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problem
(T +rx® =0, tedx@=xd)=0

has a nontrivial solution, where r is a real-valued continuous function on [c, d], then

o

d o
/C |r(0)] dt > FRETETFer=E 6)

Moreover, a Lyapunov type inequality of the form

2a-1
o

d 3a-1 /301 1
/C|r(t)|dt>(dic)2w(2ai]> , s<ast, )

is obtained for a sequential conformable BVP. Some examples are given and an
application to conformable Sturm-Liouville eigenvalue problem is analyzed.
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1 Background
In [1], it was proved that if the boundary value problem (BVP)

X)) +r()x(t) =0, te(cd),x(c)=x(d)=0,

has a nontrivial solution, where r is a real-valued continuous function, then

d
/c. |r(s)|ds> p

Undoubtedly, the Lyapunov inequality (3) proves cooperative and supportive in differen-

4 . (3)
-c

tial equations. Indeed, it is frequently used to dominate certain quantities for the sake of
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proving qualitative properties of solutions for differential equations. The Lyapunov in-
equality has been extensively under consideration for integer-order differential equations.
As fractional differential equations become of high interest due to their demonstrated
applications [2], nevertheless, the last few years have witnessed the appearance of many
papers which systematically studied the fractional analog of this inequality and other types
of inequalities; we refer the reader to [3—11] for Lypanouv type and to [12] for Gronwall
type. The newly defined conformable fractional calculus was initiated in [13] and studied
later on by the current author in [14, 15], where many properties of conformable opera-
tors were introduced. However, the progress in this direction is still at its earliest stage
[16-18]. In this paper, we prove a Lyapunov-type inequality for a conformable fractional
BVP. Moreover, a Lyapunov type inequality is obtained for a sequential conformable BVP.
Some examples are given and an application to conformable Sturm-Liouville eigenvalue
problem is analyzed. The new obtained inequalities generalize the existing ones.

2 Preliminaries on conformable derivatives
This section is devoted to the presentation of some preliminaries about higher order frac-
tional conformable derivatives developed in [14].

Definition 1 ([13, 14]) The (left) conformable fractional derivative starting from ¢ of a
function f : [¢,00) — R of order 0 < & <1 is defined by

_ o)y _
(70 = iy ST o

In the case when ¢ = 0, we write T,. If (Tg)(¢) exists on (c,d) then (Tig)(c) =
limg_, c+ (T38)(2).

Note that if g is differentiable then
(Teg)() = (- )¢ (8). (5)

Moreover, the conformable fractional integral of order 0 < o < 1startingat ¢ > 0 is defined
by (Ig)(t) = f; g(x)(x — ¢)*~' dx and following [13] by (I5)(¢) = fct g(x)x* L dx.
In the case of higher order, the following definition becomes true.

Definition 2 ([14]) Let n <« <n +1 and set ¥ = & — n. Then the conformable fractional
derivative starting from ¢ of a function g : [¢c,00) — R of order «, where g (t) exists, is
defined by

(Tee) @) = (T;") . ©)
In the case ¢ = 0, we write Tj,.

Note that if @ = 72 + 1 then y = 1 and the fractional derivative of g becomes g"*! (). Also
when n = 0 (or @ € (0,1)) then y = « and the definition coincides with that in Definition 1.
From (6), it is immediate that if 7 < @ <z + 1 then y = a — n and if moreover, the (# + 1)th
derivative (or the derivative of g”) exists then we have

(Tog) () = (T76") (@) = (6= 9" 7g" V(@) = (¢ — &) "g" V(@) (7)
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Lemmal ([13]) Assumethatg: [c,00) — R is continuousand 0 <« <1. Then, forallt > c,
we have

Tolog(t) = g(8).
In the case of higher order, the following definition is valid.

Definition 3 ([14]) Let« € (n,n+1] and set y = a —n. Then the left conformable fractional
integral starting at c of order « is defined by

1 t
(I;g)(t) =I, ((t - c)”_lg) =— / (t —x)"(x — ) 'g(x) dx. (8)
n!J,
Notice that if @ = # + 1 then y =1 and hence (ISg)(¢) = (If,,,)(¢) = % f;(t - x)"g(x) dx,
which is the iterative integral of g, » + 1 times over (c, t].

