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ABSTRACT 

 

 

NONUNIFORM CURRENTS FLOWING ON A PERFECTLY 

CONDUCTING CYLINDER 

 

 

 

 

BAŞDEMİR, Hüsnü Deniz 

M.S., Department of Electronic and Communication Engineering 

Supervisor: Assoc. Prof. Dr. Yusuf Ziya UMUL 

September 2010, 42 pages 

 

 

 

In this thesis, we applied physical theory of diffraction method to the perfectly 

electric conducting cylinder for investigation of the scattering fields. Physical optics 

method was used for obtain the uniform scattering fields which is produced by the 

induced current from the incident wave on the tangential plane of the perfectly 

electric conducting cylinder. Also with the help of the series expansion of the 

cylindric wave functions, physical optics integral was converted to series form. To be 

a last step of solution, nonuniform currents and nonuniform scattering fields were 

obtained with the assistance of the exact solution of the scattering waves from the 

cylinder. In addition a Matlab code was developed for investigation of the scattering 

electric fields and induced currents. All this mentioned currents and fields were 

plotted. 

 

 

Keywords: Scattering Fields from Cylinder, Fringe Waves, Creeping Waves. 
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ÖZ 

 

 

 

MÜKEMMEL İLETKEN SİLİNDİR ÜZERİNDE DOLANAN SÜREKSİZ 

AKIMLAR 

 

 

 

BAŞDEMİR, Hüsnü Deniz 

Yüksek Lisans, Elektronik ve Haberleşme Mühendisliği Anabilim Dalı 

Tez Yöneticisi: Doç. Dr. Yusuf Ziya UMUL 

Eylül 2010, 42 sayfa 

 

 

 

Bu tezde, mükemmel elektrik iletken bir silindirden saçılan alanların araştırılması 

için kırınımın fiziksel teorisi metodunu uyguladık. Mükemmel elektrik iletken 

silindirin teğetsel düzleminde gelen alan  tarafından indüklenen akım tarafından 

üretilen sürekli saçılan alanın hesaplanmasında fiziksel optik metodu kullanıldı. 

Ayrıca silindirik dalga fonksiyonunun seri açılımı yardımıyla fiziksel optik integrali 

seri formuna dönüştürüldü. Çözümün son adımı olarak süreksiz akımlar ve süreksiz 

saçılan alanlar, silindirden saçılan alanların kesin çözümü yardımıyla elde edildi. Ek 

olarak saçılan alanların ve indüklenen akımların incelenmesi için bir Matlab kodu 

geliştirildi. Tüm bahsedilen akımlar ve alanlar çizdirildi. 

 

Anahtar Kelimeler:  Silindirden Saçılan Alanlar, Saçak Alanları, Sürünen Alanlar. 
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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Background 

 

In general wave radiation has to be analysed taking into account scatterers. Scatterers 

are finite structures. These structures reflect waves from uniform tangent planes or 

diffract waves from its nonuniform parts [1]. In a medium total field consist of 

incident field ( ,i iE H ) and scattering field ( ,s sE H ). Incident fields are produced by 

the source when the absence of any scatterer. Total electric and magnetic fields can 

be written 

                                                        t i sE E E= +                                                     (1.1)    

and 

                                                         t i sH H H= +                                                  (1.2) 

in the Eq. (1.1) and (1.2). Diffraction problems are the most popular scattering 

problems. Solving of the scattering problems is obtained with using different 

methods. There are three major group of solving methods. First one is analytic and 

the second one is numerical and the last one is asymptotic. We are interested in high 

frequency (HF) asymptotic technique. This technique is deviates two major group 

which are ray based and current based. Geometrical optics (GO) which is one of the 

ray based techniques tells us in the high frequency, electromagnetic waves travels 

like rays in the vacuum. This method shows us incident and reflected fields, these 

fields help us to determination of good and bad zones for the communication but this 

technique does not include diffraction phenomena. Geometrical theory of diffraction 

(GTD) [2] and its uniform version of uniform theory of diffraction (UTD) [3] have 

been most popular techniques for investigating the diffraction problems. These 

techniques have a problem at the caustic regions. They give infinite field at those 
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regions. Physical optics (PO) and equivalent current method [4] can be used for fix 

that problem. Although these techniques are fixed the problem in the lit region they 

give wrong answer in the shadow regions. This obstacle can be overcome with using 

physical theory of diffraction (PTD) [5]. This technique is widely used in the shadow 

diffraction problems. Unfortunately, this technique is applicable just only for the 

solution known problem. The new and interesting method for obtaining the exact 

solution of diffraction is modified theory of physical optics (MTPO) [6]. This 

technique eliminates all this difficulties with defining three axioms.  In the analysis 

of the scattering plane waves from the cylinder with using GTD was investigated by 

Pathak in 1979 [7]. Asymptotic expression for the scattering by a perfectly 

conducting cylinder was investigated by Franz [8]. A new method for investigation 

of the plane wave scattering by a perfectly conducting circular cylinder near a plane 

surface was presented by Borghi F., Santarsiero M., Frezza F., Schettini G [9]. 

