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Abstract: In this work we obtain analytical solutions for the electrical RLC circuit model
defined with Liouville-Caputo, Caputo-Fabrizio and the new fractional derivative based in the
Mittag-Leffler function. Numerical simulations of alternative models are presented for evaluating
the effectiveness of these representations. Different source terms are considered in the fractional
differential equations. The classical behaviors are recovered when the fractional order « is equal to 1.

Keywords: fractional-order circuits; Liouville-Caputo fractional operator; Caputo—Fabrizio
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1. Introduction

In several works, fractional order operators are used to represent the behavior of electrical circuits;
for example, fractional differential models serve to design analog and digital filters of fractional-order,
and some works concern the fractional-order description of magnetically-coupled coils or the behavior
of circuits and systems with memristors, meminductors or memcapacitors [1-16]. These research
works address the study of the described electrical systems. These models have been extended to
the scope of fractional derivatives using Riemann-Liouville and Liouville-Caputo derivatives with
fractional order; however, these two derivatives have a kernel with singularity [17]. Caputo and
Fabrizio proposed a novel definition without singular kernel. The resulting fractional operator is based
on the exponential function [18-27]; however, the derivative proposed by Caputo and Fabrizio it is not
a fractional derivative, its corresponding kernel is local. To solve the problem, Atangana and Baleanu
suggested two news derivatives with Mittag-Leffler kernel, these operators in Liouville-Caputo
and Riemann-Liouville have non-singular and non-local kernel and preserve the benefits of the
Riemann-Liouville, Liouville-Caputo and Caputo-Fabrizio fractional operators [28-33].

This work aims to represent the fractional electrical RLC circuit with the Liouville-Caputo,
Caputo-Fabrizio and the new representation with Mittag-Leffler kernel in the Liouville-Caputo sense,
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considering different sources terms in order to assess and compare their efficacy to describe a real
world problem.

2. Fractional Derivatives
The Liouville-Caputo operator (C) with fractional order is defined for (7 > 0) as [34]

g’Df‘f(t) = r(nloé) /Ot(t B S)nfaflf(fl) (s)ds. )

The Laplace transform of (1) has the form

ZI5DEf(1)] Zs”‘ k=1 ( ¢)

where n = [R(«)] + 1. From this expression we have two particular cases

ZISDrf(H)] = s*F(s) —s*1£(0) 0<a<l, ®3)
ZISDEF(H)] = s“F(s) —s*71f(0) —=s*72f/(0) 1<a<2 4)
The Mittag-Leffler function is defined as
(e tm
Ea,@(t) = mg() m/ (“ > 0)/ (9 > O)' (5)

Some common Mittag-Leffler functions are described in [34]

E1/2 () = exp(a?)[1 + erfe(a)], ©

Ei1(£a) = exp(£n), (7)

Ey1(—a%) = cos(a), ®)

E3i(a) = %[exp(le/S) +2exp(—(1/2)a'/?) cos (?alm)}. )

The Caputo-Fabrizio fractional operator (CF) is defined as follows [18,19]

alt - 9)]{,—19, (10)

CPrDIXf -

where B(a) is a normalization function such that M(0) = M(1) = 1.
If n > 1and & € [0,1], CF operator of order (1 + ) is defined by

SED M (1) =5F DI (SED £ (1)), (11)

The Laplace transform of (11) is defined as follows

n+1 _oh _on—=1gr _ £(n)
f[gl-"pt(k-&-”)f(tﬂ — s"t f[f(t)] 5 ,Z(—S)a(ls_ S)f (0) co f (O) (12)

From this expression we have

ZISEDEf(1)] = sZ[f(t)] — f(0)

] _
m, n= 0, (13)
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2D Vo) = SEUOL OOy g, (19

The Atangana-Baleanu fractional operator in Liouville-Caputo sense (ABC) is defined as
follows [28-33]

ABC £ (1) / f()E] 79) [0, (15)

where B(«) has the same properties as in the above case.
The Laplace transform of (15) is defined as follows

1—1x

LIAECDR (1)) (s) = zlggagg[fatf(e)Ea [ — a(tliegﬂ]de}
B (zx) S“Z[f(t)] "

(s)
—a +17

10

Atangana and Baleanu also suggest another fractional derivative in Riemann-Liouville sense
(ABR) [28-33]:

oty = B0 [ e o

1—un
where B(«) is a normalization function as in the previous definition.
The Laplace transform of (17) is defined as follows