Recall that the left Riemann-Liouville fractional integral of order « > 0 starting from c
is defined by

1 t
(Clag)(’f) = '@ /C (t—s)"'g(s)ds. ©)

We see that (I5g)(¢) = (I°g)(t) fora =n+1,n=0,1,2,....

Example 1 In virtue of [14], we recall that (I%(¢ — ¢)*~1)(x) = r(r,ilﬁz) (x—c)** L o, > 0.
Indeed, if 4 € R such that « + i — n > 0 then the conformable fractional integral of (£ — ¢)*
oforder @ € (m,m +1] is

_Tla+u-n)

(ISt = o)) (&) = (I, (£ = o)) (x) (x— ). (10)

T T(e+p+l)
The following is a generalization of Lemma 1.

Lemma 2 ([14]) Assume that f : [c,00) — R such that g"(t) is continuous and n < a <

n+ 1. Then, for all t > ¢, we have
T, 1.g(t) = g (o).

Theorem 1 ([14]) Let @ € (n,n + 1] and g : [c,00) — R be (n + 1) times differentiable for
t > c. Then, for all t > c, we have

" ok — o)k
ET @0 =g~ Y 0D

k=0

(11)

Example 2 From [14], we recall that the solution of the following conformable fractional
initial value problem:

(T;x) () = ax(t), O0<a <1,x(c)=xq,t>c, 12)

. (t=0*
is x(£) = xoe*
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The following example shows why it is useful to work in conformable differential systems.

Example 3 Consider the following second order ordinary differential equation:
£y + 8 (1-a)t ¥ -2)y =3y=0, O<a<l, (13)

where y(¢) is assumed to have second order continuous derivative. In view of (13), one can
figure out that it is not easy to solve it using standard methods. However, equation (13) is
rewritten in the form of the sequential (local) conformable differential equation as

y(2a) _ Zy(“) -3y=0, (14)

where y@¥) = ¢l (¢glay') = g [¢1=%y" 4+ (1 — a)t~*y] such that y®¥ stands for (T?T0y)(¢)
and T? is defined in (5). By using the operator method, we may write (14) in the form

(D*-3)(D* +1)y=0.

The solution of the above equation has the form

s

NG &
R I

y(t) = cre
For o = %, (13) reduces to ty” + (% —24/t)y’ - 3y = 0, which by the above arguments has a
solution y(¢) = 168Vt + ce2VE Tt is worth mentioning that, for « = 1, the solution y(z) =

1€ + ce7? of the ordinary differential equation y” — 2y’ — 3y = 0 is verified.

3 ALyapunov-type inequality for a conformable BVP
Consider the following (local) conformable BVP:

(Tfyx)(t) +r(®)x() =0, l<a<2,c<t<d,x(c)=x(d)=0. (15)

Lemma 3 x(t) is a solution of the BVP (15) if and only if it satisfies the integral equation

d
x(t) = / H(t,s)r(s)x(s) ds, (16)
where H is the Green function for (15) defined by

L9E) (s~ )2, c<t<s<d,
H(t,s) = -

(IS _(t—g))-(s—0)*? c<s<t=<d.

Proof Applying the integral IS to (15) and making use of Definition 3 and Theorem 1 with
n=1and y =« — 1, we obtain

x(t)=c+elt-c) - /t(t - 8)r(s)x(s)(s — ©)* > ds.
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The condition x(c) = 0 implies that ¢; = 0 and the condition x(d) = 0 implies that ¢, =
ﬁ fcd(d —5)r(s)x(s)(s — ¢)*~2 ds and hence

t—c

x(t) =

d t
[ d-sroms - as— [ - aroms-orras

Then, using

d
/ (d - )r(s)x(s)(s — c)* > ds
¢ d
i / (= 9r(s)als)(s - o ds + / (d - 9)r()x(s)(s - )" s,

the proof is concluded. O

Lemma 4 The Green function H defined above has the following properties:
(i) H(t,s) >0 forallc<ts<d.
(il) maxee(e,q) H(,s) = H(s,s) fors € [¢,d].

