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EINSTEIN FIELD EQUATIONS WITHIN LOCAL FRACTIONAL CALCULUS
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In this paper, we introduce the local fractional Christoffel index sylsbbthe
first and second kind. The divergence of a local fractional coatramt vector and the
curl of local fractional covariant vector are defined. The fractiémainsic derivative
is given. The local fractional Riemann-Christoffel and Ricci tenswesobtained. Fi-
nally, the Einstein tensor and Einstein field are generalized by involving élcédnal
derivatives. lllustrative examples are presented.

Key words: local fractional Christoffel index; local fractional Riemann-
Christoffel tensor; local fractional Ricci tensor; local fractional-Ein
stein field.

1. INTRODUCTION

Fractional calculus is an old subject and it recently found many applications
in physics, mechanics, chaos, control, and so on [1-8]. The frattini@ative is
non local which is not suitable in fractal medium. As it is well known the fractals
have many application in science [9-14]. Therefore, the local fradticadaulus
has been defined [15-26]. The fractional calculus is used to geregrliewtonian
mechanics, the Maxwell's equations and the Hamiltonian mechanics [27-8@]. T
one-dimensional heat equations with the local fractional derivativééas studied
using Adomian decomposition method [31]. A new Neumann series method has
been applied to find analytic solution for the family of local fractional Fréathand
\olterra integral equations [32]. Recently, the nonlocal fractionavdtve was used
to generalized general relativity [33, 34].

The plan of the paper is as follows. In section 2 we review the fractiohalca

lus. In section 3 the local fractional Christoffel symbols are introdu@ddergence
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2 Alireza K. Golmankhaneh, Xiao-Jun Yang, D. Baleanu

and curl of a local fractional contravariant vector are studied in sedtidVe give the
definition for the local fractional intrinsic derivative in section 5. In sattfolocal
fractional Riemann-Christoffel and Ricci tensors are explained. Tted foactional
Einstein field equation is suggested in section 7. Finally, the section 8 is dawoted
our conclusions.

2. A REVIEW OF LOCAL FRACTIONAL DERIVATIVES

In this section we review the local fractional derivative, local fractiamagral,
and tensors in fractal orthogonal coordinates systems and their pesdés].

2.1. LOCAL FRACTIONAL DERIVATIVE
Suppose thaf(z) € Cyla,b] andx € (29 — 0,20+ 9),0 > 0 then

D 1(0) = (0 mry = i LD =T e0)

x—o (x —x0)

; )

if the limit exists.

2.2. LOCAL FRACTIONAL INTEGRAL

Let f(x) € Cula,b], the local fractional integral of the functiof{x) is defined
[18]
j=N-1

where0 < a <1, Atj =t;41 —t; andAt = maX{Atl,AtQ, ...Atj...}.

2.3. TENSORS IN LOCAL FRACTIONAL ORTHOGONAL COORDINATES SSTEMS

Tensors are the quantities obeying special transformations. Here wetseud
local fractional tensor notation. The local fractional covariant amdre@ariant linear
vectors are as follows [18]

Z — 2 5 5. - on _ Ldlazla lajla lajla,
a(Z) = 210810 + Y1ala + 21afla; () = e +y e+

€1 = (1%,04,0%); €2 = (0%,14,09) ; €3q = (0%,0%,19).
(3)
The squared fractional distance between two pajfts= 3 (z'*, 22, 23, ..., 2N )
andy*® + d%y" in local fractional Riemann space is given by
o 1 d*y™ d¥y™
Irs = I?(a+1) der>  das>

(d%s)? = g%, da" " da*™ rs=1,2,3,...N

(4)
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Einstein Field Equations within Local Fractional Calculus 3

whereg?, is the local fractional metric [18].
Some formulas of local fractional calculus:
The Mittag-Leffler function on fractal set of dimensiaris [18]
> xka
E. (6,2 = —, TER, O0<a<l.
o(8,2%) kzzo L'(B+ka) <

The sine function on fractal set is defined as

0 . w(Qk—&-l)a
ingz® = -1 , €ER, O<a<l
Sthad kz_o( S rata@irn) © 4=
The tangent function on fractal set of dimensiors given by
Sing ¢ x®
t = D¢c=0; D —— =1,
Mo COSq %’ 2C= 5 T(l4a)

b
D¢ sing x® = cosy / cosq x4 (dz)* = T'(14 a)(sing b* —sing a®).  (5)
a

For more formulas see Ref. [18].

