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Abstract: In this paper, we investigate the spectral properties of singular eigenparameter dependent dissipative problems
in Weyl’s limit-circle case with finite transmission conditions. In particular, these transmission conditions are assumed
to be regular and singular. To analyze these problems we construct suitable Hilbert spaces with special inner products
and linear operators associated with these problems. Using the equivalence of the Lax—Phillips scattering function and

Sz-Nagy—Foiag characteristic functions we prove that all root vectors of these dissipative operators are complete in Hilbert
spaces.
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1. Introduction

As is known, Dirac systems are of the form

Yy + p(x)y1 + 7r(T)y2 = Ay,

(1)
—y1 + @)y + q(z)y2 = Ay,

where A is a complex parameter, and p,q, and r are real-valued and locally integrable functions on some
interval (a,b) C R. The system (1) plays a central role in relativistic quantum theory. In fact, the system
(1) corresponds to Dirac’s radial relativistic wave equation for a particle in a central field [12,14]. One of the
important problems of the system (1) is to describe the solutions belonging to squarely integrable space on some
singular intervals, that is, intervals in which at least one of the potentials p,q, and r increase boundedlessly.
In 1910, Weyl showed with his extraordinary method that at least one of the linearly independent solutions
of a singular second-order differential equation must belong to a squarely integrable space [18]. Moreover, two
linearly independent solutions and combinations of them may belong to a squarely integrable space. These
cases are known as limit-point and limit-circle cases, respectively. Weyl’s method was adopted by Levitan and
Sargsjan to the first-order (Dirac) system (1) [12]. Therefore, the behavior of the coefficients p,q, and r at
singular point(s) describes the solutions belonging to a squarely integrable space (or not).

In some boundary value problems, eigenparameters occur at both differential equation (system) and
boundary conditions. In this situation, the corresponding operator associated with the problem is unusually
defined but with operator-theoretic formulation. This formulation is from Friedman [5]. It is better to note
that a lot of authors have used this formulation to investigate regular and singular eigenparameter dependent

selfadjoint (symmetric) and nonselfadjoint problems [3,6,8].
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An important class of nonselfadjoint operators is the class of dissipative operators. A well-known result
is that all eigenvalues of dissipative operators belong to the closed upper half-plane. In the literature there are
some methods to complete the spectral analysis of dissipative operators. Functional model theory from Sz.-
Nagy and Foiag [17] is one of the basic methods to study the spectral properties of a dissipative operator. This
method can be used once the characteristic function of the corresponding contractive operator is established.
On the other hand, there is an equivalence between the characteristic function of a contractive operator and
abstract scattering function. In fact, Lax and Phillips established the abstract scattering theory to analyze the
scattering problems of acoustic waves off compact obstacles [11]. Originally this theory was constructed for
hyperbolic partial differential equations. Adamyan and Arov showed that the Lax—Phillips scattering function
and Sz.-Nagy—Foiag characteristic function can be handled as equivalent [1]. This equivalence has been used in
many papers (for example, see [3,4,13]).

Recently, a new type of operator has been studied intensively called operators with transmission condi-
tions. These transmission conditions occur between end points of disjoint intervals. It is better to note that
operators with transmission conditions appear as a natural description of observed evolution phenomena of
several real-world problems. Many physical, chemical, and biological phenomena involving thresholds; bursting
rhythm models in medicine, pharmacokinetics, and frequency modulated systems; and mathematical models
in economics exhibit transmission effects [10]. Therefore, the theory of differential operators with transmission
conditions is a new and important branch of operator theory that has extensive physical, chemical, and realistic
mathematical models.

In this paper, we investigate the spectral properties of two main first-order differential systems with finite
regular and singular transmission points. Finally, showing the absence of the singular factor in the factorization

of the characteristic function, we prove the completeness theorem.

2. First-order system with finite regular transmission conditions

We consider the system (1) on the multi-interval I := UZI% Ij, in the following form:

7(y) := By + P(z)y = My, (2)
where I = (Ck—1,k) and

0 1 z) r(
o Cp (PO @Y (),
-10 r(z) q(z) Y2
Basic assumptions on (2) and the intervals I are as follows:
(i) —00< (o<1 <+ < (g1 < 00,

(#4) p,q, and r are real-valued and Lebesgue measurable functions on I, k=1,n+1:=1,2,...,n+1,

(iid)

[ @]+ @) + la(@)]} de < o0, m =T,
Im

and

/ {lp(z)| + |r(x)| + |q(z)|} dz = .

