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1. Introduction and preliminaries

The concept of extension of fractional operators attracts the attention of many researchers (see, [1]).
The present investigation was motivated by above mentioned works. We start from the Riemann–Liouville
(RL) fractional derivative operator Dµz (the reader may check [16] and [4, p. 70 et seq.]):

Dµz {f (z)} :=


1

Γ (−µ)

∫z
0
(z− t)−µ−1 f (t)dt,

(
< (µ) < 0

)
,

dm

dzm

{
D
µ−m
z {f (z)}

}
,

(
m− 1 5 < (µ) < m (m ∈N)

)
.

(1.1)

We recall that

Dµz
{
zλ
}
=

Γ (λ+ 1)
Γ (λ− µ+ 1)

zλ−µ,
(
< (λ) > −1

)
, (1.2)
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where the path of integration in (1.1) denotes a line in the complex t-plane starting from t = 0 and ending
at t = z. Various extensions and generalizations of the RL fractional derivative operator were reported by
various researchers (see, e.g., [4, 7, 8, 13, 16, 20]). In particular, in [10] the authors introduced the extended
Riemann–Liouville fractional derivative operator Dµ,p

z , namely:

Dµ,p
z {f (z)} =


1

Γ (−µ)

∫z
0
(z− t)−µ−1 exp

(
−

pz2

(z− t)t

)
f (t)dt,

(
< (µ) < 0

)
,

dm

dzm

{
D
µ−m
z {f (z)}

}
,

(
m− 1 5 < (µ) < m (m ∈N)

)
.

(1.3)

Clearly, the special case of (1.3), when p = 0, reduces immediately to RL fractional derivative (see, [18, 19]).
Making use of the definition (1.3), they derived the following extension of the fractional derivative (1.2)

Dµ,p
z

{
zλ
}
=
Bp(λ+ 1,−µ;p)

Γ(−µ)
zλ−µ,

(
<(λ) > −1; <(µ) < 0

)
.

Recently, Choi et al. [3] introduced the extended beta and hypergeometric function

B(x, y ; p, q) :=
∫ 1

0
tx−1(1 − t)y−1 exp

(
−
p

t
−

q

1 − t

)
dt,(

min{<(x),<(y)} > 0; min{<(p),<(q)} = 0
)
,

(1.4)

and

Fp,q (a, b; c; z) := 2F1;p,q (a, b; c; z) =
∞∑
n=0

(a)n
B(b+n, c− b ; p,q)

B(b, c− b)
zn

n!
,(

p = 0, q = 0; |z| < 1; <(c) > <(b) > 0
)
,

(1.5)

respectively.
Motivated by certain above recent extensions of the Euler’s beta, Gauss’s hypergeometric, and RL

fractional derivative operator, we extend RL fractional derivative operator by introducing two additional
parameters p and q in the integrand of (1.1). Moreover, we establish some relations to extended special
functions of two and three variables of Appell and Lauricella hypergeometric functions via generating
functions. It is expected that various other applications of extended RL fractional derivative operator (3.1)
introduced here, can be useful in the field of applied mathematics and non-linear sciences (see, for details,
[2, 5, 6, 9]) and other related ones).

2. Extension of hypergeometric functions and integral representations

By making use of (1.4), we consider another extensions of Appell’s and the Lauricella functions of two
and three variables.

Definition 2.1. The extension of the hypergeometric functions of two and three variables are defined as:

F1(a,b, c;d; x,y;p,q) =
∞∑

m,n=0

(b)m(c)n
Bp,q(a+m+n,d− a)

B(a,d− a)
xm

m!
yn

n!
,(

<(p) > 0, <(q) > 0; |x| < 1, |y| < 1
)
,

(2.1)

F2(a,b, c;d, e; x,y;p,q) =
∞∑

m,n=0

(a)m+n
Bp,q(b+m,d− b)Bp,q(c+n, e− c)

B(b,d− b)B(c, e− c)
xm

m!
yn

n!
,(

<(p) > 0, <(q) > 0; |x|+ |y| < 1
)
,

(2.2)
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F3
D(a,b, c,d; e; x,y, z;p,q) =

∞∑
m,n,r=0

Bp,q(a+m+n+ r, e− a)(b)m(c)n(d)r
B(a, e− a)

xm

m!
yn

n!
zr

r!
,(

<(p) > 0, <(q) > 0; |x| < 1, |y| < 1, |z| < 1
)
.