3. LOCAL FRACTIONAL CHRISTOFFEL INDEX SYMBOLS

The Christoffel symbols have an important role in the calculus on manifolds
and general relativity in physics. It is used in the definition of the quantitiRief
mann curvature tensor, divergence, curl, intrinsic derivative andt&imtensor in
N-dimensional manifold space. For the local coordinate system the Chelstpin-
bols haven® components. In the section, we generalize the Christoffel symbols by
involving local fractional derivatives. Then we use them in the calcufusagtal
manifolds.

3.1. LOCAL FRACTIONAL CHRISTOFFEL INDEX SYMBOL OF THE FIRSKIND

Suppose we have a fractional Riemannian manifalt?, @) and a chart. So
one can compute the fractional Christoffel index symbol of the first ksidgithe
following definition

_ 1( g% 993 B 993

2 9xic  Qxia Qgha
where[ij, k], g5 anda are called fractional Christoffel index symbol of the first
kind, fractional fundamental metric tensor and fractal dimension, régphc

[ij, k]* ) i k=12...,N 0<a<l (6)
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3.2. LOCAL FRACTIONAL CHRISTOFFEL INDEX SYMBOL OF THE SECON KIND

The local fractional Christoffel index symbol of the second kind is galimed
using local fractional derivatives on local fractional Riemannian méhifd/, g)
and a given chart
1 « km(agzam agqu ag?j

k __ kmi,; _ S A
R AL m[u,nﬂa_5 9" (55 T Faia —(%ma), z,],k—1,2,...,N(7)

where®¢¥™ is the reciprocal tensor for the fundamental metric tengor
Example 1. Let Vi* be a fractal space with fractal line element as

1o xla xla sin2 x2a
o \2 __ lay2 200\ 2 « 200\ 2
@) = ey @) Y e T ey @) @

wherea is a constant. Then, using the Eq. (4) we have the element of the local

fractional metric tensor as

o 1 N (xla)Q
911 = o v 922 = 1o 1V’
I'?(a+1) I(a+1)
o (mla)2 2 2« o . .
933:7F2(a+1) sing, 7% gi;=0 i # J; %)
and the determinant of the metric tenggris
1&
OQ’ OOC
FQ
N AR o ()" sin? 22
g = 0 2(a+1) 0 = 6 1 . (10)
o fe% (Ila 2 .9 2a (Oé—|— )
0 0 m Slnam

The reciprocal of the local fractional metric tensor is obtained usifg= -

«
955

1
gt = =T*(a+1);
911
«@ 22:i:]_12(06+1)‘ a933:i: FQ(a—’_l) (11)
959 (zle)2 7 953 (x1%)2sin 220

Then, we calculate the local fractional Christoffel index symbol of tret find as
written below

[12,2]* = [21,2]* = o [13,3]* = [31,3]* = Lsin2 z2
’ ’ IM(a+1) ’ ' Ma+1) ¢
_1,104 $1a)2 ] 9 9
[22,2]* = Pt D) [23,3]% = msmam * cosq
o —z'e 02 .20 oY _(xla)Q : 20 2a
[33,1]* = msmax [33,2]% = msmaq} cosq x“*.  (12)
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In view of Eq. (7), we arrive at the local fractional Christoffel indgymbol of the
second kind as

10&
amrl lae, apl __ lao 2.2 2a0, a2 _amp2 _

oo =—2% I3y = —x %sing z™; “I'jy = FQl—rla,
)

. 1¢

OT2, = —sing 22%cos, 2°%; Ty = T3y = cotu?Y; T3 =% Fglzﬁ.