(iii) H(s,s) has a unique maximum, given by

max H(s, s) =H<

c+(-1)d c+ (- 1)d) _(d-o* Mo -1
s€lcd] ’

)
o o a¥

Proof Define the functions /(t,s) = (= 5 (d 9. (s — ¢)*2 and hy(t,s) = (M —(t-y9))-

—C

(s—c)*2.
(i) Itis clear that &; > 0. To determine the sign of /1,, we observe that
(t-s)= —(d (c+ M)) and that ¢ + £-29-9 > ¢ ifand only if s > ¢. Together

(t=c)
with (s — ¢)*~2 > 0 we conclude that /4, > 0 as well. Hence, the proof of the first part

is complete.

(ii) Itis clear that /(¢ s) is an increasing function in ¢. Differentiating 4, with respect
to ¢ for every fixed s and following similar analysis as in first part we conclude that
hy is a decreasing function

(iii) Let g(s) = H(s,s) = (=99 Then it is sufficient to show that g'(s)=0if

c+(a 1)d

s= and hence the proof is completed. u

Theorem 2 [f the BVP (15) has a nontrivial solution, where r is a real-valued continuous

function on [c,d], then

d a®
/C‘ |r(t)| dt > PSRt (17)

Proof Let x € Y = Clc,d] be a nontrivial solution of the BVP (15), where |x| =

SUP;c.q [%(t)|. By Lemma 3, x must satisfy

d
x(t):/ H(t,s)r(s)x(s) ds.
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Therefore

d
el < max / |H(t,5)r(s)] sl
telod] J,

or

d
maxf ’H(t,s)r(s)’dszl.
teled J,

By using the properties of the Green function H proved in Lemma 4, we end up with

d—c)* Yo —=1)*1 d
@-9" (-1 / ’r(s)’ ds>1. (18)
ot ¢
Inequality (17) is an immediate conclusion of (18). d

Remark 1 If « = 2, then (17) reduces to the classical Lyapunov inequality (3). We also in-
vite the reader to compare the obtained generalized Lyapunov inequality in Theorem 2
and the one obtained recently and independently in [19]. The approach in [19] is differ-
ent and the authors there proved the existence of solution in the space AC?[c,d] = {u €
Clec,d] : ' € AClc, d]}. Further, we see that our obtained inequality provides, for example
when applied to the Sturm-Liouville eigenvalue problem, sharper lower estimate for the
eigenvalues. Indeed, in Section 5 we can see that the lower estimate # is bigger than
4(a — 1) for 1 < a < 2. This is due to the observation that (%)”‘ >4, for 1 < o < 2. Fur-
ther, for convenience, in the next section we prove a sequential type Lyapunov inequality

version as well.

4 A Lyapunov-type inequality for a sequential conformable BVP
Consider the following sequential conformable BVP:

A2 + r(O)x(t) =0, c<t<d, % <a <1,x(c) =x(d) = 0. (19)

We shall prove a Lyapunov inequality for (19).

Lemma 5 x(¢) is a solution of the BVP (19) if and only if it satisfies the integral equation

d
x(t) = / G(t,s)r(s)x(s) ds, (20)
where G is the Green function of (19) defined by

t,s), c<s<t<d,
Glt,s) = gl( )
&(ts), c<t<s<d,

such that

~ w] =0 (E-c)*(s—c)
at,s)=(s—¢) [ e ad-or }
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and

B wo1] &= (E-0)*(s—c)*
R et

Proof Applying the integral I twice to (19) and using Definition 3, we get

o d o N
y(t)=C1+Cz(t_C) —/ r(s)x(s)(s_c)a—l[(t—c) ) i|ds.

o o o

The condition x(c) = 0 implies that ¢; = 0 and the condition x(d) = 0 implies that ¢, =
A fcd r(s)x(s)(s — c)“’l[@ — o C)a ] ds and hence

x(t) = (t 9 / #(5)x(s) (5 — ) 1[(”1_0)“—(“_0)&}# (21)
o

- o

- ft r(s)x(s)(s — ¢)*! [M - ﬂ] ds. (22)

o o

Finally, the proof is concluded by splitting the first integral in (21) to

/ Hox(e)s - [@ - } ds

o

d a o
+ / r(s)x(s)(s — ¢)** [@ - (-9 :| ds. 0

o

Lemma 6 The Green function G defined above has the following properties:
(i) G(t,5)>0forallc<t,s<d.
(ii) maxeeleq G(L,8) = G(s,s) fors € [c,d].