Ly
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Let L2(I,C?) denote the Hilbert space consisting of all vector-valued functions y = (yl) in C? satisfying

I; (|y1|2 + |y2\2) dr < oo with the usual inner product

(y,x) = / y" xdz,
I

where y7T denotes the transpose of the vector y = (Z;)
Consider the set D(I,C?) consisting of all vector-valued functions y = (z;) € L*(I,C?) in which y; and

yo are locally integrable functions on all I, k= 1,n+ 1, and 7(y) € L?(I,C?).
For arbitrary two vector-valued functions y,x € D(I,C?) we have the following Green’s formula:

n+1

(), x) = (1 7(0) = Yl xe s

k=1

where [y7X]g:j1+ - [y7X](<'k_) - [y7X](<kfl_) and [y7X](:L') = yQ(l')K((E) - yl(x)z(m)v T e Ika k= ILn+1
Green’s formula implies that at singular point (,41 the value [y, x](C,y1—) for arbitrary y, x € D(I,C?) exists

and is finite.
We assume that Weyl’s limit-circle case holds at singular point ¢,41 for (2) [12], [16].

Consider the solutions

ui(z), x € I1 z1(z), x € I
uz(x), = € I zo(x), x € Iy
u(z) = , z(x) =
Un11(7), T € Iny Znt1(7), T € Inta
of the equation
7(y) =0, z €1,

satisfying the conditions
where

and k=1,n+1.
Clearly one can infer from Green’s formula that for two solutions y(x, A) and x(x,\) of (2) for the same

value of A the Wronskian of y and x defined as Wiy, x| := —[y,X] = y1x2 — y2x1 does not depend on z
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and depends only on A on each I, k = 1,n+ 1. Moreover, they are linearly independent if and only if their
Wronskian is nonzero.

Since Wz, ur] =1 oneach I, k=1,n+ 1, z and u are linearly independent solutions of (2). Further
they belong to D(I, C?). This implies that for arbitrary y € D(I,C?) the values [y, 2](Cn+1—) and [y, u](Cpr1—)
exist and are finite.

Note that for y, x € D(I,C?), a direct calculation shows that

[Yks X&) () = [Yr, ur] () X, 28] () — [y, 28] () [Xp» wr] (%), @ € L. (3)

In sections 3 and 4 we investigate the spectral properties of the following boundary value transmission
problem (BVTP):

m(y) =Ny, y € D(I,C?), x € I, (4)

(a1y11(Go+) — azy12(Co+)) — A (ahyn(Got) — azy12(Co+)) =0, ()
Ym1(Gm=) = bm¥(m4+1)1(Cm+); (6)

Ym2(CGm =) = U Ym+1)2(Cm+t); (7)

[Wnt15 tns1] (G =) = clynt1, 2nt1](Gria—) =0, (8)

where m = 1,n, A and ¢ are complex numbers with Sc¢ > 0, ai,as,da},a), by, b, are real numbers with
/
bmb;, > 0 and

ap a2

a:= > 0.

! !
ay Qg

It should be noted that without transmission conditions the 1d-Hamiltonian system has been studied in [3].

3. Dissipative operator

Let H = K & C, where K = @Zii Ky, Kj = L*(I;,C?), be the Hilbert space equipped with the following

inner product

o (wul@)dp(a) + of T

<
2
T
I
~—

for

where
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vi(z),z €
vo(x),x € Iy

Un-i—l(m)) S In+1

r,x € 1
b(l)x,x el
plz) =
n
b(m)x,x S In+1
m=1
vg,wy € C, v = (ZZ;), wg = (g:;), bm) := bmby, > 0. Clearly vd = vp, since vy is a complex number.

However, this formulation will allow us to obtain the resolvent operator explicitly. It should be noted that such

a representation has been given in [9].