T
(13)

All the results for this example in a fractal space will lead to standard resylts b
choosinga = 1.

4. DIVERGENCE AND CURL OF A FRACTIONAL CONTRAVARIANT VECTOR

Sink and source of vector field can be measured by divergence tafrvesid
which is a vector operator. The curl is the infinitesimal rotation in a vectorespa
Here we expand the standard curl and divergence to the fractad sipaicinvolve
the local fractional derivatives. Now let us define local fractionadtcavariant and
covariant Riemann-Christoffel tensors which are denoteel?yandAjayk, respec-

74

75

76

7

78

79

80

81

82

83

tively, as follows
o _ o Aia
»J Oxio

where A*, A;, are components of arbitrary local fractional contravariant and co-

+OTj AN Ajak =

0A;a
83:/{}06

—OT" A

(14)

variant tensors. Using the Eq. (14) the local fractional divergeng&én by

divtA;, = agjkAjmk.

diveA™ = VoA = Al

(15)

We now introduce curl of a local fractional covariant tensor in thetflespacel/y

as

CUF'aAm =V*x Am = Aioc,j — Ajaﬂ‘ =
where curt 4;, is called local fractional curl operator. We can get the standard

results in Egs. (15) and (16) by puttiag= 1.

Oxie

5.FRACTIONAL INTRINSIC DERIVATIVE

It is known that the covariant differentiation in a Riemannian space isaedar

0Aia  OAja

al:ia )

(16)

as a generalization of partial differentiation. Intrinsic or absolute diffigaéon is
considered as the generalization of ordinary differentiation(1®€be a certain frac-
tal space curve that is described by the parametric equatidri$ Buch as

C«a . :Cz'a _ J:ia(ta);

i=1,2,..,N

17)
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6 Alireza K. Golmankhaneh, Xiao-Jun Yang, D. Baleanu

For any local fractional contravariant vector along the local fracti@rfa we can
define intrinsic or absolute local fractional derivative as

JA™ - dxke DA™ o dxke dAte - dxhe
— AlOA — Ama Oll'\l — Ama arz 18
St k- dte [c%;ka + i de  de mE - Jpo (18)
and for local fractional covariant vector will be
0A; dzFe  dA, L daxke
% = Njah—e = ot — A T 19
Ste Fata T g m” e (19)

The Egs. (18) and (19) are written in the local fractional differentietfo

JA™® = dA™ + TP ATdz™;  6Ajq = dAia — °TH Ajudz™  (20)
whered A and §A4,, are intrinsic or absolute local fractional derivatives of con-
travariant and covariant local fractional tensors, respectively.
Example 2. Let a particle moves along a fractal cunv* = 2% (1) wheret® is the

parameter in the fractal time space. Then, the generalized local fractrlpalty of
a particle on fractal manifold is

dxka
ko
=—— k=1,23,...N 21
dtO‘ b M 737 ) M ( )
and the fractal acceleration will be
ko _ Joker _ dvke L oph ypo dzi® _ d? ke ook dxPY dxd®
Ste dto a» dte (dt*)? W o deor

k=1,2,3,....N.

(22)
These definitions are the standard ones if one chacsd.

6. LOCAL FRACTIONAL RIEMANN-CHRISTOFFEL AND RICCI TENSORS

In this section we extend the Riemann-Christoffel, Ricci tensors, andrscala
curvature involving local fractional derivative. Lé;, be an arbitrary covariant
vector then its local fractional covariant derivative with respeat’tois given by
aBz’a
Oxie
which is a local fractional covariant tensor of rank 2. Riemann-Chiffe$tiensor is
given by

Bia,j = - QF;?Bmav (23)