Asymptotic expansions of exact solutions of the scattering fields from perfectly 

conducting cylinder was investigated on the complex plane and critical discussions 

of geometrical optics, physical optics and the geometrical theory of diffraction was 

presented by Kouyoumjian [10]. Diffracted and reflected fields by any convex 

cylinder were constructed by Keller [11]. The eigen function solution for 

electromagnetic scattering by the cylinder was published in 1881 [12], the parabolic 

cylinder in 1914 [13]. Debye obtained asymptotic approximation for the current on 

the illumination side of the cylinder by using the saddle point method [14]. Riblet 

gave the first two term of the asymptotic expansion of the current on the illuminated 

part of the cylinder [15]. Wetzel published a study about the high frequency currents 

on the all parts of the cylinder [16]. Wait obtained the current on a parabolic cylinder 

in the vicinity of the shadow boundary [17]. An analytical solution was presented for 

the electromagnetic scattering from a dielectric cylinder by Lawrence and Sarabandi 

[18]. Scattering from a perfectly conducting cylindrical reflector was examined by U. 

Yalçın [19]. Physical optic integral was obtained for a cylinder fed by Umul, Yengel 

and Aydın [20]. Plane wave scattering by a perfectly conducting circular cylinder 

near a plane surface was investigated by Borghi, Gori, Santarsiero, Frezza, Schettini 

[21]. Diffraction of waves generated by magnetic line source by the edges of a 

cylindrically curved surface with different phase impedance was presented by 
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Büyükaksoy and Uzgören [22]. The time factor of tje ω  is assumed and suppressed 

throughout the thesis.   

 

1.2 Objectives 
 

It is aim of this work to obtain nonuniform current and investigation of the 

contribution to the scattering field from the perfectly electric conducting cylinder and 

plot the scattered electric field and currents. Used method for this aim is physical 

theory of diffraction (PTD). Second part of this thesis obtains uniform currents and 

uniform scattering electric field with using integral technique. Third part of this 

thesis conversion of uniform scattering integral to the series expression. When this 

conversion is applied series expansion of the Hankel functions is taken in to account. 

Final step of this thesis is obtained exact nonuniform electric field and plotting the 

results. 

 

1.3 Organization of the Thesis 

 

This thesis contains six chapters. Chapter 1 is an introduction of short history of 

scattering theory and objectives of this thesis. 

 

In Chapter 2 current based techniques which are used in this thesis are introduced. 

 

In Chapter 3 our problem and its solution is introduced. 

 

In Chapter 4 includes series conversion of the PO integrals for obtaining the 

nonuniform scattering fields is given. 

 

Chapter 5 includes the numerical analysis of the fields and currents. 

 

Chapter 6 includes conclusion and finalization part of this thesis.   
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CHAPTER 2  

 

CURRENT BASED TECHNIQUES 

 

2.1 Basic Idea of the Current Based Techniques   

 

The basic idea for this approximation is creating current on the tangential plane of 

the scatterer object by the incident field. Figure 1 shows the induced current on the 

object. 

Scatterer

Scattered
wave

Incident
wave

 J
r

 
 

Figure 1 Induction of the Current by the Incident Wave 

  

The scattering field is radiated by this current means that J
r

 is the induced current; 

this current can be thought the source of the scattering field. When this current is 

modeling with respect to mathematical formulations boundary conditions have to be 

consideration. Scattering field includes geometrical optical fields which are incident 

( iE ), reflected ( rE ) and includes diffracted fields ( dE ). Examples of the current 
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based techniques are the modified theory of physical optics (MTPO) [6], physical 

optics (PO) [23] and physical theory of diffraction (PTD) [24].  

 

2.2 Physical Optics (PO) 

 

Physical optics is a high frequency integrative technique that was suggested by 

Mcdonald in 1912 [25]. It is used for the investigation of the scattering from large 

metallic objects. It is suitable for acoustic and electromagnetic waves. In the acoustic 

this technique is known extended Kirchoff approximation. According to this 

technique induced field on the object is determined by the geometrical optics. 

Geometrical optics tells us in the high frequencies electromagnetic waves travels like 

rays so this technique often called ray optics. In a homogeneous medium energy 

moves along ray paths that are straight lines. We can be thought the surface of the 

scattering object is an infinite tangential plane with respect to small wavelength 

according to obstacle. This surface is called geometric optic surface. Central idea is 

to achieve current on the scatterer. Current induced by the incident field can be 

written, 

 

               iPO HnJ
rrr

×= 2         , on the lit region                (2.1) 

and 

              0=POJ
r

                  , on the shadow region                          (2.2) 

 

where nr   is the unit normal vector outward from the illuminated part of the cylinder 

as shown in Figure 2. iH
r

 is the tangential component of the incident plane wave. It 

is defined on the scatterer’s surface. From the equivalent current on the free space it 

takes twice time. As can be seen from the equations, PO just defined on the lit region 

of the scatterer so does not include diffraction phenomena. According to physical 

optics, the fields equal to zero in the shadow region. This means that PO rejects the 

shadow fields. Figure 2 shows the PO lit region which is from 90˚ to 270˚. PO lit 

region is bounded with the cutoff of the GO’s rays. This surface is determined 

between the reflection boundaries so this surface is called geometric optic surface. 
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This surface can be determined various objects. Scatterer’s tangential surface which 

is the illuminated by the incident wave is the example of the geometric optic surface. 

