsxo) (SE(x) — S&(t))a—F
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Using the Equations (44) and (45) we arrive at

CHGTEF (0] = g P (SHED EFISH0P )
_ 1 8o r“(.B)
~wE T 5P
I 1E0)
= 1;% F (48)

O

The fractal Laplace transform of the non-local fractal Riemann-Liouville derivative of order €
[0,1) is given by

n
HoDEf(x), x5} = SE(s)PFE(s) Z 5)"* o DE " £ () s 0), (49)

where n = [B] + 1. The fractal Laplace transform of the non-local fractal Caputo derivative of order
B €[0,1) is given by

n

HEDEf(x),x,5) = (SHs)PFE(s) = Y SE()P ™ 0DE ()]st 0)- (50)
k=1
where n = max(0, —[—f]).
5. Non-Local Fractal Differential Equations

In this section, we solve some illustrative examples.

Example 1. Consider the following linear fractal equation

1
§D2y(x) = (51)
with the initial condition
Dry(x)lsz0)=0 = 1, (52)

1
where & = 0.6309 is Cantor set dimension. By applying 0ZZ on the both sides of the Equation (52)
we obtain

1

1 2 -5
y(x) = ———SpE) + ———Sk) 2. 53)

F%(1+§) F%(lfi)
Example 2. Consider a linear fractal differential equation
1
DFy(x) =1-54(), SHx) =1, (54)
with initial condition as

Dry(x)[sz(1) = 0. (55)

1
By applying 0ZZ on the both sides of the Equation (55) we arrive at
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1
(50—, sp =1 (56)

o -
IE2+ 2)

In Figures 6 and 7, we plot the solutions of Equations (51) and (54) , respectively.

y(x) = —

21 F T T T T T T T T T .

3

29

28

Figure 7. We give the graph of the solution of Equation (54) on the real-line and Cantor set.

Example 3. Consider a linear differential equation

1
0DZy(x) = y(x), (57)

with the following initial condition, namely

1
0Dx zy(x)|sgg(o) =1 (58)
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By inspection, the solution for the Equation (57) becomes

=
=
~
Il
[92)
R
—
Na¥
N —

E%,1/2,1/2(_ SE(x)). (59)

In Figure 8 we sketched the solution of Equation (57) on the Cantor set and real-line.

) =ﬁ_%E1,-'2,1,.-'2 (—v@)

y(x)

) = SRV TIEL, o (=] S2(e))

Figure 8. We plot the solution of Equation (57) on the real-line and Cantor set.

Example 4. We examine the following non-local differential equation on a fractal subset of
real-line, namely with the following initial condition

4

0DRy(x) = Ay(x) = (S(x))%, (60)
1 -1

0DRY()lsy0) = 1, 0D y(¥)lst(0) = 2 (61)

For solving Equation (60) we apply the fractal Laplace transformation on both side of it and we get

4 1

S4(s)3 F(s) = 1= 2(S4(s))2 — AFE(s) = 5;5)3. (©2)

After some calculations we obtain

Fr(s) = (63)

W |

SE(s)
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By computing the inverse fractal Laplace transform we conclude

4 4 -1 4
y(x) = S%(x)?’E%,4/3,4/3(/\S%(x)3) + 25%(35) 6 E%/4/3/5/6()‘S%(x)3)
10 1
+2S%(x) 3 E;‘§’4/3,13/3()\S%(x))3. (64)

Remark 1. The Figures 6-8 show that the solution of Equations (51), (54) and (57) leads to the standard
non-local fractional cases when o = 1, respectively.

6. Conclusions

In this work, we defined new non-local derivatives on fractal sets. These new types of non-local
derivatives can describe better the dynamics of complex systems which possess memory effect on
a fractal set. Four illustrative examples were solved in detail. Finally, one can recover the standard
non-local fractional cases when assigning « = 1.

Author Contributions: Alireza Khalili Golmankhaneh and Dumitru Baleanu common finished the manuscript.
All authors have read and approved the final manuscript.
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