Consider the set Dom(T) in H consisting of all functions v = [”f}z)} such that vg,vke, k= 1,n+ 1,

are locally absolutely continuous functions on all I satisfying 7(v) € H, By[v] = 0, B{[v] = vg, Bm[v] =

0,B),[v] =0, m = 1,n, and By,41[v] = 0, where By[v] := a1v11(Co+) — agv12(Co+), Bplv] = ajvii(Co+) —

CL/Q’U12(<0+), Bm[v] = 'U’ml(Cm_) - bmv(erl)l(Cm_")a B;n[v] = U7n2(<m_) - bfmv(m+1)2(<m+)a Bm-‘rl[v] :

[Yn+1, 2n+1](Cn+1—) — [Ynt1,Un+1](Crr1—). Then we define the operator T on Dom(T) as

where

Thus the BVTP (4)—(8) can be handled in H as

Tv =2Av, v€ Dom(T), z €I

Let

o1(z,N), x € 1h

wa(x,\), x € Iy
p(z,\) =

@n+1($7 >‘)7 S In+1

be the solutions of (4) satisfying the conditions

e11(Cot+, A) = @z — Ay,
So(m—&-l)l(gm_h )\) = b,_n1<,0m1(€m—7 >\)7

O1(x,N), z €l

O2(x,\), x € Iy
0(z,\) =

0n+1($,)\), T € In—i—l

¢12(Co+, A) = a1 — Aag,
SD(m-&-l)?(Cm"f'v A) = b;rjlwwﬁ (Cm—sA),
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[9n+17un+1](gn+1_) =c, [9n+17 Zn+1](<n+1_) = 17
681(<S_7 )\) = b80(5+1)1(<é‘+7 >\)7 082(<3_7 >\) = b;9(8+1)2(§s+7 A)a

s =mn,l.
Define the function Ag(A) = Wby, or](x), « € I, k = 1,n+ 1. Constant of Wronskians on each Iy

and transmission conditions give the following equalities:
A = Ar(A) = by As (A = [T bom)Ania(X (9)

m=1

It is clear that the zeros of A coincide with the eigenvalues of T (see [15]) and A is an entire function.
We shall recall that a linear operator L with dense domain D(L) acting on some Hilbert space H is

called dissipative if for all y € D(L) the inequality

S(Ly,y)y >0

holds and is called maximal dissipative if it does not have any proper dissipative extension [7].

Theorem 3.1 T is dissipative in H.

Proof For
v(x v(x
v = (=) = (=) € Dom(T)
Vo Bj[v]
a direct calculation gives
(Iv.V)y = 0 TV)y = ol + bl 4ot TT bl ol

! (10)

One can obtain the equation

The conditions B,,[v] =0, B.,[v] =0, m = 1,n, give
[U7 U](Cl_) = b(l)[U7 U](C1+)7 SRR [1}, U](Cn_) = b(n) [U7 U](Cﬂ+) (12)

Using (3) and the condition B,,+1[v] = 0, the following equality is obtained:

[0, 0] (o1 =) = 2iSe v, 2] (Gua - (13)

Substituting (11)—(13) in (10) we have
STV, V) = T] BomSe v 2 (Gurr—)°
m=1
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and this completes the proof. O

Corollary 3.2 All eigenvalues of T lie in the closed upper half-plane.
Theorem 3.3 T is maximal dissipative in H.
Proof To prove that T' is maximal dissipative in H , it is sufficient to show that the equality
(T — M) Dom(T) = H, SA <0, (14)

is true (see [7]).

Let

Then the equation

(T-X)v=g, ze€l, SN0,
is equivalent to the nonhomogeneous differential equation
Tv] — v =g(z), z €1, (15)

subject to the conditions

We may represent the general solution of the homogeneous differential equation as

51(,01(1’,)\) + llﬂl(z,/\), x el
82()02(‘T,>\) + 1292(30,)\), x € I
v(z,\) =
Sn+190n+1(m7 )‘) + ln+19n+1($» )‘)a €l

in which all s; and I, & = 1,n+ 1, are arbitrary constants. Using the method of variation of constants and
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the conditions B,,[v] =0, B,,[v] =0, m = 1,n, (see [2]) v(z, ) is found as

—p1(z, A) (A ™ f‘gl grdt + A2(>\) f9 godt + -+ + A 1(>\ / 9n+19n+1dt>

71+1

—01(z, \) ( ey ft92 grdt — &5 ()\)) ,x el

2
_¢2($, )\) ( 1()\) T %)I T . -+ A +1()\ f 9n+lg’ﬂ+1dt>
x 3 n+1

v(z, ) = —O2(z, \) | = (/\) fSD1 gidt + A2(>\) f<p2 godt — Af?@) , x €Iy ) (16)