x

y

 nr

Lit
Region

Shadow
Region

.
Incident
Wave

 
Figure 2 Physical Optic Lit Region  

 

 In the far field total scattering PO field can be found  

                                                           AjE PO
s

rr
ω−≅                                                (2.3) 

from the Eq. (2.3). A
r

 shows the magnetic vector potential. For finding the magnetic 

vector potential physical optic integral  

                                          ')exp(
4 '

0 ds
R

jkRJA
S

PO∫∫
−

=
rr

π
µ                                         (2.4) 

from the Eq. (2.4) is used over the scatterers surface. 
R

jkRG )exp(−
=  is the free 

space Green’s function, minus sign on the exponential term correspond to waves 

propagating to outward direction. R  is the distance between the source and 

observation point. Green’s function shows the phase and magnitude variations away 

from the source. PO is a good approximation for large structures so the larger plate 

the better approximation. Because of the contribution of the nonuniform parts are 

rejected, this technique has defects [26]. This defect was fixed by the physical theory 

of diffraction (PTD). 

 

2.3 Physical Theory of Diffraction (PTD)   

 

This technique is suggested by Ufimtsev in 1950’s [5]. It is used for compute the 

scattering waves from the objects in the high frequencies. It is the natural extension 

of the physical optic technique. When Ufimtsev was improving PO technique, he 
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was aware of the Sommerfeld’s exact wedge solution [27]. Physical optic current 

does not include the contribution of the nonuniform current. The fundamental idea of 

Ufimtsev’s concept is divide the induced current into two components. This total 

current can be thought the source of the scattering field. It can be written 

 

                                                  nonuniformuniformt JJJ
rrr

+=                                           (2.3)                                      

 

in the Eq. (2.3). First part is called uniform part of the current. This part is written 

from the PO. PO current is described on the lit region of the scatterer’s tangential 

surface which is called geometric optic surface. PO current on the shadow part of the 

obstacle is equal to zero so physical optic method does not include the diffractions. 

The incident wave shows the equal distribution over the tangential plane. Its 

amplitude is constant and its phase is a linear function of the plane coordinates. This 

is the reason of the called uniform component. When PO current is described 

boundary values are have to take into consideration. This value comes from the 

acoustic surface. On the acoustically soft plane, total field on the scatterer is equal to 

zero but its normal derivative is equal to 

                                                       
n
u

n
u isoft

∂
∂

=
∂

∂
2                                                   (2.4)    

the Eq. (2.4). On the acoustically hard plane, normal derivative of the incident field 

is equal to zero but total field is equal to 

                                                         i
hard u
n

u 2=
∂

∂                                                    (2.5) 

the Eq. (2.5). These conditions tells us for electromagnetic in the acoustically soft 

plane, tangential polarization of the incident electric field is different than zero but 

incident magnetic field equal to zero and in the acoustically hard plane tangential 

polarization of the incident electric field is equal to zero but incident magnetic 

polarization is different than zero. Acoustically hard plane is described perfectly 

electric conductor surface in the electromagnetic. The main contribution of PTD to 

the diffraction phenomena is the nonuniform part which is introduced by Ufimtsev. 

Nonuniform parts are the discontinuity of the scattering objects. Examples of 

discontinuities are edges, smooth bending, discontinuity of curvature are given in the 

Figure 3. 
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a b c
 

Figure 3 Different Shapes Where the Incident Field Generates the Nonuniform 

Source 

As seen in the Figure 3, a is the sharp edge, b is the smooth bending and c is the 

discontinuity of curvature. These discontinuities are the reason of diffraction. Current 

induced on this discontinuities especially on the edges was called fringe currents 

and the fields are radiating from this discontinuities was called fringe fields by the 

Ufimtsev [24]. Actually Ufimtsev did not find the nonuniform currents instead of this 

he found the nonuniform field due to the nonuniform current. Ufimtsev obtained this 

fringe fields subtracting PO scattered waves from the Sommerfeld’s exact solution. 

Special feature of this technique allows us calculate of the fields which are in the 

shadow and the caustic regions. Although this technique is  just applicable for the 

solution known problem, its serious contributions to the technology can’t  be 

disregarded.  With the contribution of this technique to the modern low radar 

systems, Lockheed Martin firms produced F-117 Stelth Fighter airplane. PTDs defect 

was fixed with describing the nonuniform current by the modified theory of physical 

optics.            
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CHAPTER 3 

 

INTRODUCTION and SOLUTION of the PROBLEM 

 

3.1 Introduction and Solution of the Problem 

 

Our problem is investigation of the nonuniform currents which is induced by the 

incident field and scattering fields from the perfectly electric conducting (PEC) 

cylinder. PEC means that total electric field on the tangential plane is equal to zero. 

