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Abstract: We report study exploring the fractional Drude
model in the time domain, using fractional derivatives
without singular kernels, Caputo-Fabrizio (CF), and frac-
tional derivatives with a stretched Mittag-Le�er function.
It is shown that the velocity and current density of elec-
trons moving through a metal depend on both the time
and the fractional order 0 < 𝛾 ≤ 1. Due to non-singular
fractional kernels, it is possible to consider completemem-
ory effects in the model, which appear neither in the ordi-
narymodel, nor in the fractional Drudemodelwith Caputo
fractional derivative. A comparison is also made between
these two representations of the fractional derivatives, re-
sulting a considered difference when 𝛾 < 0.8.
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Fabrizio derivative, Atangana-Baleanu derivative
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1 Introduction
Fractional calculus (FC), involving derivatives and inte-
grals of non-integer order, is the natural generalization of
classical calculus, which during recent decades has be-
come a powerful and widely used tool for better mod-
elling and control of processes in many areas of science
and engineering [1–11]. The fractional derivatives are non-
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local operators because they are defined using integrals.
Therefore, the fractional derivative in time contains infor-
mation about the function at earlier points, thus it pos-
sesses a memory effect, and it includes non-local spatial
effects. In other words, such derivatives consider the his-
tory and non-local distributed effects which are essential
for better and more precise descriptions and understand-
ing of complex and dynamic system behaviour. Due to
the lack of a consistent geometric and physical interpre-
tation of the fractional derivative, several definitions of
fractional derivatives and integrals exist, see [12] for a re-
view of definitions for fractional derivatives and integrals.
These definitions include, Riemann-Liouville, Grunwald-
Letnikov, Caputo, andWeyl, among others. The most used
definitions are the Riemann-Liouville and the Caputo frac-
tional derivatives. There are classical applications where
FC has showed its great capabilities, such as the tau-
tochrone problem [13], models based on memory mecha-
nisms [14], fractional diffusion equations [15], new linear
capacitor theory [16], the non-local description of quan-
tum dynamics like Brownian motion and anomalous dif-
fusion [17, 18]. Other interesting applications are given in
viscoelastic materials [19–24], anomalous non-Gaussian
transport [25] and dielectric materials [26–29].

The concept of a fractional curl operator and a frac-
tional paradigm in electromagnetic theory was introduced
in [30]. The application of the fractional curl operator to
different electromagnetic problems is discussed in [31–
33]. In [34, 35] it is shown that the electromagnetic fields
and waves in a wide class of dielectric materials are de-
scribed by fractional differential equations with deriva-
tives of non-integer order with respect to time. The order
of these derivatives is defined by exponentials of the uni-
versal response laws for frequency dependence of the di-
electric susceptibility. In [36] proposed a systematic way
to construct fractional differential equations and applied
them to the propagation of electromagnetic waves in an
infinitely extended homogeneous medium at rest.

Despite the accurate results obtained with the
Riemann-Liouville and Caputo fractional derivatives, they
have the disadvantage that their kernel has a singularity
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at the end point of the interval. To avoid this problem, [37]
proposed the Capauto-Fabrizio (CF) derivative. This is a
new fractional-order derivative that does not have any sin-
gularity. The main advantage of the new definition is that
the singular power-law kernel, Caputo, is now replaced
by a non-singular exponential kernel CF, which is eas-
ier to use in theoretical analysis, numerical calculations
and real-world applications. Based on this new derivative,
some interesting studies can be found in [38–44]. How-
ever, some researchers have concluded that the operator
is not a derivative with fractional order, but instead a filter
with fractional parameters. To correct this deficiency, two
fractional derivatives in theCaputo andRiemann-Liouville
sense were defined by Atangana-Baleanu [45], based on
the generalized stretched Mittag-Le�er function. These
new derivatives have been applied to different systems in
[46–48].