(2.3)

Remark 2.2. For p = q, the above definitions are similar to the ones in [10] and for p = 0 = q similar to
[18]. Also, definition (2.1) is studied in [14].

Theorem 2.3. The following result holds true for (2.1):

F1(a,b, c;d; x,y;p,q) =
1

B(a,d− a)

∫ 1

0
ta−1(1 − t)d−a−1(1 − xt)−b(1 − yt)−ce(−

p
t−

q
1−t)dt. (2.4)

Proof. To prove this result, we start by assuming that

I =

∫ 1

0
ta−1(1 − t)d−a−1(1 − xt)−b(1 − yt)−ce(−

p
t−

q
1−t)dt.

Applying the binomial series expansion for (1 − xt)−b and (1 − yt)−c and interchanging the order of
summation and integration, we get

I =

1∫
0

ta−1(1 − t)d−a−1e(−
p
t−

q
1−t)

{ ∞∑
n=0

(b)n
(xt)n

n!

∞∑
m=0

(c)m
(yt)m

m!

}
dt

=

∞∑
n=0

∞∑
m=0

(b)n(c)m

{∫ 1

0
ta+m+n−1(1 − t)d−a−1e(−

p
t−

q
1−t)dt

}
xn

n!
ym

m!
,

by applying (1.4) and (2.1), we get (2.4).

Theorem 2.4. For (2.2) we have the following integral:

F2(a,b, c;d, e; x,y;p,q) =
1

B(b,d− b)B(c, e− c)

=

∫ 1

0

∫ 1

0

tb−1(1 − t)d−b−1sc−1(1 − s)e−c−1

(1 − xt− ys)a
e(−

p
t−

q
1−t−

p
s−

q
1−s)dtds.

(2.5)

Proof. We start by expanding (1 − xt− ys)−a; we have∫ 1

0

∫ 1

0

tb−1(1 − t)d−b−1sc−1(1 − s)e−c−1

(1 − xt− ys)a
e(−

p
t−

q
1−t−

p
s−

q
1−s)dtds

=

∫ 1

0

∫ 1

0
tb−1(1 − t)d−b−1e(−

p
t−

q
1−t)sc−1(1 − s)e−c−1e(−

p
s−

q
1−s)

∞∑
N=0

(a)N
(xt+ ys)N

N!
dtds.

Using the series identity ∞∑
N=0

f(N)
(x+ y)N

N!
=

∞∑
r=0

∞∑
l=0

f(l+ r)
xr

r!
yl

l!
,

we get

1∫
0

∫ 1

0

tb−1(1 − t)d−b−1sc−1(1 − s)e−c−1

(1 − xt− ys)a
e(−

p
t−

q
1−t−

p
s−

q
1−s)dtds

=

∫ 1

0

∫ 1

0
tb−1(1 − t)d−b−1e(−

p
t−

q
1−t)sc−1(1 − s)e−c−1e(−

p
s−

q
1−s) ×

∞∑
r=0

∞∑
l=0

(a)r+l
(xt)r

r!
(ys)l

l!
dtds.
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Here, involving series and the integrals are convergent, then by interchanging the order of summation
and integration, we obtain∫ 1

0

∫ 1

0

tb−1(1 − t)d−b−1sc−1(1 − s)e−c−1

(1 − xt− ys)a
e(−

p
t−

q
1−t−

p
s−

q
1−s)dtds

=

∞∑
r=0

∞∑
l=0

(a)l+r
xr

r!
yl

l!