This determination comes from the acoustic. On the acoustically this plane called 

hard surface because of the boundary conditions. The problem’s geometry is given in 

the Figure 4. 

y

x

n
r

 a='ρ

 'φ

.
Incident Wave

 

Figure 4 The Geometry of the Problem 

 

PTD method will be used for analysing of the problem. First of all we will use the 

PO method for obtain the uniform component of the scattering field. 

Incident wave is given 

                                                   jkx
zi eEeE −= 0

rr
                                                       (3.1) 
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 in the Eq. (3.1). Incident wave is z  polarized, propagates in the positive x  direction 

and 0E  is the constant amplitude factor. 

 

Normal vector is shown in the Figure 4 which is the negative x  direction. PO or 

uniform current is written 

                                                     iPO HnJ
rrr

×= 2                                                      (3.2) 

in the Eq. (3.2). nr  is the normal vector and equal to negative x  direction. POJ
r

 is 

equal to esJ
r

from the equivalent source theorem. Induced electric current can be 

written from the Eq. (3.2) so that incident magnetic field has to be found. Incident 

magnetic field component is found from the Maxwell equation 

 

                                               ii E
j

H
rr

×∇−=
0

1
ωµ

    .                                             (3.3)              

This equation shows that to be a vectorial electric and magnetic fields can be 

changed to each other. From starting to this point incident magnetic field component 

of the electromagnetic field in the cartesian coordinate system is found to be 

                                                  y
jkx

i eekEH rr
−=

0

0

ωµ
         .                                          (3.4) 

Eq. (3.4) shows the incident magnetic field which is y polarized and propagates 

positive x  direction. Because of the problem in the cylindric coordinate system, 

incident magnetic fields coordinate have to be changed from cartesian to cylindric 

coordinate system. Figure 5 shows the three different coordinate systems. 

x

y

z

.

r

z

 φ

 θ

 )( 'rP r

 'P

 ρ

 
Figure 5 Cylindric, Cartesian and Spheric Coordinate System 
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With using the Figure 5, φρ cos=x , φρ sin=y  and ρen rr
=  can be written. 

Coordinate system changing matrices can be constructed 

 

                                        































−=

















z

y

x

z e
e
e

e
e
e

r

r

r

r

r

r

100
0cossin
0sincos

φφ
φφ

φ

ρ

                                       (3.5) 

from the Ref. [28]. From the matrices unit vector to the y  direction is written as 

                                             φφ φρ cossin eeey
rrr

+= .                                               (3.6) 

in the Eq. (3.6). Using this changing parameters incident magnetic field component is 

written as 

                           φρ
φ

φρ
ρ φ

ωµ
φ

ωµ
cos

0

0cos

0

0 cossin jkjk
i ekEeekEeH −− +=

rrr
                          (3.7) 

the Eq. (3.7). Using the Eq. (3.2) under the surface condition, 

                             φ

ρ
φ

ωµ
cos

0

0 cos22 jka
zaiPO ekEeHnJ −

=
=×=

rrrr
                                   (3.8) 

PO current is written. For simplification of the current, speed of light 
00

1
µε

=c  and 

wave number 
c

k ω
=  is used. Reconstruction of the current is given 

                                         φφ cos

0

0 cos2 jka
zPO e

Z
EeJ −=

rr
                                              (3.9) 

in the Eq. (3.9). 0Z  is the impedance of the vacuum. After finding the current, 

scattering field must be calculated. For calculation of the scattering field PO integral 

have to be constructed. PO integral is written from 

                                          ∫∫
−

=
'

'0

4 S

jkR

PO dS
R

eJA
rr

π
µ                                                (3.10) 

the Eq. (3.10) which is called physical optic integral and A
r

 is the magnetic vector 

potential. If PO current is inserted in the Eq. (3.10)  

                     ∫ ∫
∞

−∞= =

−
−=

' '

2
3

2

''cos

0

00 cos
2 z

jkR
jka

z dzad
R

ee
Z
EeA

π

π
φ

φ φφ
π

µ rr
        .                     (3.11) 
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magnetic vector potential takes the form Eq. (3.11). Evaluation of this integral gives 

magnetic vector potential then it gives scattering fields from the cylinders lit region. 

First step for evaluation of this integral to eliminate the 'z  part of the integral.  

The 'z  part of the integral can be evaluated as  

                                            )()2(
0

cosh kRH
j

de
C

jk π
αα =∫ −                                         (3.12) 

the Eq. (3.12) means that 'z  part of the integral gives the Hankel function. Detailed 

explanation of the evaluation of  'z  part was given in the Ref. [6].  

 As a result Eq. (3.11) takes the form 

                      ∫
=

−=
2

3

2

'
1

)2(
0

cos'

0

00

'

'

)(cos
2

π

π
φ

φ φφ
µ dkRHe

jZ
aEeA jka

z
rr

                                    (3.13) 

for the magnetic vector potential. Uniform scattering electric field can be written 

from 

                                                 AjEs

rr
ω−≅                                                            (3.14) 

the Eq. (3.14). At the end uniform scattering electric field is written with using Eq. 