Motivated by recent experimental results [49–51]
showing that simple models are best described by frac-
tional differential equations, in [52] the fractional Caputo
derivative is applied to study of the Drude model. How-
ever, aswasmentioned above, this definition of the deriva-
tive has a singular kernel and cannot accurately describe
the full memory effect. To correct this disadvantage, in the
present work we analyse the Drude model using a Caputo-
Fabrizio fractional derivative [37], as well as the Atangana-
Baleanu in the Caputo sense (ABC) derivative [45], for dif-
ferent sources. Numerical simulations of these models are
given in order to compare them and evaluate their effec-
tiveness.

This work is organized as follows: in section 2, some
basic concepts about Caputo (C), Caputo-Fabrizio (CF) and
ABC fractional derivatives are given; in section 3, the clas-
sical Drude model is reviewed; in section 4, a new frac-
tional Drude model is proposed using the CF fractional
derivative; in section 5, the ABC derivative is applied to the
sameproblem; finally, in section 6, the obtained results are
discussed and compared; the conclusion is presented in
section 7.

2 Some fractional derivatives
The usual Caputo fractional derivative of order 𝛾 is defined
by [14]

d𝛾 f (t)
dt𝛾 = aD𝛾

t f (t) =
1

Γ(1 − 𝛾)

t∫︁
a

ḟ (τ)
(t − τ)𝛾 dτ, (1)

with 0 < 𝛾 ≤ 1 and a ∈ [−∞, t], f ∈ H1(a, b), b > a. By
changing the kernel (t − τ)−𝛾 with the function e−

𝛾
1−𝛾 t and

1
Γ(1−𝛾) with

M(𝛾)
1−𝛾 , the Caputo-Fabrizio fractional derivative

[37] is obtained

CF
aD𝛾

t f (t) =
M(𝛾)
(1 − 𝛾)

t∫︁
a

ḟ (τ) exp
[︂
−𝛾(t − τ)1 − 𝛾

]︂
dτ, (2)

where M(𝛾)
1−𝛾 is a normalization function with the property

M(0) = M(1) = 1. If f (t) is a constant function, then the
Caputo-Fabrizio derivative (2) is zero. However, in contrast
to definition (1), the kernel in (2) does not have singularity
for t = τ. This property is of particular interest, because it
can describe the full memory effect for a given system. The
Laplace transform of the CF fractional derivative is given
by

L[CF aD𝛾
t f (t)] =

sF(s) − f (0)
s + 𝛾(1 − s) . (3)

In [45], two new fractional derivatives appeared. We will
apply one of them, defined as: f ∈ H1(a, b), a < b, 𝛾 ∈
[0, 1], then the Atangana-Baleanu (AB) fractional deriva-
tive in the Caputo sense (ABC) is

ABC
aD𝛾

t [f (t)] =
B(𝛾)
1 − 𝛾

t∫︁
a

f ′(x)E𝛾
[︁
− 𝛾 (t − x)

𝛾

1 − 𝛾

]︁
dx, (4)

where E𝛾(·) and Eβ,𝛾(·) are the one- and two-parameter
Mittag-Le�er functions defined in [9]

E𝛾(z) =
∞∑︁
n=0

zn
Γ(𝛾n + 1) , 𝛾 > 0, (5)

Eβ,𝛾(z) =
∞∑︁
n=0

zn
Γ(βn + 𝛾) , β, 𝛾 > 0. (6)

Expression (4) has a non-singular and non-local kernel.
The Laplace transform for (4) is

L[ABC aD𝛾
t ] =

B(𝛾)
1 − 𝛾 ·

s𝛾F(s) − s𝛾−1f (0)
s𝛾 + 𝛾

1−𝛾
, 0 < 𝛾 ≤ 1, (7)

whereB(𝛾) has the sameproperties as in theCFcase. These
formulae are necessary for our study.