∫ 1

0
tb+r−1(1 − t)d−b−1e(−

p
t−

q
1−t)dt

∫ 1

0
sc+l−1(1 − s)e−c−1e(−

p
s−

q
1−s)ds,

by applying (1.4) and (2.2), we get (2.5).

Theorem 2.5. For (2.3) the following integral holds true

F3
D(a,b, c,d; e; x,y, z;p,q) =

Γ(e)

Γ(a)Γ(e− a)

∫1

0
ta−1(1 − t)e−a−1(1 − xt)−b(1 − yt)−c(1 − yt)−d e(−

p
t−

q
1−t )dt.

Proof. This proof looks similar to the one presented in Theorem 2.3.

3. Extension of RL fractional derivative operator

Now, we introduce new extension of the RL type fractional derivative operator.

Definition 3.1. The extended RL type fractional derivative operator is defined by

Dηz {f (z) ;p,q} :=


1

Γ (−η)

∫z
0
(z− t)−η−1 e(

−pz
t − qz

z−t)f (t)dt,
(
< (η) < 0

)
,

dm

dzm
{
D
η−m
z {f (z) ;p,q}

}
,

(
m− 1 5 < (η) < m (m ∈N)

)
,

(3.1)

where <(p) > 0,<(q) > 0 and the path of integration is a line from 0 to z in the complex t-plane.

Clearly for p = q, (3.1) reduces to (1.3) and for p = 0 = q, we obtain its classical form (see, for details
[4, 18, 19]).

Now, we establish some theorems involving the extended fractional derivatives.

Theorem 3.2. The following representation for (3.1) is valid:

Dηz [z
λ;p,q] =

Bp,q(λ+ 1,−η)
Γ(−η)

zλ−η (Re(η) < 0). (3.2)

Proof. Using (3.1) and (1.4), we get

Dηz [z
λ;p,q] =

1
Γ(−η)

z∫
0

tλ(z− t)−η−1e(−
pz
t − qz

z−t)dt,

replacing t = uz, we have

Dηz [z
λ;p,q] =

1
Γ(−η)

1∫
0

(uz)λ(z− uz)−η−1e(−
pz
uz−

qz
z−uz)zdu

=
zλ−η

Γ(−η)

1∫
0

uλ(1 − u)−η−1e(−
p
u−

q
1−u)du.

By applying definition (1.4) we yield (3.2) directly.



D. Baleanu, et al., J. Nonlinear Sci. Appl., 10 (2017), 2914–2924 2918

Theorem 3.3. Let <(η) < 0 and suppose that a function f(z) is analytic at the origin with its Maclaurin expansion

given by f(z) =
∞∑
n=0

an z
n (|z| < ρ) for some ρ ∈ R+. Then we have

Dηz [f(z);p,q] =
∞∑
n=0

anD
η
z [z
n;p,q].

Proof. We begin from Definition 3.1 to the function f(z) with its series expansion and we conclude

Dηz [f(z);p,q] =
1

Γ(−η)

z∫
0

∞∑
n=0

ant
n(z− t)−η−1e(−

pz
t − qz

z−t)dt.

Since the series is uniformly convergent on any closed disk centered at the origin with its radius smaller
than ρ, so does the series on the line segment from 0 to a fixed z for |z| < ρ. This fact guarantees
term-by-term integration as follows:

Dηz [f(z);p,q] =
∞∑
n=0

an

 1
Γ(−η)

z∫
0

tn(z− t)−η−1e(−
pz
t − qz

z−t)dt

 =

∞∑
n=0

anD
η
z [z

n;p,q] .

So, the proof is completed.

Theorem 3.4. The following result holds true:

Dλ−ηz [zλ−1(1 − z)−α;p,q] =
Γ(λ)

Γ(η)
zη−1

2F1;p,q(α, λ;η; z),

(<(η) > <(λ) > 0, and | z |< 1).
(3.3)

Proof. Some direct calculations yield

Dλ−ηz [zλ−1(1 − z)−α;p,q] =
1

Γ(η− λ)

∫z
0
tλ−1(1 − t)−αe(−

pz
t − qz

z−t)(z− t)η−λ−1dt

=
zη−λ−1

Γ(η− λ)

z∫
0

tλ−1(1 − t)−α
(

1 −
t

z

)η−λ−1

e(−
pz
t − qz

z−t)dt

=
zη−λ−1zλ

Γ(η− λ)

1∫
0

uλ−1(1 − uz)−α(1 − u)η−λ−1e(−
p
u−

q
1−u)du.