(3.14) 

                  ∫
=

−−
=

2
3

2

'
1

)2(
0

cos'

0

00

'

'

)(cos
2

π

π
φ

φ φφ
ωµ dkRHe

Z
aEeE jka

z
PO
s

rr
     .                         (3.15) 

Total exact scattering field from the cylinder can be written  

                                    ∑
∞

−∞=

−=
n

jn
nn

n
z

total
s ekHajEeE φρ)()2(

0
rr

                                    (3.16) 

and  

                                               
)(
)(

)2( kaH
kaJa

n

n
n

−
=                                                         (3.17) 

from the Ref. [25]. nJ  is the zeroth order Bessel function, nH  is the third order 

Bessel function which is called Hankel function and a  is radius of the cylinder. For 

finding the nonuniform scattering field from the cylinder according to PTD 

                                             PO
s

total
s

NU
s EEE

rrr
−=                                                     (3.18) 

Eq. (3.18) can be used. Using Eq. (3.18) nonuniform scattering electric field is 

written as  
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∫∑
=

−
∞

−∞=

− +=
2

3

2

'
1

)2(
0

cos'

0

00)2(
0 )(cos

2
)(

'

π

π
φ

φ φφ
ωµ

ρ dkRHe
Z

aEekHajEeE jka
z

n
nn

n
z

NU
s

rrr
      (3.19) 

in the Eq. (3.19) which is the exact scattering nonuniform field. 

Another way to find the nonuniform field is evaluating the nonuniform current over 

the surface of the cylinder so that nonuniform current have to be written. Surface 

current on the cylinder is written 

                                ∑
∞

−∞=

−−
=

n n

jnn

z
surface
exact kaH

ej
a

EeJ
)(

2
)2(

0
φ

ωµπ
rr

                                             (3.20) 

 

from Ref. [25]. From the Eq. (3.9) PO current is written 

                                     φφ cos

0

0 cos2 jka
zPO e

Z
EeJ −=

rr
                  .                             (3.21) 

Nonuniform current is equal to  

                                           PO
surface
exactNU JJJ

rrr
−=                                                     (3.22) 

according to PTD [5]. Nonuniform current takes the form 

                  ∑
∞

−∞=

−
−

−
−

=
n

jka
z

n

jnn

zNU e
Z
Ee

kaH
ej

a
EeJ φ

φ

φ
ωµπ

cos

0

0
)2(

0 cos
2

)(
2 rrr

                            (3.23) 

when Eq. (3.22) is used. When Eq. (3.10) is used 

∫ ∫ ∑
∞

−∞= =

−∞

−∞=

−
−












−

−
=

' '

'
'2

0

''cos'

0

0
)2(

00 cos
)(2 z

jkR

n

jka

n

jnn

zNU dzad
R

ee
Z
E

kaH
ej

a
EeA

π

φ

φ
φ

φφ
ωµππ

µrr
.       (3.24) 

Eq. (3.24) is the nonuniform scattering field. 'z  part of the integral is evaluated from 

the Eq. (3.12) so the nonuniform scattering field takes the form 

∫∫∑
==

∞

−∞=

−

−
−

=
π

φ

π

φ

φ φφ
µ

φ
ωµπ
µ 2

0

'
1

)2(
0

'

0

00
2

0

'
1

)2(
0)2(

00

''

'

)(cos
2

)(
)(2

dkRH
jZ
aEedkRHe

kaH
j

j
EeA z

jn

n n

n

zNU
rrr
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                                                                                                                               (3.25) 

1R  is the ray path and written from the Figure 5 with using cosine theorem. If this 

integral takes it gives exact scattering nonuniform electric field. Because of finding 

the exact scattering field, PO integral will be transformed to the series solution after 

this transformation with using known exact scattering total field from the cylinder 

the nonuniform exact solution will be obtained with respect to series form.   
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Figure 6 Ray Path of the Scattering Field 

In the Figure 6 shows the scattering field ray path 1R  with respect to observation 

point P and angles. a  is the radius of the cylinder is equal to 'ρ  which is the distance 

from the origin to the surface of the scatterer and ρ  is the distance from the origin to 

observation point. Ray path 1R   is written from the cosine theorem. Cosine theorem 

shows that if you know any two different lengths with the angle between to each 

outer unknown part of the plotted from one cusp to another length can be find. Figure 

6 shows this theorem.  

 θ
a b

c

P

 
Figure 7 Shows the Known Length a, b, Angle and Unknown Length c 

The unknown part c can be found from θcos2222 abbac −+=   this equation is 

called cosine theorem. From using to this theorem ray path 1R  is written as 

                               [ ]2
1

'22
1 )cos(2 φφρρ −−+= aaR                                             (3.26) 

in the Eq. (3.26).   
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CHAPTER 4 

 

SERIES EXPANSION of the PO INTEGRAL and CORRECTION of the 

TOTAL CURRENT 

 

4.1 Series Expansion of the PO Integral 

 

PO integral was given in the Eq. (3.13). The solution of the homogeneous Helmholtz 

wave equation gives differential equations. If these differential equations are solved 

cylindric wave functions are obtained which is called Bessel functions. This 

functions are harmonic. Hankel functions are the special combination of Bessel 

functions. Hankel functions show the propagation directions of waves. Hankel 

functions of first kind show inward propagation and Hankel functions of second kind 

show outward propagation of the waves. When transforming to PO integral to series 

form firstly Hankel function is transformed. For this operation Hankel functions 

series expansion is given 
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in the Eq. (4.1) from Ref. [25]. nJ  is the Bessel function of first kind, )2(
nH  is the 