Cnt1
n z,A
7¢A:Jlr§()\)) [ 0 gns1dt — Onga (2, 0) (All()\) If elgrdt + -+
T 1

A) f P gndt + An+1 AtV f ‘Pn+19n+1dt Af&)) ; €€ Inp

Using the equalities given in (9) and setting the kernel

—x0@, Ne" (2,06 <t <@ < Gupr it # Guym =T

Gz, t,\) = )
—xoy (@ 0T (2, 0); G0 < 2 <t < Gzt # Guym =L
we reduce (16) to
1
v@) = [ Gt O + 5500 N, (1)
1
On the other hand, the equality
11 ~T _ 4 g7
holds.
Let
GT(z,t,\)
gx,t,)\ = 1 IANT
BylGT]

Then from (17) and (18) one gets that
vV = <gac,t,k7§(t)>l—] .

Therefore the equality
Kg = <gm,t,)\7§(t)>H =V

holds for arbitrary g € H. Therefore (14) is satisfied and the theorem is proved. O
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4. Scattering function

We shall add the incoming and outgoing channels to the Hilbert space H and form the main Hilbert space as
follows:

H=LR-)®H o L*(Ry),
where R_ := (—00,0] and Ry := [0, 00).
Let Dom(S) be the set in H consisting of all vectors
V= (X—7VvX+) ;

where xz € W} (Rx) (W is the Sobolev space), v = [”(I)] € H, vy = B|[v], satistying

B[v] =0, (19)

Bj[v] =0, (20)
—1/2

[U uKCn—H*) *C[U Z Cn+17 = (H b(m)) UX—(O)a (21)
—1/2

[v u](Cn+1*) - C['U Z (ﬂ-&-l <H b(m)) UX+(O)a (22)

where [ = 1,n, 02 :=23¢, o > 0. We define the operator S on Dom(S) as

SV =SV,

where

S o .dx— dX 4
SV-S(X*avaXJr)_ (l dr 77—1[V]’Z ds )

Theorem 4.1 S is selfadjoint in H.

Proof Let V= (x_,v,x+),W = (¢¥_,w,94) € Dom(S). Then with the help of the conditions (19)—(22) we
get that

n

(SV. W)y = (Vi SW)y = [ wlgy s + b [oswl&s + ot TT b0 0l

+a~! (B[l Byfu] - By [olBolu]) + ix-(0)5_(0) — ix+ (0), (0)

X b [v, W] (Crr1=) + ix—(0)1p_(0) — ix+(0)p, (0) = 0.

Il
P

This implies that Dom(S) C Dom(S*), where Dom(S*) is the domain of the adjoint operator S* of S.
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Let us consider the vector V' = (x—,0,x4+) € Dom(S) such that x+(0) = 0 and arbitrary vector
W = (¢Y—,w,91) € Dom(S*). Then we obtain that

(SV, W), =<(¢d§;,07 dx+) (v— w,w+)>
= (00 (1= we i) )

where ¢+ € W} (Rz), w* = [“ ()] € Dom(T). Considering

Wo

Bj[w] =0, Bjlw] =0, | =1,n, (23)
we have for arbitrary V' € Dom(S) that (SV,W),, = (V,SW),, . Therefore using (21) and (22) we have
L3 1/2 . .
(L) - (0 + ) 216 -) = G- - o
_X+(0) [%c[wv Z]((nJrl_) - %[@, u](Cn+1_)]} = iX+(O)@+(0) - iX* (0)@— (0)
The coefficients of x_(0) and x4(0) in (24) give
—1/2
[w u](CnJrl_) - C[w Z Cn+1_ = <H b(m)) 01/17 (O>7 (25)
and
—1/2
[w u](Cn-‘rl_) - c[w Z Cn-i—l (H b ) O"(b_;'_(O) (26)
(23), (25), and (26) show that Dom(S*) C Dom(S) and this completes the proof. O

Consider the mappings
PH . — H, P": H — H,
(X—avax-‘r) -V, A — (O,V,O) :

It is known that U(t) = exp(iSt), t € (—oo0,00), is an unitary group. Using this unitary group and

mappings P and P we can construct a strongly continuous semigroup of completely nonunitary contractions
on H as [13]

Z(t) = PEU(#)P™, t € [0, 00).

S is called the selfadjoint dilation of the generator A of Z(t) [17], which is defined by

A= lim M

t—0+ it

Note that A is maximal dissipative in H [13,17].