LD FO)6) = ER2 [ Ji FOF:| - a2 o]
_ If(w SYZ[F()](s)

— SlX_j’_l

(18)

3. RLC Electrical Circuit

In this work, an auxiliary parameter ¢ was introduced with the finality to preserve the
dimensionality of the temporal operator [14]

d 1
E%ﬂ ?, V—1<[X§V, V:1,2,3,... (19)
and
dz 1 20
‘D, v-1<a<v, v=123,... (20)

a2 g2
where ¢ has the dimension of seconds. This parameter is associated with the temporal components
of the system [14], when & = 1 the expressions (19) and (20) are recovered in the traditional sense.
Applying Kirchhoff’s laws, the equation of the RLC circuit represented in Figure 1 is given by

D?I(t) + % DI(t) + %I(t) = % E(t), (21)

where L is the inductance, R is the resistance and the source voltage is E(t).

=AM

I(t) R L

() .7

71

Figure 1. RLC circuit.
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3.1. RLC Electrical Circuit via Liouville-Caputo Fractional Operator

Considering (19) and (20), the fractional equation corresponding to (21) in the Liouville-Caputo
sense is given by:

SD?I(t)+ ASDY¥I(t) = BCE(t) — BI(t), 0<a<]1, (22)
where A = Rol=% and B = ”z(Ll(; * . Now we obtain the analytical solution of Equation (22) considering

different source terms E(¢).

Case 1. Unit step source, E(t) = u(t), 1(0) = Iy, (Ip > 0), [(0) = 0, (22) is defined as follows
SD?I(t) + ASDEI(t) = B C u(t) — BI(t). (23)
Applying the Laplace transform (12) to (23), we have

~ o s27 1+ As* 'y + BC(1/s)

Is) s2 + As* + B (24)

Taking the inverse Laplace transform of (24), we obtain:

k
<—B>"<—A>k( " )
I(t) = I() ZZOZO ZZO:O T(ak+2a(nt+1)—2a+1) . TlX(k+21’l)

n-+k

+ At Y2 Y2 . ).r“(k”") “
=0 k=0 " T(ak+2a(n+1)—2a+1)

(—B)"(—A)

n+k

(—B)"(—A)* X )
¢ X — 1) 00 " "
+ 1"(57531) fO (t — T) T 1. Zn:() Zk:o T (ak2a (it 1) —aF1) . T (k+2 )

Case 2. Exponential source, E(t) = e~ 1(0) = Iy, (Ip > 0), 1(0) = 0, (22) is defined as follows
SD?*I(t) + ASDYI(t) = B C e — BI(t). (26)

Applying the Laplace transform (12) to (26), the expression for the current is

~ s+ As* 1y + BC(1/s +c)

Is) s2 + As* + B 27)

Taking the inverse Laplace transform to (27), the analytical solution is:
n+k

(—B)"(—A)"( k )
t__p— o 00 o n
I(t) = BC fo ' Tho T —ramrmmra - T2 - B (—c(t = 1))dT

n+k

0o 00 k )
+ Iy Zn:O Zkzo Tk 2a (it 1) —2a41) Toc(k+2n)

(_B)n(_A)k (28)

Cp-ap( "TK

0o 0o k ) k+2
+ At - Ynlo Yo ~ Tz (na ) =asT) grlran),
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Case 3. Periodic source, E(t) = sin(gt), I(0) = Iy, (I > 0), [(0) = 0, (32) is defined as follows
SD?*I(t) + A SD¥I(t) = B C sin(gt) — BI(t). (29)
Applying the Laplace transform (12) to (29), the expression for the current is

T(s) B BC ) n Jps2—1 n Alps*1
s 4 Ast 4+ B s2+4+ 92 24 As*+ B 52+ Ast + B’

(30)

Taking the inverse Laplace transform to (30), the analytical solution is:
n+k
(=B)"(—A) k )
t__p— 00 00 1
I(t) = BC fo Tl Y0 Xk—0 Takt2a(nil)—a) (k). sin(e(t —7))dt
n+k

0o 00 k ) a(k+2n) G1)
+lo Ln—o Xito Tarrzaman—zar1) T

n+k

o0 o0 k
+ A" - Ynlo Yo ~Takr2a(naT)—as1)