3 Classical Drude models
The fundamental properties ofmaterials play an extremely
important role in developing new technologies in various
areas. Among the important properties of various materi-
als, the electromagnetic interaction with matter is of great
importance.
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The Drude model is known as the first realistic model
to describe metals. Despite the fact that it is a very sim-
ple model, it can explain electrical conductivity, thermal
conductivity, and optical properties ofmetals [53, 54]. This
model regards metals as a classical gas of electrons ex-
ecuting diffusive motion. The one-dimensional equation,
which describes the motion of a charged particle e with
mass m affected by an external electric field E(t), is given
by [55]

mdvdt +
m
τ v = −eE(t). (8)

Regarding the left side, the first term express the accelera-
tion of the charges induced by the electric field; the second
term describes the damping factor due to electron scatter-
ing, where τ is the relaxation parameter.

For a constant electric field E(t) = E0, the solution of
(8) is given by

v(t) = − eE0τm

[︂
1 − exp

(︂
− tτ

)︂]︂
. (9)

If the electric field is defined by a pulse, like a delta Dirac
distribution E = E0δ(t) [56], then the solution of (8) is

v(t) = − eE0m exp
(︂
− tτ

)︂
. (10)

In the case of an oscillating field E(t) = E0 cos(ωt), the so-
lution of (8) is given by

v(t) = − eE0τ
m[1 + (ωτ)2] (11)

·
[︂
cos(ωt) + ωτ sin(ωt) − exp

(︂
− tτ

)︂]︂
.

Typically, only the current density j⃗ = −eNv⃗ is experimen-
tally accessible [57]. Then, for the oscillating field the cur-
rent density is

j(t) = σ0
1 + (ωτ)2 (12)

·
[︂
cos(ωt) + ωτ sin(ωt) − exp

(︂
− tτ

)︂]︂
E0,

where σ0 = e2Nτ
m is the static Drude electric conductivity.

In the following sections, we analyse the Drudemodel
from the point of view of the fractional derivatives of CF
and ABC, to obtain the current density of electrons in met-
als for different sources.

4 Fractional Drude models with
Caputo-Fabrizio derivative

To go from an ordinary differential equation to a fractional
one, it is necessary to make it dimensionless. For this pur-

pose, we make the redefinition [52]

u(t) = − meτ v(t). (13)

Substituting (13) in (8), we obtain the dimensionless differ-
ential equation

du
dt

+ u(t) = E(t), (14)

with dimensionless parameter t = t/τ. Therefore, we can
proceed to apply a fractional derivative, either CF, ABC, or
another fractional derivative.

We replace the Caputo-Fabrizio fractional derivative.
Then, equation (14) takes the form

CF
0D𝛾

t u(t) + u(t) = E(t), 0 < 𝛾 ≤ 1. (15)

This fractional equation could give better experimental
results for the current density in metals, due to the pa-
rameter 0 < 𝛾 ≤ 1 [49]-[51]. Recall that, in principle, we
assume that thematerials are homogeneous and isotropic,
however, this is only the case under certain conditions. In
the real world, such conditions are rarely fulfilled. We
will study this fractional differential equation bymeans of
three different sources:

First Case. The source is a constant, E(t) = E0. So, ap-
plying the Laplace transform (3)

L
[︁
CF

0D𝛾

t u(t)
]︁
+ L

[︀
u(t)

]︀
= L [E0] , (16)

we have

sU(s) − u(0)
s + 𝛾(1 − s) + U(s) = E0s , (17)

where s = τs. Taking the initial condition u(0) = 0, and
applying the inverse Laplace transform in (17), we obtain

u(t) =
[︁
1 − 1

2 − 𝛾 exp
(︂
− 𝛾

2 − 𝛾 t
)︂]︁

E0. (18)

Considering (13), we have the fractional electron velocity

v(t; 𝛾) = − eE0τm

[︂
1 − 1

2 − 𝛾 exp
(︂
− 𝛾

2 − 𝛾 ·
t
τ

)︂]︂
, (19)

0 < 𝛾 ≤ 1.