Theorem 4.2 S is selfadjoint dilation of T.
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Proof Let us consider the equality
(S =)' PRy =W = (y_, w, ),

where v € H, W € Dom(S), and S\ < 0. Then we have

Since ¢_ € L*(R_) and T is dissipative, one can write
(S —AI)~! PHy =

) " 1/2
(o, (T Ay, <mH_1b<m>) a1<[w,u]<<n+1—>—c[w,zwcnﬂ—))exp(—z'x@).

Therefore we have
PH(S A" Py =(T = AI) "' v. (27)

On the other side we get for A < 0 that

PH(S —AI)"' PH = —iPH [ U(t)exp(—iAt)dtP" = —i [ Z(t) exp(—iXt)dt (28)
0 0
— (A=D1
Hence (27) and (28) complete the proof. O

Let us consider the subspaces D_ = (L?(R_),0,0) and D, = (0,0, L?(R,)) of H.

Lemma 4.3 The subspaces D_ and D, with the unitary group U(t), t € (—o0,00), have the following
properties:
(1) Ut)D_ Cc D_, t<0; Ut)Dy C Dy, t >0,

(i) tQOU(t)D— = tDOU(t)D+ = {0},

(i) JUOD-= [ UWD; =H,

(i) D_ L D,.
Proof Let V =(0,0,x4+) € D4+. Then for S\ <0 we get that

(S =AD"V = (0,0, —iexp(—irz) /exp(i)\t)X+(t)dt €D;.
0

Hence for W L Dy and SA < 0 we have

0= <(S _AD'y, W>H =i /ooexp(—i/\t) (U, W), dt
0
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and therefore (U(t)V,W),, =0, t > 0. This implies for ¢ > 0 that U(¢)D, C D,. This proves the property
(¢) for D4. A similar proof can be done for D_.

Now consider the semigroup of isometries U, (t) = P2 U (t)Py, t >0, where

P M — L2(Ry), Py: L*Ry) — H,
(X—7 v, X+) — X+ X+ — (07 Ov X+) .

The generator A, of Uy (¢) is

.dy —z'dX
T ds’

A+X = PLiSPHX = PL?#S (0,0,st
where x € W(R,) and x(0) = 0. It is known that the generator of the one-sided shift, say U, (¢), in L2(R,) is

the differential operator id/ds with the boundary condition x(0) = 0. Since a semigroup is uniquely determined

by its generator, we have U, (t) = U, (t). Therefore

(\UsDy = [ 0,0, UL(HL*(Ry) | = {0}.
t>0 t>0

This proves (ii) for D,. For D_, a similar proof can be given.
Let
Ho=UU@W)D-, Hy= U U({t)Dy.

t>0 t<0

It is better to recall that a linear operator L with domain Dom(L) acting in a Hilbert space H is called
completely nonselfadjoint if there is no invariant subspace M C Dom(L), M # {0}, on which the restriction
of L on M is selfadjoint. Our assertion is that the nonselfadjoint (dissipative) operator T is completely
nonselfadjoint in H. In fact, if 77 the restriction of T" on a subspace H; of H is a selfadjoint part, then for
v € Dom(Ty) N Hy, one obtains that

0=(T1v,v)y — (v, T1v) = 2i [ [ bim)Sel[v, 21(Gnsr =),

m=1

and [v,2]((ypy1—) = 0, & € I,4q1. This implies that [v,u](Chs1—) =0, © € 11, and vy =0, & € Ly1.

Transmission conditions Bj[v] =0, Bj[v] =0, [ =1,n, give that all v; =0 and consequently

V:[v(x) 1 =0, xel

Vo

Using the expansion theorem in eigenvectors of the selfadjoint operator 77 we have Hy; = {0}. This proves the

assertion. A consequence of this assertion is that
H_+Hy =H. (29)
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Otherwise, there would be a nontrivial subspace H & (H_ + Hy) that would be invariant relative to the group
U(t) and the restriction of U(t) to H © (H- + H4) would be unitary and therefore the restriction of 7' on
H S (H- + H4) would be selfadjoint.