(~B)"(~A)F

(=B)"(-A) )
. pa(k+2n)

3.2. RLC Electrical Circuit via Caputo—-Fabrizio Fractional Operator

Considering (19) and (20), the fractional equation corresponding to (21) in the Caputo—Fabrizio
sense is given by:

SED2*I(t) + ASEDYI(t) = BC E(t) — BI(t), 0<a <1, (32)
we obtain the analytical solutions of Equation (32) considering different source terms.
Case 4. Unit step source, E(t) = u(t), 1(0) = Iy, (Ip > 0), I(0) = 0, (32) is defined as follows
SED?*I(t) + A SFDEI(t) = B C u(t) — BI(t). (33)

Applying the Laplace transform (12) to (33), the expression for the current is:

TN sly Aly(1—a)s Alyu s(1—a)?BC
I(S) T $2K+sL+M + s2K+sL+M + s2K+sL+M + s2K+4sL-+M
2a(1—a)BC + BCa? 1
s2K+sL+M

(34)
+

sZK+sL+M s
Taking the inverse Laplace transform of (34), we obtain the following solution:

n—+k

(*M)"(*L)k ' )
I(f) = [Io + Alo(l — DL)] . ZT:U ZZO:O M esTirEmy=Y . T(k+2n)

of ntk

(=M)"(-L) )
o oo k
+ [Aloa +2a(1 —a)BC)t - Yoo Yo T2 ) . lk+2n)

_ n(_g\k n+k
(=M)"(-L) k

+(BC(1—)?) - T35, T Tt ),T(k+2n)

ooy k| mEk
(=M)"(-L) k

+ BCa? fot(t —T) - oo Liso N esmEEsymY ) - (t = 7)kF2) g,

(35)
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where
M = &?B,
K=1+A(1—a)+B—2aB+42B,
L = Ax +2aB — 24?B.
Case 5. Exponential source, E(t) = e~ 1(0) = Iy, (Ip > 0), 1(0) = 0, (32) is defined as follows
SED?*I(t) + ASEDEI(t) = B C e — BI(t).

Applying the Laplace transform (12) to (37), the expression for the current is:

_ sly Alp(1—a)s Alga s(1—a)?BC
I(s) = arsiimi T @Kisiomd T ZRasLidi T 2KisLi

BC(1-a)%% 1 I 20(1—a)s BC BC(«)? 1

t PKsLiM 5ta T PKisLiM  sta T SKisLiM  sia’

Taking the inverse Laplace transform to (38), the analytical solution is:

k
(mreor " )
I(t) = [Ip + Aly(1 — a)] - L2 0 T2 N =T) . lk+2n)
k
(mpeor "
+ (Alga)t - Y, T2 i
0 n=0 £~k=0 T(K+2a(n+1))
k
(~My"(~L)f ”z
+BC(1—a)? fy(t—1) T LR TR ricra - (= D By (—at)dr
k
(-my-or "
t ) 1) n
+2BCa(1—a) [y(t—T) T o Lo TRTZ(T) (t—1)k+20) L E ) (—at)dr,

where M, K and L are given by (36).
Case 6. Periodic source, E(t) = sin(¢t), 1(0) = I, (Ip > 0), [(0) = 0, (32) is defined as follows
SED2I(t) + A SEDYI(t) = B C sin(gt) — BI(t).

Applying the Laplace transform (12) to (40), the expression for the current is:

_ sly Alp(1—a)s Alga s(1—a)?BC
I(s) = arrsrrni T 2Ksioni T KLt T 2KTsiiai

BC(1—a)?s? [

. 20(1—a)s [ BC(w)? [
s2K+sL+M  s2+¢ + BC +

+ SZK+sL+M 2+¢ " SZK+sL+M  sZ4g°

Taking the inverse Laplace transform to (41), the analytical solution is:

Cap(np TR
0 0 k (k+2n)
I(t) = [Io + Aly(1 — a)] - 50 Yo T(K+2a(nt+1)—1) T
e B
+ (Algw)t - Y070 Yo T(K+2a(n+1)) gk
k
(-my-ep( T )
+BC(1—a)?- fot(t —T) T o T TKi2a(ni)—2) (t—1)*+21) sin(g(t — 7))dT
k
(mpeor "
t 00 1) n 3
+2BCa(1—a) fo(t— 1) Lilo Lito T(KF2a(n 1)) - (t—1)kF2) sin(g(t — T))dT,

where M, K and L are given by (36).