In the ordinary Drude model, the current density of elec-
trons is given by j⃗ = −eNv⃗; in the fractional case, it has the
form

jCF(t, 𝛾) = σ0
[︁
1 − 1

2 − 𝛾 exp
(︁
− 𝛾

2 − 𝛾 ·
t
τ

)︁]︁
E0, (20)

0 < 𝛾 ≤ 1,
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where σ0 = e2Nτ
m is the static Drude conductivity.

Second case. We have E0δ(t) as a source, where δ(t)
is the delta Dirac function. The corresponding fractional
differential equation is

CF
0D𝛾

t u(t) + u(t) = E0δ(t). (21)

The response to the impulse function was interesting, as
any system can be conveniently characterized in the time
domain using its impulse response, because it is the time
domain version of the transfer function [56]. Applying the
Laplace transform (3), we obtain

sU(s) − u(0)
s + 𝛾(1 − s) + U(s) = E0. (22)

As above, we consider the initial condition u(0) = 0 and
s = τs. Then,

u(t) =
[︁1 − 𝛾
2 − 𝛾 δ(t) +

𝛾

(2 − 𝛾)2 exp
(︂
− 𝛾

2 − 𝛾 t
)︂]︁

E0. (23)

From (13), and taking into account j⃗ = −env⃗, we have

jCF(t; 𝛾) =
Ne2

m(2 − 𝛾) (24)

·
[︂
(1 − 𝛾)δ(t) + 𝛾

2 − 𝛾 exp
(︂
− 𝛾

2 − 𝛾 ·
t
τ

)︂]︂
E0.

Third case.An oscillatory source E(t) = E0 cos(ωt). We can
write it as

CF
0D𝛾

t u(t) + u(t) = E0 cos(ωτt). (25)

Applying the Laplace transform (3) with the same initial
condition, we have

U(s) = s[s + 𝛾(1 − s)]
[(s)2 + (ωτ)2][2s + 𝛾(1 − s)]E0, (26)

where s = τs. Taking the inverse Laplace transform and
considering (13), the current density is

jCF(t; 𝛾) =
(2 − 𝛾)σ0

𝛾2 + (ωτ)2(2 − 𝛾)2 (27)

·
[︂
A cos(ωt) + B sin(ωt) + C exp

(︂
− 𝛾

2 − 𝛾 ·
t
τ

)︂]︂
where

A = (ωτ)2(1 − 𝛾) + 𝛾2

2 − 𝛾 , (28)

B = 𝛾(ωτ) − 𝛾(1 − 𝛾)
ωτ ,

C = 𝛾2

2 − 𝛾

(︂
1 − 𝛾 − 1

2 − 𝛾

)︂
.

We can see that, in the particular case 𝛾 = 1, these expres-
sions become A = 1; B = ωτ and C = −1, which is just the
ordinary case.

5 Drude models with fractional
derivatives with non-singular
Mittag-Leffler kernel

Now,wewill consider the same equation (14) and the same
sources, but taking into account the Atangana-Baleanu
fractional derivative in the Caputo sense (4). That is

ABC
0D𝛾

t u(t) + u(t) = E(t). (29)

First case. A constant source E(t) = E0. Then, applying the
Laplace transform (7) in (29), we have

U(s) = s𝛾(1 − 𝛾) + 𝛾

s[(2 − 𝛾)s𝛾 + 𝛾]E0. (30)

From here, we obtain the inverse Laplace transform u(t),
and using expression (13), the current density is given as

jABC(t; 𝛾) = σ0
(︁
1 − 1

2 − 𝛾 E𝛾
[︁
− 𝛾

2 − 𝛾

(︁ t
τ

)︁𝛾]︁)︁
E0, (31)

where E𝛾(·) is the Mittag-Le�er function (5).