Consider the solution
m(z,\), x€lh

T]Q(x,)\), x € Iy
n(x,\) =

nn+1(:c,/\), HANS In—i—l

of equation (4) satisfying

7711((0"’_7)‘) = %7 7712(C0+7>‘) = %7

77(m+1)1(<0+7 >‘) = bilnml(gmfv >‘)7 77(m+1)2(<0+7 >‘) = blflﬁmz (Cm77 A)a

where m = 1,n, and

T, A _
nk(xa)‘) = < ZII:E-T,/\; ) , k= ILn+1
Let
T () - .
R <H b”’”) T @M T I Gy O exp(=ids) (30)
and
o o ) |
e | O e, (H b“”’) N T A P | (31
where
T, A _ _
o= |V e oo —-tiens a2
and
o)) = fm (33)

Note that the vectors W_ and ¥, do not belong to H for real A but they satisfy the equation SU =
AU and corresponding boundary-transmission conditions for S. For V = (x_,v,x+) we define the Fourier

transformations as follows:

1 -
F Vo F Vs (V= T
and
1 -
§+: V=25V = Nors (VW) =Vi(R),
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where x_, v, and x4 are smooth, compactly supported functions.

Let V = (x-,0,0) € D_. Then we get that

0
V() = V%Tr / () exp(irt)dt € HZ,

where H? (H?) is the Hardy class in L*(R) consisting of all functions analytically extendible to the lower
(upper) half-plane. Let H_ be a dense set in H_ consisting of all vectors V' such that x_ is compactly
supported in D_ and V € H_ if V = U(T)Vo, Vo = (x—,0,0), x_ € Cg°(R), where T = Ty is a nonnegative
number. Then for VW € H_ we get that U(—=T)V,U(=T)W € D_ and their first components are in C§°(R_),
where T > Ty, T > Tw. Therefore

(ViW)y =UETVUT)W)y = F-U=T)V,F-UTIW)y,

— (exp(—IATYU =TIV, exp(—iAT)U(~T)W )y, = (F_V.3-W),, (34)

Therefore from (34) we have Parseval equality for the whole H_. Moreover, the inversion formula

8

1% V_(A)T_dA

1
N V2T

8

follows from the Parseval equality if all integrals are taken as limits in the mean of the intervals. Consequently

we have

§-H_=|J5-U®D- = Jexp(-iM)H? = L*(R).

t>0 t>0

A similar argument can be given for H,. Hence we get that H_ and H . are isometrically identical with L?(R).
This result with (29) implies that H_ = H; = H. Therefore (4ii) is proved.
Finally the inner product in A implies that D_ is orthogonal to D . O

Remark 4.4 (i) a(X) defined in (32) is a meromorphic function in C with a countable number of poles on
R. For all X € C except the real poles of a(\), a(\) = a(X) and for all SN # 0, IASa(N) <0,

(ii) the transformations F— and F4 are the incoming and outgoing spectral representations for U(t),
respectively. Moreover, U(t) is transformed into exp(iAt),

(#4i) it is clear from (33) that for X € R, |©(\)| = 1. Hence (30), (31), and (33) imply for A € R that
V. =0(\)V,
and
F-V_=O0(N)F- V.

According to the Lax—Phillips scattering theory, the scattering function is the coefficient by which the
$+ representation must be multiplied for getting the §_ representation. Therefore using Remark 4.4 we have

the following theorem.
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Theorem 4.5 O(\) is the scattering function of U(t).
Unitary transformation §_ allows us to obtain that
H=D_eoHeD_ —L*R)=H2oHoO(\H2.
Therefore we have
H=H; ©©O(\)H}.

Since the operator U(t)V is unitary equivalent under the transformation §_ to exp(iAt)V()), it can be
concluded that Z(t)z = Plexp(iAt)z(\)], t > 0, where P is the orthogonal projection from H? onto H,

is a semigroup of operators. Therefore the generator of Z (t)
~ t)—1I
A= gim 2021

t—0+ it

is a maximal dissipative operator on H. A is called the model operator [17] and therefore ©()) is the
characteristic function. Since the characteristic functions of unitary equivalent dissipative operators coincide

with each other, we have the following.
Theorem 4.6 O()) is the characteristic function of T.

Lemma 4.7 The characteristic function ©(X) is a Blaschke product except for a single point in the upper

half-plane.

Proof Since ©(\) is an inner function in the upper half-plane, it has the following form:
O(A\) = B()\) exp(iAt),

where B()) is a Blaschke product and ¢t > 0. Therefore we have

[O(N)] < exp(—SA.t), SA > 0. (35)
Moreover, from (33) one obtains that
—cO(\) +¢
)\ —
) o) -1

Using (35) we get for A = is that

glggo a(is) = co.