Hankel function of second kind, ρ  is the distance from origin to observation point 

and 'ρ  is the radius of the cylinder. The plane wave can be represented by an infinite 

sum of cylindrical wave functions of the form 

 

                                  ∑
∞

−∞=

−−− ==
n

jn
n

njkajkx ekaJjee
''

)(cos φφ                                       (4.2) 

from the Ref. [1]. From the trigonometric relation cosine function can be written as 
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                                         [ ]''

2
1cos ' φφφ jj ee −+=                                                      (4.3) 

in the Eq. (4.3). Combination of the Eq. (4.2) and Eq. (4.3) PO integrals excepting 

part of Hankel function is written as     
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−−+
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− +=
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jka eekaJje )1()1(cos' '''

2
)(

cos φφφφ                               (4.4) 

in the Eq. (4.4). 

Hankel function part of the PO integral is written as 

                             ∑
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in the Eq. (4.5) with respect to Eq. (4.1). In this equation 1R  is the ray path. PO 

integral takes the form  
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If the integral part is imposed absence of the coefficient, integral takes the form 
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in the Eq. (4.7). From this point integral was changed to evaluation known 

exponential integral. Just the integral part is given 
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in the Eq. (4.8). The solution of this integral is given 

                                        φ
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in the Eq. (4.9). Scattering electric field which is the series form is written from 

(3.14) with inserting (4.9) to (4.6). It comes to   
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the Eq. (4.10). Exact scattered field from the shadow region can be found from the 

Eq. (3.16) and (4.10). The equations are inserted in the Eq. (3.18) and the solution is 
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                                                                                                                               (4.11) 

to be founded with respect to series solution in the Eq. (4.11).  

4.2 Correction of the Total Current Flowing on the Cylinder 

 

Although the solution of the Harrington was used derivation of the total current does 

not mach the same result. Derivation of the total current can be found from the total   

electric field which is given 

                           [ ]∑
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nnn
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0

r
                                   (4.12) 

in the Eq. (4.12). na  which is complete the solution was given in (3.17). 

The surface current on the cylinder can be obtained from 
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If the derivative of the Eq. (4.13) is taken 

                       [ ]∑
∞

−∞=
=

− +
∂
∂

=
n

annn
jnn

z kHakJej
j
EJ

ρ

φ ρρ
ρωµ

)()( )2(0                        (4.14) 

Eq. (4.14) is produced with respect to Eq. (4.12) and (4.13). Derivative part of the 

equation can be shown 

                           [ ]
a

nnnnan akHkHakJI
==

++=
ρρ

ρρρ )()()(
)2(')2(''                           (4.15) 

in the Eq. (4.15). na  part of these equation does not include the ρ  term so that the 

derivative of these part is equal to zero. Just Hankel part of these equation can be 

derivatived. Finally the equation takes the form 
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and if the equation is regulated  
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Eq. (4.17) is obtained. From this point alternative representation of the Hankel 

functions with respect to first and second order Bessel functions can be used. First 

and second order Bessel functions are shown 

                                          )()()()1( kajNkaJkaH nnn +=                                        (4.18) 

and 

                                          )()()()2( kajNkaJkaH nnn −=                                       (4.19) 

in the Eq. (4.18) and (4.19). Help of this equations Bessel functions can be written 

                                   [ ])()(
2
1)( )2()1( kaHkaHkaJ nnn +=                                         (4.20) 

and 

                                  [ ])()(
2
1)( )2()1( kaHkaH
j

kaN nnn −=  .                                    (4.21) 

Now all the transformations were obtained. The nominator of the Eq. (4.17) is 

written as 

                                 )()()()(
)2(')2(' kaJkaHkaHkaJII nnnn −=    .                            (4.22) 

Bessel function transformation which is in the Eq. (4.20) is inserted in the Eq. (4.22)  

[ ] [ ])()(
2
1)()()()(

2
1 )2()1()2(')2()2('1' kaHkaHkaHkaHkaHkaHII nnnnnn +−+=               (4.23) 

than Eq. (4.23) is obtained. These equations can be reducible to  

                                
2

)()()()( )1()2(')2()1(' kaHkaHkaHkaHII nnnn −
=                           (4.24) 

the Eq. (4.24). Using the alternative representation of the Hankel functions which are 

given in the Eq. (4.18) and (4.19), Eq. (4.24) takes the form 

       
2

''''''''
nnnnnnnnnnnnnnnn NNJjNNjJJJNNJjNNjJJJII −+−−++−
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Simplification of the Eq. (4.25) gives the equation 
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From the Ref. [25] combination of the Bessel functions are written 

                                  
ka

kaJkaNkaJkaN nnnn π
2)()()()( '' =−                                  (4.27) 

so the Eq. (4.27) is obtained as equal to 
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jII

π
2
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If the Eq. (4.28) is inserted in the Eq. (4.17) derivative part was obtained as   

                                                     
)(

2
)2( kakaH

I
nπ

=                                                (4.29) 

in the Eq. (4.29). Eq. (4.17) shows the derivation part of the Eq. (4.14). Finally the 

total current on the cylinder is obtained with inserting the derivation part of the Eq. 