Using (1.5) and after little simplification, we have the (3.3). In this way we finished the proof.

Theorem 3.5. The representation given below holds true:

Dλ−ηz [zλ−1(1 − az)−α(1 − bz)−β;p,q] =
Γ(λ)

Γ(η)
zη−1F1(λ,α,β;η;az,bz;p,q),

(<(α) > 0,<(β) > 0,<(η) > <(λ) > 0; | az |< 1, and | bz |< 1).
(3.4)

More generally, we have

Dλ−ηz [zλ−1(1 − az)−α(1 − bz)−β(1 − cz)−γ;p,q] =
Γ(λ)

Γ(η)
zη−1F3

D(λ,α,β,γ;η;az,bz, cz;p,q),

(<(α) > 0,<(β) > 0,<(γ) > 0,<(η) > <(λ) > 0, | az |< 1, | bz |< 1, and | cz |< 1).
(3.5)
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Proof. To prove (3.4), using the following power series expansion for (1 − az)−α and (1 − bz)−β

(1 − az)−α(1 − bz)−β =

∞∑
l=0

∞∑
k=0

(α)l(β)k
(az)l

l!
(bz)k

k!
,

then applying Theorem 3.2, we conclude that

Dλ−ηz [zλ−1(1 − az)−α(1 − bz)−β;p,q] =
∞∑
l=0

∞∑
k=0

(α)l(β)k
(a)l

l!
(b)k

k!
Dλ−ηz [zλ+l+k−1;p,q]

=

∞∑
l=0

∞∑
k=0

(α)l(β)k
(a)l

l!
(b)k

k!
Bp,q(λ+ l+ k,η− λ)

Γ(η− λ)
zl+k+η−1.

Now, applying (2.1), we obtain

Dλ−ηz [zλ−1(1 − az)−α(1 − bz)−β;p,q] =
Γ(λ)

Γ(η)
zη−1F1(λ,α,β;η;az,bz;p,q).

Similarly, as in the proof of (3.4), taking the binomial theorem for (1 − az)−α, (1 − bz)−β, and (1 − cz)−γ,
then applying Theorem 3.2 and (2.3) into account, one can easily prove (3.5). Therefore, we omit the
proof.

Theorem 3.6. The representation written below holds true:

Dλ−ηz

[
zλ−1(1 − z)−αFp,q

(
α,β;γ;

x

1 − z

)
;p,q

]
=

1
B(β,γ−β)Γ(η− λ)

zη−1F2(α,β, λ;γ,η; x, z;p,q),

(<(α) > 0,<(β) > 0,<(γ) > 0,<(µ) > <(λ) > 0, ; |
x

1 − z
|< 1, and | x | + | z |< 1).

(3.6)

Proof. Applying (2.2) on the LHS of (3.6), we conclude

Dλ−ηz

[
zλ−1(1 − z)−αFp,q

(
α,β;γ;

x

1 − z

)
;p,q

]
= Dλ−ηz

[
zλ−1(1 − z)−α

{ ∞∑
n=0

(α)nBp,q(β+n,γ−β)
B(β,γ−β)n!

(
x

1 − z

)n}
;p,q

]

=
1

B(β,γ−β)
Dλ−ηz

[
zλ−1

∞∑
n=0

(α)nBp,q(β+n,γ−β)
xn

n!
{
(1 − z)−α−n

}
;p,q

]
.

Using the power series expansion for (1 − z)−α−n, applying Theorem 3.2 and (2.2), we conclude that

Dλ−ηz

[
zλ−1(1 − z)−αFp,q

(
α,β;γ;

x

1 − z

)
;p,q

]
= Dλ−ηz

[
zλ−1(1 − z)−α

{ ∞∑
n=0

(α)nBp,q(β+n,γ−β)
B(β,γ−β)n!