Second case. Delta Dirac as a source, E0δ(t). In this
case, we have

ABC
0D𝛾

t u(t) + u(t) = E0δ(t). (32)

Applying the direct Laplace transform (7), we have

U(s) = (1 − 𝛾)s𝛾 + 𝛾

(2 − 𝛾)s𝛾 + 𝛾
E0, (33)

taking its inverse Laplace transformand considering equa-
tion (13), we have the current density

jABC(t; 𝛾) =
Ne2

m(2 − 𝛾)

(︁
(1 − 𝛾)δ(t) (34)

+ 𝛾

2 − 𝛾

(︁ t
τ

)︁𝛾−1
E𝛾,𝛾

[︁
− 𝛾

2 − 𝛾

(︁ t
τ

)︁𝛾]︁)︁
E0,

where E𝛾,𝛾 is the twoparametricMitag-Le�er function (6).

Third case. An oscillatory source E(t) = E0 cos(ωt). Then,
ABC

0D𝛾

t u(t) + u(t) = E0 cos(ωτt). (35)

Applying the Laplace transform in (7), we obtain

U(s) = s[(1 − 𝛾)s𝛾 + 𝛾]
[s2 + (ωτ)2][(2 − 𝛾)s𝛾 + 𝛾]

, (36)

where s = τs. We take the highest power of s as a common
factor from the denominator and then expanding it in an
alternating geometric series [59], we have

u(t; 𝛾) = 1 − 𝛾
2 − 𝛾

∞∑︁
n,m=0

(−1)n+m(ωτ)2n𝛾m
(2 − 𝛾)mΓ[2n + m𝛾 + 1]

(︁ t
τ

)︁(2n+m𝛾)

(37)
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+ 𝛾

2 − 𝛾

∞∑︁
n,m=0

(−1)n+m(ωτ)2n𝛾m
(2 − 𝛾)mΓ[(m + 1)𝛾 + 2n + 1]

·
(︁ t
τ

)︁([m+1]𝛾+2n)
,

then, from (13), the current density due to an oscillating
field is

jABC(t; 𝛾) = σ0u(t; 𝛾)E0. (38)

6 Results and discussion
Figure 1, show the current density j(t; 𝛾) for an constant
electric field E0, with some values of 𝛾. The asymptotic ap-
proximations for expression (20) are: when t → 0, then
jCF(t; 𝛾) → σ0(1 − 1

2−𝛾 )E0, and if t → ∞, then jCF(t; 𝛾) →
σ0E0,which is in full agreementwith theordinary caseFig-
ure 1 (a).
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(b) jABC

Figure 1: These plots correspond to equations (20) and (31), respec-
tively, for a range of values of 𝛾. If 𝛾 = 1, the CF and ABC derivatives
give the same curve.

In the case jABC(t; 𝛾), the asymptotic approximations
to the Mittag-Le�er function for small t → 0 and larger
t →∞ times, in first approximation, are [58]

E𝛾(−t𝛾) ∼ e−
t𝛾

Γ(1−𝛾) , t → 0, (39)

E𝛾(−t𝛾) ∼
t−𝛾

Γ(1 − 𝛾) , t →∞. (40)

As a consequence, the Mittag-Le�er function interpolates
for intermediate time t between the stretched exponen-
tial and the negative power law. The stretched exponential
models the very fast decay for small time t, whereas, the
asymptotic power law is due to very slow decay for large
time t, as it can be seen in Figure 1 (b), showing the be-
haviour of (31) for different values of 𝛾.

Figure 2 shows plots of the current density j(t; 𝛾) when
electrons are excited by apulsed electric field. Theplots in-
clude different values of 𝛾. Plot (a) corresponds to jCF(t; 𝛾)
(24) and plot (b) to jABC(t; 𝛾) (34).
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Figure 2: These plots correspond to equations (24) and (34), respec-
tively, for different values of 𝛾.