(4.29) into (4.14).  

 

These current is found as 

                                      ∑
∞

−∞=

−

=
n n

jnn

z kaH
ej

ka
EJ

)(
2

)2(
0

φ

ωµπ
.                                   (4.30) 

Eq. (4.30) shows the total current which is flowing on the cylinders surface. That is 

obtained from the total electric field which is including incident electric and scattered 

electric fields. According to Ref. [25] total surface current on the cylinder is given 
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in the Eq. (4.31). In the appearance there would not to seem the difference but our 

solution is denoted that there is a difference in the amplitudes of the two solutions. 

Our solution has positive amplitude and it is include wave number factor k  on the 

denominator part of the amplitude but according to Ref. [25] the solution does not 

include k  on the denominator part and that solution has negative amplitude. 
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Figure 8 Total Corrected Surface Current                   Figure 9 Total Surface Current  

                                                                                            According to Harrington 

 

To the Figure 8 and Figure 9 amplitude difference can be shown clearly. Impact of 

the wave factor, which is in the denominator, decreases the amplitude of the solution.  
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CHAPTER 5 

 

NUMERICAL ANALYSIS 

  

In this analysis part we will investigate the total current, PO current, fringe current, 

total scattered field, PO scattered field and fringe field. The distance between the 

observation point and the origin will be taken as 6λ which is constant for all plots 

and λ is the wavelength. Radius of the cylinder a will be taken 2λ for all plots. Figure 

10 plot shows the total current pattern with respect to observation angle. Amplitude 

of the current shows the equal distribution between the 90˚ and the 270˚. It takes the 

maximum value at the 180˚. Figure 11 plot shows PO current on the cylinders lit 

region. Incident wave hits the left hand side of the cylinder means it propagates 

positive x  direction so PO current has equal distribution over the 180˚. It includes 

GO and incident fields for lit region. 

                                                    

Figure 10 Total Surface Current                           Figure 11 Uniform Surface Current 
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Figure 12 plots show the nonuniform current on the cylinder. Current amplitude 

consistency is between 120˚ and 240˚. It takes maximum amplitude at 180˚. This 

current is difference total current and PO current. Figure 13 plots shows that total 

scattered electric field. It shows us field variations with respect to observation angle. 

It has one major lobe at the angel of 180˚ and one minor lobe at the angle of 0˚. This 

plot shows that there is a whole radiation from cylinders surface but the radiation is 

more powerful in the major lobs than minors.  

 

 

   Figure 12 Nonuniform Current                   Figure 13 Total Scattered Electric Field 

 

Figure 14 shows that PO (uniform) scattered electric field. Scattered field from the lit 

region of cylinder shows us equal distribution between the angles of 90˚ and 270˚. 

There is no radiation where the shadow region angles. All the radiation is bounded 

with the PO boundaries. Figure 15 shows that fringe (nonuniform) scattered field. 

Fringe scattered field takes the maximum values at the angel 90˚ and 270˚. This 

shows that fringe radiation is compensates the physical optics defects on the shadow 

part of the scatterer. PO radiation is just to cover lit region which is bounded the 

angle 90˚ and 270˚ but this plot shows that the radiation is exist to other angles. 
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Figure 14 Uniform Scattered Electric Field              Figure 15 Nonuniform Scattered    

                                                                                                  Electric Field 
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CHAPTER 6 

 

CONCLUSION 

 

In this thesis nonuniform currents flowing on the cylinder and the nonuniform 

scattered electric field from this current investigated. Although diffraction of the 

electromagnetic waves from the cylinder is one of the fundamental scattering 

problem, literature did not include the application of the PTD for cylindric structure. 

Contribution of this thesis to the literature is the application of PTD to the PEC 

cylinder with the series expansion. The solution of the homogeneous Helmholtz 

wave equation for the cylindric coordinate system gives cylindrical wave functions. 

They can be represented with Bessel functions because Bessel functions behavior are 

harmonic. Uniform currents and uniform scattering field were obtained with using   

PO method. PO integral was converted to the series form using the Hankel functions 

which is the combination of the solution Bessel’s equation than to take into account 

the known exact scattering field from the cylinder, the contribution of the 

nonuniform current to the scattering field obtained with using PTD method. In this 

thesis PO integral was converted to series solution because its conversion is much 

easier than conversion of the total exact scattering field from series to integral. In 

addition nonuniform scattering field can be found from the integration of the fringe 

current but it is too complex to evaluation of the exact current over the surface of the 

scatterer. In the solution of the Harrington [25] total field from obtained the total 

electric field has defect. This defect is the result of the solution of the total current. 