0 o] arm  apm
dxic gk B Bk
‘R, = + : (24)
The Riemann-Chrisstoffel tensor, can be contracted in three ways with respect
to m and any one of its lower indices, i.é".R%k, aRm “R™ . The contracted

imk> ijm:*
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Einstein Field Equations within Local Fractional Calculus 7

tensor* R}, , which is not identically zero is called the Ricci tensor of the first kind

and its components are denotedtyij = “R"

ijm

g 9] 0 8 s
“Rij = +————(logy g%) — s —TT +T5T)  — T T 2
" axaaaxm( %8a V9" Dgma 7T pm= ji (25)

The local fractional scalar curvature in fractal sp&teis defined as

R* = *¢""Ry,. (26)
Example 3. Let us consider the local fractional metric tensofiff space such as
2c 2a 2 o
4% 2 — d la 2 Sln T d 2 2‘ 27

Using fractional linear vector Eq. (27) we obtain fundamental locatitvaal metric
tensor as

a a*® . a _ ga o, a a*e Sln2 rle o a*e Sm2 plo
gll_FZ(a+1)’ 912 =921 = ) 922 = F2(0é+1) ) g9 = F6(Oé—|-1) ’
(28)
and the reciprocal local fractional metric tensor
(a+1) I (a+1)
a 11 . a 12 _ o 21 _ o, a, 22
9= g-=""g" =0% 97 = asin? gl (29)

The local fractional Christoffel index symbol of the second kind in thiseoaill be
OT§2 = —sing 1% cosy 2% “I‘%l = OT%Q = coty 2%, (30)

For the local fractional metric tensor Eq. (27) local fractional Riccidendll be
2

0
(1361 1ga\/g

T+ Iz arrﬂnl - “Thn argl’

(a 104) Oxme
= —cosedz!'* + °T3, °T'3, = —cose@z'® + cot? z!* = —1¢,
(31)
and
« 0? / 0 am «a 15} arm apB
127 (a 2a) lo 08q V9* 8 ma 1122"' F FmZ_ Fﬁm F22
= €084 201 % + T3 “Tiy+ T3y °TTy + T, °T3y — °T%, °T3, = —sinZ 2!,
(32)
The local fractional scalar curvature for Eq. (27) is
212 1
Ra: « 11R(111+a 22R22— (a+ ) (33)

a2a
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Fig. 1 — The graph of functioff(a, o) = 7% for the parameters = {22, andz € [0, 1].

— In3’

The local fractional Riemannian curvature tensor can be written as

®Ry1p = —852& T3 + 3510[1%2 + Tl oT,262 - ar,1@2 argl
= 8510[1%2 — T}, °T3 =sinja'® “R3), =0.
Then local fractional non-vanishing covariant curvature tensor is
2
*Ri212 = g, “ Rty = g% “Riig+ 9% “R31p = CM~
Finally, local fractional Riemannian curvatut& will be
o *Ri212 _ F4(a+ 1).
9o o2
We have sketched the functigfifa,«) = % for the parameters = Lf—%

z €10,1] in Fig. 1.

7. FRACTIONAL EINSTEIN FIELD

In this section we define the Einstein local fractional tensor thereforeawe h

(34)

(35)

(36)

(37)

and

suggested the local fractional Einstein field equation. First, let us defentdal

fractional covariant tensd¥

e}
ij

which is called Einstein tensor as following

1
G = R — S RS,

(38)
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Einstein Field Equations within Local Fractional Calculus 9

where®g*” R, = R is the scalar curvature. Then we define the local fractional
Einstein field equation as

Gi; +9i;L = PTy,
whereL and P are local fractional space constants.

(39)

8. CONCLUSIONS

In this work we have considered the geometry of the real world as fractal.
Therefore, we generalized the tensor calculus by using the local inatti@riva-
tives. The local fractional Christoffel index symbols are suggesteel dgfined the
divergence and curl of tensors on N-dimensional fractal space.lddal fractional
Riemann-Christoffel and Ricci tensors in fractal space are obtairnesl.Einstein
field equations within the local fractional derivatives are also obtained.
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