(iii) f(s) = G(s,s) has a unique maximum, given by

ma; G(s,s) = (A(c, d,a),A(c,d,a))

sel.

1

d-o* (201
T 3a-1 \3a-1 ’

where

Ale,dy) =c+ (d- c)[g“_li]

Proof Define the two functions g; and g as in Lemma 5.
(i) The proof follows by noting that the function g1 > 0 since g (¢, s) is decreasing in ¢
for any s and gi(d, s) = 0 for any s. Also, g» > 0 since g>(Z,s) is increasing in ¢ for any
sand g(c,s) = 0 for any s.
(ii) The proof of this part follows by noting that the function g(¢,s) is decreasing int

for any s and that g»(¢, s) is increasing in ¢ for any s by realizing that (1 — ((fi CC )>0

for all s.
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(iii) Letf(s) = G(s,s) = (s — el _ %]. Then one can show that f'(s) = 0 if

o

s = A(c,d, @) and hence the proof is concluded. O

Theorem 3 If the BVP (19) has a nontrivial solution, where r is a real-valued continuous

function on [c,d], then
20-1

4 1 3a-1 [3a-1\«
/c IOt > A da) (d—c)2“—1(2a—1> ' (23)

Proof Let x € X = C[c,d] be a nontrivial solution of the BVP (19) where |x| =
SUP;cq [%(t)|. By Lemma 5, x must satisfy

d
y(t) = / G(t, s)r(s)x(s) ds.

Taking the norm leads to

d
]l < max / |G (¢, )r(s)| sl
telod] J,

or equivalently

d
max/ |G(t,s)r(s)|dszl.
teled) J,

By using the properties of the Green function G(¢,s) given in Lemma 6, we come to the

conclusion that
d
G(A(c, d,a), Alc, d,a)) f ’r(s)’ ds>1,

from which (23) follows. O

Remark 2 Since G(A(c,d, @), A(c, d,@)) tends to % as o — 1 then the classical Lyapunov
inequality (3) is obtained again: & — 1. In this case, one may also deduce that 22 (t) —
x"(t) asa — 1.

5 Application
Consider the following conformable Sturm-Liouville eigenvalue problem of order « €
(1,2].

(Tox) () + Ax(5) =0, 0<t<1,x(0)=x(1) =0. (24)

If X is an eigenvalue of (24), then by Theorem 2, we must have |A| > ﬁ If x is twice

]
differentiable, then by means of (5), equation (24) is equivalent to

270" () + ax(t) =0, £€(0,1),x(0) =x(1) =0, (25)
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which can be considered as a type of generalized Sturm-Liouville eigenvalue problem.
It is not easy to find the eigenvalues and eigenfunctions of this problem. However, if we
consider the sequential conformable Sturm-Liouville eigenvalue problem

1
#20@) + 22x(t) =0, 0<t<1,x(0)=x(1) =0, 3 <a<l,

then by using the operator method its solution is given by

o o

t .
x(t) = ¢;cOSA— + ¢y sinA—.
o a

The boundary conditions imply that the eigenvalues are A = nam, n € Z and the corre-
spondent eigenfunctions are sin)\g. Notice that, for any n € Z, we have

2a0-1

. 30 -1
32 =n?a?n? > G(A(0,1,a), A0,1,@)) " = (3 - 1)(20’ 1)
o

This is a direct verification of Theorem 3.