6 0of 12

(36)

(37)

(38)

(39)

(40)

(41)

(42)
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3.3. RLC Electrical Circuit Involving the Fractional Operator with Mittag-Leffler Kernel

Considering (19) and (20), the fractional equation corresponding to (21) via the fractional operator
with Mittag-Leffler kernel is given by

ABCD2 () + A§BCD1(t) = BC E(t) — BI(t), 0<a<1, (43)
we obtain the analytical solutions of (43) considering different source terms.
Case 7. Unit step source, E(t) = u(t), 1(0) = Iy, (I > 0), I(0) = 0, (43) is defined as follows:
ABCD2X1(t) + A §BCDI(t) = B C u(t) — BI(t). (44)

Applying the Laplace transform (16) to (44), the expression for the current is:

Fs) =B | Qo0 | miewet @ g
s2K+s*L+M  s2K4s*L+M ' s2K+4s*L+M s (45)
2 s22—1p, ) s"‘*l(s“(l—tx)—m)
+B(0)" - argmam T AB@W - o
Taking the inverse Laplace transform of (45), the solution is:
2 21 (1—
I(t) = [3(1 — )+ B8l | AP h{ “)]
oy MK ) .
00 o k AB(a)]
" Ln=0 Lk=0 TTka+(n+1)20—2a+1] prld2n) 4 g 201 —a) + %
' (46)
S
© ) k+2
" Ln=0 Lk=0 “TRa+ (1) 20 —2a 1] prller2n)
n+k
, (—C)”(—H)k( K )
t — 0o 0
e Jo T Y g AT
where
K =B(a)?+ AB(a)(1 — &) + D(1 — a)?,
L= AB(a)+2D(a)(1 —a),
M = D(a)?, (47)
M
C — K’
H=£L.
Case 8. Exponential source, E(t) = e~, 1(0) = Iy, (Ip > 0), [(0) = 0, (43) is defined as follows:
ABCD2I(t) + A §BCDI(t) = B Ce=™ — BI(1). (48)
Applying the Laplace transform (16) to (48), the expression for the current is:
T(s) = B | L. [ G-ast | 2e(-ws o2
s+a SPK+s*L+M ' s28K4s*L+M | s24K+s¢L+M (49)

9 g2l s"‘_l(s"‘(l—a)+uc)
+ B(“) sz“K—i—s”‘LO—i-M + AB(“)L) SZ“K+S“L+M .
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Taking the inverse Laplace transform to (49), the solution is:

k
B(a)?] Ip(1— Corewr n: )

I(t) = (azg ¢+ ()0 SN 3l 3l 0 " Tlkat(ni1)2x—2a11] golirzn)
n+k
k
T'lka+(n+1)2a—2a+1]

(=C)"(=H)
poc(k+2m)

I SR vl

_C\n(_ k n+k
(=O)"(-H) K

+ 2§ Eua(—alt = 1)1 L Y0 — TR >T“(k+2")d7

me n—+k
(=O)"(—H) K

+ w fot Ea,uc(*l?l(t — T))T*1 . ZZOZO ZEO:O N[TRRERE Yo colk+2n) g

(opmy " TK )
kuth

(50)

k
) Ena(—a(t —7))72 001y 50 TTkat (n41)2a]

where K, L, M, C and H are given by (47).
Case 9. Periodic source, E(t) = sin(gt), I(0) = Iy, (I > 0), I(0) = 0, (43) is defined as follows:
ABCD21(t) + A §BCDEI(t) = B C sin(gt) — BI(t). (51)

Applying the Laplace transform (16) to (51), the expression for the current is:

._9
SZ+(P2

T(S) | SPa(1—a)? 420 (1—a)s* +-a2
- s2aK+s*L+M

(52)
Sthfl IO

s* M o(s*(1—a)+a)
s2aK-+s*L+M + AB(“) ' ; :

2
+ B(“) ) s2aK+s*L+M

Taking the inverse Laplace transform to (52), the solution is:

O\ _1\k Tl+k
(=O)"(=H) K

=i i = 0 o ) ht n
1(t) = U2k - [Tsin(g(t — 1) T L0 Ly Tt (ri)2a 2atd] (k2 dr

k
i B )
20(1—w t . — o0 0 o n
+ % Josin(p(t — 1)1 R0 Xl Tt (D22t 1] ¢ (r2nar

n—+k

(=O)"(-H)¥ (53)

2 t .
+ % Josin(p(t — 7)) TR TTkat (n+1)2a—2a+1] thedr

I 3(02210 JrAlg(a)fg(lﬂx) +A3(ﬁ)10at,x]
k
S )
0o 0 k
" Ln=0 Li=o Tlka+(n+1)20—2a+1] pelkr2n),

where K, L, M, C and H are given by (47).