Therefore t is zero except for a single point cg. O

Using Lemma 4.7 and all the obtained results in sections 2—4 we introduce the following theorem.

Theorem 4.8 Let (,,, m = 1,n, be the regular points and limit-circle case holds at singular point (.1 for
7. Then T has purely discrete eigenvalues in the open upper half-plane. The possible limit points of these
eigenvalues occur at infinity. All eigen- and associated functions of T are complete in H except possibly for a

single point cg.
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5. First-order system with finite singular transmission conditions

In this section we consider the system (1) on the multi-interval J := (J;}*] J;, as

k(y) = By' + P(x)y = \y, (36)

where J = (Ck—1,(x) and

(0 1 [ plx) r(z) (W
B_<_1 0), P()—<T(x) q(x)>, Y <y2>

We shall introduce the basic assumptions on (36) and the intervals Jy as follows:
(i) —00 <o <G <+ < (ny1 S 00,

(#) p,q, and r are real-valued and Lebesgue measurable functions on Ji, k=1,n+1,
(iid)

[ @+ 1r@)] + o)l o = o0, k=TT 1

Jk

Let L?(J,C?) denote the Hilbert space consisting of all vector-valued functions y = @;) in C? satisfying

[, (|y1|2 + |y2|2) dx < oo with the usual inner product.
Let D(J,C?) be a set in L2(J,C?) consisting of all vector-valued functions y = (Z;) in which y; and
yo are locally integrable functions on all Ji, k = T,n+ 1, and k(y) € L?(J,C?). Then for arbitrary two

vector-valued functions y,x € D(J,C?) we have the following Green’s formula:

n+1

(k) X) = (15 (x) = D> [w: XJeE T, 4

k=1

Therefore we get that at all singular points (;, { = 0,n + 1, the values [y, x]((x—), Kk =1,n+ 1, and [y, x](¢s+),

=0, n, exist and are finite.

We assume that at all singular points (;, [ =0,n + 1, Weyl’s limit-circle case holds for (36).

Let
ui(z), x € Jy z1(x), x € Jy
uz(x), x € Jo zo(x), x € Jo
u(z) = L o) =
Un41(2), T € Jnp1 zn41(2), © € Jnpa
be the solutions of the equation
k(y) =0, z € J,

satisfying the conditions
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up1(cr) =0, upa(cr) =1,
zki(ew) =1, zre(cx) =0,

where ¢ € Jp,
- zp1 () B ug(x)
at= (20 ). i = (210

Green’s formula implies that for two solutions y(x,\) and x(z,A) of (36) for the same value of A the

and k=1,n+1.

Wronskian of ¥ and x does not depend on z and depends only on A on each Jy, k= 1,n + 1. Moreover, they
are linearly independent if and only if their Wronskian is nonzero.

Since Wz, ug] = 1 on each Ji, k = I,n+1, z and u are linearly independent solutions of (36).
Moreover, they belong to D(J, C?). Therefore for arbitrary y € D(J,C?) all the values [y, 2](Ce—), [y, u](r—),
k=1,n+1, and [y, 2](¢s+), [y, u](¢s+), s=0,n, exist and are finite.

Let us consider the following BVTP:

k(y) =Ny, y € D(J,C?), z € J, (37)

(alyr, wa](Co+) — azlyr, 21](Go+)) — A (@ [yr, ua](Go+) — abfyr, z1](Co+)) = 0, (38)
[y m](Cm=) = bm [Y(m+1), Umt1](Gm+), (39)

[ 2m](Gm =) = bl [Y(m+1)> 2m+1] (Cmt), (40)

[Wnt15 tuns1](Cnr1—) = lynt1, 2nt1](Gni1—) =0, (41)

where m = 1,n, A and ¢ are complex numbers with Se¢ > 0, ay,as,a},ab, by, b, are real numbers with
/
bmb;, > 0 and

ayp a2
, , > 0.
ay ap

Following the same method given as in sections 2—4 we arrive at the following results.

Theorem 5.1 Let (;, m = 0,n+ 1, be singular points and limit-circle case holds at all singular points ; for
k. Then the BVTP (37)-(41) has purely discrete eigenvalues in the open upper half-plane. The possible limit
points of these eigenvalues occur at infinity. All eigen- and associated functions of the BVTP (37)-(41) are

complete in H except possibly for a single point cg.
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