This defect effects on the amplitude of the total current so it fixed with the solving of 

the currents derivative according to boundary conditions. Alternative representations 

of the Bessel and Hankel functions was used when investigation of the correct 

solution of the total current on the cylinder.  To be a last step of solving problem 

MatLab codes were performed for all the currents and the fields for discussion of the 

numerical results. 
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APPENDIX A 

 
 

MATLAB CODES 
 
 
PO current 
 
l=0.1; 
k=2.*pi/l; 
fi=pi./2:0.01:3.*pi./2; 
a=2.*l; 
  
Jpo=k.*exp(-j.*k.*a.*cos(fi)).*cos(fi); 
polar(fi,abs(Jpo)) 
%title('PO current(uniform) on the Cylinder') 
 
 
Cylinder Nonuniform Current 
 
l=0.1; 
k=(2.*pi)./l; 
r=6.*l; 
fi=0:0.01:2.*pi; 
a=2.*l; 
  
N=1000; 
sum=0; 
for n=-N:N; 
    Jz=(1./pi.*k.*a).*(j.^(-n)).*exp(j.*n.*fi)./besselh(n,2,k.*a); 
    sum=sum+Jz; 
end 
 
fi2=pi./2:0.005:3.*pi./2; 
Jpo=k.*exp(-j.*k.*a.*cos(fi2)).*cos(fi2); 
 
Jnu=sum-Jpo; 
polar(fi2,abs(Jnu)) 
%title('Fringe (nonuniform) Current on the Cylinder') 
 
 
Total Surface Current on The Cylinder 
 
 
l=0.1; 
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k=(2.*pi)./l; 
r=6.*l; 
fi=0:0.01:2.*pi; 
a=2.*l; 
  
N=1000; 
sum=0; 
for n=-N:N; 
    Jz=(1./pi.*k.*a).*(((j.^(-n)).*exp(j.*n.*fi))./besselh(n,2,k.*a)); 
    sum=sum+Jz; 
end 
polar(fi,abs(sum)) 
hold on 
%title('Total Surface Current on the Cylinder') 
 
 
PO Scattered Electric Field 
 
l=0.1; 
k=2.*pi./l; 
r=6.*l; 
a=2.*l; 
fi=pi./2:0.01:3.*pi./2; 
  
N=1000; 
sum=0; 
asinir=pi./2; 
usinir=3.*pi./2; 
delta=(usinir-asinir)./N; 
for i=0:N 
    fii=asinir+(i.*delta); 
    R1=sqrt((r.^2)+(a.^2)-2.*r.*a.*cos(fi-fii)); 
    Epo=cos(fii).*exp(-j.*k.*a.*cos(fii)).*besselh(0,2,k.*R1); 
    sum=sum+Epo; 
end 
f=sum.*delta; 
polar(fi,abs(f)) 
%title('PO Scattered E Field') 
 
 
Nonuniform Scattered Electric Field 
 
l=0.1; 
k=(2.*pi)./l; 
r=6.*l; 
fi=0:0.01:2.*pi; 
a=2.*l; 
  
N=359; 
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sum=0; 
for n=-N:N; 
    Ez=(j.^(-n)).*(-besselj(n,k.*a)./besselh(n,2,k.*a)).*besselh(n,2,k.*r).*exp(j.*n.*fi); 
    sum=sum+Ez; 
end 
% polar(fi,sum) 
% title('Total Scatered E field on the Cylinder') 
  
  
N1=359; 
sum2=0; 
for  n=-N:N; 
    Ez1=(j.^-n).*besselj(n,k,a).*besselj(n,k,a).*besselh(n,2,k.*r).*exp(j.*n.*fi); 
    sum2=sum2+Ez1; 
end 
  
f=sum-(-sum2); 
polar(fi,abs(f)) 
%title('Fringe(nonuniform) Scattered E Field') 
 
Total Scattered Electric Field From The Cylinder 
 
l=0.1; 
k=(2.*pi)./l; 
r=6.*l; 
fi=0:0.01:2.*pi; 
a=2.*l; 
  
N=359;%359 
sum=0; 
for n=-N:N; 
    an=-besselj(n,k.*a)./besselh(n,2,k.*a); 
    Ez=(j.^(-n)).*(an).*besselh(n,2,k.*r).*exp(j.*n.*fi); 
    sum=sum+Ez; 
end 
polar(fi,abs(sum)) 
%title('Total Scattered E Field on the Cylinder') 
 
Corrected Surface Current  
 
l=0.1; 
k=(2.*pi)./l; 
r=6.*l; 
fi=0:0.01:2.*pi; 
a=2.*l; 
  
N=1000; 
sum=0; 
for n=-N:N; 
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    Jz=(-1).*(((j.^(-n)).*exp(j.*n.*fi))./besselh(n,2,k.*a)); 
    sum=sum+Jz; 
end 
polar(fi,abs(sum)) 
hold on 
%title('Total Surface Current on the Cylinder According to Harrington') 
 N=1000; 
sum1=0; 
for n=-N:N; 
    Jz1=(1./k).*((j.^(-n)).*exp(j.*n.*fi))./besselh(n,2,k.*a); 
    sum1=sum1+Jz1; 
end 
polar(fi,abs(sum1),'-.r') 
%title('Total Corrected Surface Current') 
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