Acknowledgements
The first and the second author would like to thank Prince Sultan University for funding this work through research group
Nonlinear Analysis Methods in Applied Mathematics (NAMAM) group number RG-DES-2017-01-17.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Author details
'Department of Mathematics and General Sciences, Prince Sultan University, PO. Box 66833, Riyadh, 11586, Saudi Arabia.
2Department of Mathematics and Computer Science, Cankaya University, Ankara, 06790, Turkey.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 15 June 2017 Accepted: 1 October 2017 Published online: 11 October 2017

References
1. Lyapunov, AM: Probléme général de la stabilité du mouvement. Ann. Fac. Sci. Univ. Toulouse (2) 9, 203-469 (1907).
Reprinted in Ann. Math. Stud.,, vol. 17, Princeton University Press, Princeton (1947)
2. Podlubny, I: Fractional Differential Equations. Academic Press, San Diego (1999)
3. Abdeljawad, T: A Lyapunov type inequality for fractional operators with nonsingular Mittag-Leffler kernel. J. Inequal.
Appl. 2017, Article ID 130 (2017). doi:10.1186/513660-017-1400-5
4. Agarwal, RP, Ozbekler, A: Lyapunov inequalities for even order differential equations with mixed nonlinearities.
J.Inequal. Appl. 2015, Article ID 142 (2015)
5. Hashizume, M: Minimization problem related to a Lyapunov inequality. J. Math. Anal. Appl. 432(1), 517-530 (2015)
6. Jleli, M, Ragoub, L, Samet, B: A Lyapunov-type inequality for a fractional differential equation under a Robin boundary
condition. J. Funct. Spaces 2015, Article ID 468536 (2015)
7. Jleli, M, Samet, B: Lyapunov-type inequalities for a fractional differential equation with mixed boundary conditions.
Math. Inequal. Appl. 18(2), 443-451 (2015)
8. Jleli, M, Samet, B: Lyapunov-type inequalities for fractional boundary value problems. Electron. J. Differ. Equ. 2015,
Article ID 88 (2015)
9. O'Regan, D, Samet, B: Lyapunov-type inequalities for a class of fractional differential equations. J. Inequal. Appl. 2015,
Article ID 247 (2015)
10. Rong, J, Bai, C: Lyapunov-type inequality for a fractional differential equation with fractional boundary conditions.
Adv. Differ. Equ. 2015, Article ID 82 (2015)
11. Chdouh, A, Torres, DFM: A generalized Lyapunov's inequality for a fractional boundary value problem. J. Comput.
Appl. Math. 312, 192-197 (2017)
12. Feckan, M, Pospisil, M: Note on fractional difference Gronwall inequalities. Electron. J. Qual. Theory Differ. Equ. 2014,
Article ID 44 (2014)


http://dx.doi.org/10.1186/s13660-017-1400-5

Abdeljawad et al. Advances in Difference Equations (2017) 2017:321 Page 10 of 10

14.
15.

17.
18.

Khalil, R, Al Horani, M, Yousef, A, Sababheh, M: A new definition of fractional derivative. J. Comput. Appl. Math. 264,
65-70(2014)

Abdeljawad, T: On conformable fractional calculus. J. Comput. Appl. Math. 279(1), 57-66 (2015)

Abdeljawad, T, Al Horani, M, Khalil, R: Conformable fractional semigroup operators. J. Semigroup Theory Appl. 2015,
Article ID 7 (2015)

Abu Hammad, M, Khalil, R: Abel’s formula and Wronskian for conformable fractional differential equations. Int.

J. Differ. Equ. Appl. 13(3), 177-183 (2014)

Anderson, DR, Ulness, DJ: Newly defined conformable derivatives. Adv. Dyn. Syst. Appl. 10(2), 109-137 (2015)
Pospisil, M, Skripkova, LP: Sturm’s theorems for conformable fractional differential equations. Math. Commun. 21,
273-281(2016)

. Khaldi, R, Guezane-Lakoud, A: Lyapunov inequality for a boundary value problem involving conformable derivative.

Prog. Fract. Differ. Appl. 3(4), 323-329 (2017). doi:10.18576/pfda

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.18576/pfda

	A generalized Lyapunov-type inequality in the frame of conformable derivatives
	Abstract
	MSC
	Keywords

	Background
	Preliminaries on conformable derivatives
	A Lyapunov-type inequality for a conformable BVP
	A Lyapunov-type inequality for a sequential conformable BVP
	Application
	Acknowledgements
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