Figure 3 shows graphs of the current density j(t; 𝛾)
when the electrons are excited by an oscillating electric
field. The graphs have been plotted for different values of
𝛾. In the case when the electric field is an oscillating field,
the current density is an oscillatory signal affected by the
fractional order 𝛾. Two characteristics are influenced by
𝛾: the phase and the amplitude, which are similar for the
cases jCF and jABC.

The numerical solutions of the current density with
constant E0, impulse δ(t) and alternating cosωt field,
given in Figures 1, 2 and 3, show that the current den-
sity solution of fractional derivative models in the Caputo-
Fabrizio sense exhibits an exponential decay similar to the
classical integer-order model (9) and (20). It is clear that
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Figure 3: These plots correspond to equations (27) and (38), respec-
tively, for different values of 𝛾. In this case ωτ = 5.0.

the CF derivative has limitations in characterizing anoma-
lous diffusion with non-exponential nature [43]. On the
other hand, using the Atangana-Baleanu definition, the
solution is given by a Mittag-Le�er function, which inter-
polates for intermediate time t between the stretched ex-
ponential and the negative power law. The stretched expo-
nential (39) models the very fast decay at small t, whereas
the asymptotic power law (40) is due to very slow decay
at large t. Notable differences between CF and ABC occur
when 𝛾 < 0.8.

In the following figureswe have taken the current den-
sities jCa and Eqs. (13) and (24) from [52], where a Caputo
derivative was used, to compare the Caputo-Fabrizio and
Atangana-Baleanu derivatives for the specified values of
𝛾.

FromFigures 4, 5 and 6,we can observe that, when 𝛾 =
1, the three results obtained using the derivatives of Ca-
puto, Caputo-Fabrizio and Atangana-Baleanu are exactly
the same as the ordinary case. However, as gamma takes
values smaller than one, the results obtained become a lit-
tle different, with notable differenceswhen 𝛾 < 0.8. This is
due to the kernel in the definitions of the fractional deriva-
tives. The difference between the results obtained for cur-
rent density using the Caputo and Atangana-Baleanu frac-
tional derivatives for very short and very large time is the
term 𝛾

2−𝛾 .
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Figure 4: Variation of current density j(t; 𝛾) with a constant electric
field using: Caputo, CF and ABC fractionals derivatives with the
specified values of 𝛾.

The graphs in Figure 7 represent the differences be-
tween the different fractional derivatives used here. We
can see again that the difference becomes notable for 𝛾 <
0.8. It can also be observed that for large times, there is
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Figure 5: Variation of current density j(t; 𝛾) when the electric field
is an impulse given by δ(t), using Caputo, CF and ABC fractionals
derivatives and the specified values of 𝛾.

no practical difference between the fractional derivatives
of Caputo and ABC.
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Figure 6: Variation of the current density j(t; 𝛾) when the electric
field is oscillating using Caputo, CF and ABC fractionals derivatives
and various values of 𝛾.

7 Conclusion
An analysis of the Drude model in the time domain was
realized using fractional derivatives without singular ker-
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Figure 7: Graphs showing differences between the three fractional
solutions and a DC electric field using several values of 𝛾.

nels. The fractional derivatives were: Caputo-Fabrizio (CF)
andAtangana-Baleanu in the Caputo sense (ABC).We con-
sidered the caseswhenelectrons are inducedbya constant
electric field, a pulse described by a delta Dirac distribu-
tion, and an oscillating electric field. The obtained results
in the interval 𝛾 ∈ (0, 1) show that the current density
depends not only on the electric field or the fractional or-
der derivative, but also on the definition of the fractional
derivative. Also, based on the current densities jCa, Eqs.
(13) and (24) of [52], we have compared fractional deriva-
tives with singular and non-singular kernels. We conclude
that themodels described by fractional Atangana-Baleanu
derivatives could describe a large class of complex physi-
cal problems, particularly those with non-exponential de-
cay.

The study of these models in the frequency domain is
of great interest, in order to analyse their optical proper-
ties. Thiswork is under investigation andwill be presented
in the future.
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