Example 1. Consider the electrical circuit RLC with R=100Q, L =10H, C = 0.1 Fand V(0) = 10 V.
Figures 2—4 show numerical simulations for the current in the inductor, for different particular cases of & using
the Liouville-Caputo, Caputo—Fabrizio and the Atangana—Baleanu—Caputo fractional operator, respectively.
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Figure 2. Numerical simulation for an RLC electrical circuit via Liouville-Caputo fractional operator,
in (a) Equation (25), corresponding to a unit step source; in (b) Equation (28), corresponding to

an exponential source; in (c) Equation (31), corresponding to periodic source; for all figures I(t) is
measured at Amperes and ¢ is measured at seconds.

(0)
Figure 3. Numerical simulation for RLC electrical circuit via Caputo—Fabrizio fractional operator,
in (a) Equation (35), corresponding to unit step source; in (b) Equation (39), corresponding to
exponential source; in (c) Equation (42), corresponding to periodic source; for all figures I(t) is
measured at Amperes and ¢ is measured at seconds.
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Figure 4. Numerical simulation for RLC electrical circuit via Atangana-Baleanu-Caputo fractional
operator, in (a) Equation (46), corresponding to unit step source; in (b) Equation (50), corresponding
to exponential source; in (c¢) Equation (53), corresponding to periodic source; for all figures I(t) is

measured at Amperes and f is measured at seconds.

4. Conclusions

In the present paper, analytical solutions of the electrical RLC circuit using the Liouville-Caputo,
Caputo-Fabrizio and the Atangana-Baleanu-Caputo fractional operators were presented. The solutions
obtained preserve the dimensionality of the studied system for any value of the exponent of the
fractional derivative.

We can conclude that the decreasing value of a provides an attenuation of the amplitudes of
the oscillations, the system increases its “damping capacity” and the current changes due to the order
derivative (causing irreversible dissipative effects such as ohmic friction), the response of the system
evolves from an under-damped behavior into an over-damped behavior. The fractional differentiation
with respect to the time represents a non-local effect of dissipation of energy (internal friction)
represented by the fractional order a. The electrical circuit RLC exhibits fractality in time to different
scales and shows the existence of heterogeneities in the electrical components (resistance, capacitance
and inductance). Due to the physical process involved (i.e., magnetic hysteresis), these components can
present signs of nonlinear phenomena and non-locality in time, it is clear that the approximate solutions

continuously depend on the time-fractional derivative a. In the classical case, where « = 1, due to the
absence of damping, the amplitude is maintained and the system displays the Markovian nature.

For the Liouville-Caputo fractional operator the solutions incorporate and describe long term
memory effects (attenuation or dissipation), these effects are related to an algebraic decay related
to the Mittag-Leffler function. However, this fractional operator involves a kernel with singularity.
The Caputo-Fabrizio fractional operator is based on the exponential function; thus, the used kernel
is local and may not be able to portray more accurately some systems. Nevertheless, due to their
properties, some researchers have concluded that this operator can be viewed as a filter regulator [28].
Atangana and Baleanu presented a fractional derivative with Mittag-Leffler kernel. This derivative is
the average of the given function and its Riemann-Liouville fractional integral. The Figures show that
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the system presents dissipative effects that correspond to the nonlinear situation of the physical process
(realistic behavior that is non-local in time). Furthermore, the Figures show that the Liouville-Caputo
fractional derivative is more affected by the past compared with the new fractional operator based on
the Mittag-Leffler function which shows a rapid stabilization. Finally, the Caputo—Fabrizio approach is
a particular case of the representation obtained using the fractional operator with thw Mittag-Leffler
kernel in the Liouville-Caputo sense.

This methodology can be applied in the analysis of electromagnetic transients problems
in electrical systems, machine windings, modeling of surface discharge in electrical equipment,
transmission lines, power electronics, underground cables or partial discharge in insulation systems
and control theory.
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