(
x

1 − z

)n}
;p,q

]

=
1

B(β,γ−β)
Dλ−ηz

[
zλ−1

∞∑
n=0

(α)nBp,q(β+n,γ−β)
xn

n!
{
(1 − z)−α−n

}
;p,q

]
.

This ends the proof.

4. Mellin transform representations

The double Mellin transforms [12, p. 293, Eq. (7.1.6)] of a integrable function f(x,y) with indices r
and s is defined by

M {f(x,y) : x→ r, y→ s} :=

∫∞
0

∫∞
0
xr−1ys−1 f(x,y) dx dy. (4.1)
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Theorem 4.1. The following Mellin transform formula is valid:

M
{
Dµ,p,q
z (zλ) : p→ r, q→ s

}
:=
Γ(r)Γ(s)

Γ(−µ)
B(λ+ r+ 1, s− µ)zλ−µ,

(<(λ) > −1, <(µ) < 0, <(s) > 0, <(r) > 0).

Proof. Applying the definition (4.1) on (3.1), we get

M
{
Dµ,p,q
z (zλ) : p→ r, q→ s

}
:=

∫∞
0

∫∞
0
pr−1qs−1Dµ,p,q

z (zλ)dpdq

=
1

Γ(−µ)

∫∞
0

∫∞
0
pr−1qs−1

z∫
0

tλ(z− t)−µ−1 exp
(
−
pz

t
−

qz

z− t

)
dt

dpdq

=
z−µ−1

Γ(−µ)

∫∞
0

∫∞
0
pr−1qs−1

z∫
0

tλ
(

1 −
t

z

)−µ−1

exp
(
−
pz

t
−

qz

z− t

)
dt

dpdq

=
z−µ−1

Γ(−µ)

∫∞
0

∫∞
0
pr−1qs−1

[∫ 1

0
uλzλ(1 − u)−µ−1 exp

(
−
p

u
−

q

1 − u

)
dt

]
dpdq

=
zλ−µ

Γ(−µ)

∞∫
0

∫∞
0
pr−1qs−1

[∫ 1

0
uλ(1 − u)−µ−1 exp

(
−
p

u
−

q

1 − u

)
dt

]
dpdq

=
zλ−µ

Γ(−µ)

∫ 1

0
uλ(1 − u)−µ−1

(∫∞
0
pr−1 exp

(
−p

u

)
dp
)(∫∞

0
qs−1 exp

(
−q

1 − u

)
dq
)

du,

where we have changed the order of integration by absolutely convergent under the stated conditions.
Using the definition of Gamma function, we have

M
{
Dµ,p,q
z (zλ) : p→ r, q→ s

}
:=

zλ−µ

Γ(−µ)

1∫
0

uλ(1 − u)−µ−1urΓ(r)(1 − u)sΓ(s)du

=
zλ−µΓ(r)Γ(s)

Γ(−µ)

∫ 1

0
uλ+r(1 − u)s−µ−1du =

zλ−µΓ(r)Γ(s)

Γ(−µ)
B(λ+ r+ 1, s− µ),

which completes the proof.

Theorem 4.2. The following formula holds true:

M
{
Dµ,p,q
z ((1 − z)−α) : p→ r, q→ s

}
:=

Γ(r)Γ(s)z−µ

Γ(−µ)B(r+ 1, s− µ)
F(α, r+ 1; r+ s− µ+ 1; z),

(<(µ) < 0,<(s) > 0,<(r) > 0,<(α) > 0, and | z |< 1).
(4.2)

Proof. Applying Theorem 4.1 with λ = n, we can write that

M
{
Dµ,p,q
z ((1 − z)−α) : p→ r, q→ s

}
:=

∞∑
n=0

(α)n
n!

M
{
Dµ,p,q
z ((1 − z)−α) : p→ r, q→ s

}
=
Γ(r)Γ(s)

Γ(−µ)

∞∑
n=0

(α)n
n!

B(n+ r+ 1, s− µ)zn−µ
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=
Γ(r)Γ(s)z−µ

Γ(−µ)

∞∑
n=0

B(n+ r+ 1, s− µ)
(α)nz

n

n!

=
Γ(r)Γ(s)z−µ

Γ(−µ)B(r+ 1, s− µ)
F(α, r+ 1; r+ s− µ+ 1; z).

This completes the proof.

5. Generating relations and further results

Here, we obtain some generating relations of linear and bilinear type for the extended hypergeometric
functions.

Theorem 5.1. The below generating relation is valid:

∞∑
n=0

(λ)n
n! 2F1;p,q(λ+n,α;β; x)tn = (1 − t)−λ2 F1;p,q

(
λ,α;β;

x

1 − t

)
,

(| x |< min(1, | 1 − t |) and <(λ) > 0,<(β) > <(α) > 0).

Proof. Let us consider the series identity

[(1 − x) − t]−λ = (1 − t)−λ
[

1 −
x

1 − t

]−λ
.

Using the power series expansion, we have

∞∑
n=0

(λ)n
n!

(1 − x)−λ
(

t

1 − x

)n
= (1 − t)−λ

[
1 −

x

1 − t

]−λ
.

By using the multiplication of both sides by xα−1 followed by applying the operator Dα−β,p,q
x , we con-

clude that

Dα−β,p,q
x

[ ∞∑
n=0

(λ)n
n!

(1 − x)−λ
(

t

1 − x

)n
xα−1

]
= (1 − t)−λDα−β,p,q

x

[
xα−1

(
1 −

x

1 − t

)−λ
]

.

Again, by utilizing the interchange of the order, which holds true under the stated conditions, we conclude

∞∑
n=0

(λ)n
n!

Dα−β,p,q
x

[
xα−1(1 − x)−λ−n

]
tn = (1 − t)−λDα−β,p,q

x

[
xα−1

(
1 −

x

1 − t

)−λ
]

.

Using Theorem 3.3, the result is reported.

Theorem 5.2. Following generating relation holds true:

∞∑
n=0

(λ)n
n! 2F1;p,q(ρ−n,α;β; x)tn = (1 − t)−λF1

(
α, ρ, λ;β; x,

−xt

1 − t
;p,q

)
,

(<(β) > <(α) > 0,<(ρ) > 0,<(λ) > 0; | t |<
1

1+ | x |
.

Proof. To prove the above theorem we use the series identity

[1 − (1 − x)t]−λ = (1 − t)−λ
[

1 +
xt

1 − t

]−λ
.
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Using the series expansion to the left hand side, we have
∞∑
n=0

(λ)n
n!

(1 − x)ntn = (1 − t)−λ
[

1 −
−xt

1 − t

]−λ
.

After the multiplication of the both sides by xα−1(1− x)−ρ and by utilizing the operator Dα−β,p,q
x on both

sides, we conclude

Dα−β,p,q
x

[ ∞∑
n=0

(λ)n
n!

xα−1(1 − x)−ρ+ntn

]
= (1 − t)−λDα−β,p,q

x

[
xα−1(1 − x)−ρ

(
(1 −

−xt

1 − t

)−λ
]

.

Again by changing the order, valid for <(α) > 0 and | xt |<| 1 − t |, we end up with a conclusion that
∞∑
n=0

(λ)n
n!

Dα−β,p,q
x

[
xα−1(1 − x)−ρ+n

]
tn = (1 − t)−λDα−β,p,q

x

[
xα−1(1 − x)−ρ

(
(1 −

−xt

1 − t

)−λ
]

.

Using Theorem 3.3, we obtain the required theorem.

Theorem 5.3. The following bilinear generating relation holds true:∞∑
n=0

(λ)n
n! 2F1;p,q(γ,−n; δ;y)2F1;p,q(λ+n,α;β; x)tn = (1 − t)−λF2

(
λ,α,γ;β, δ;

x

1 − t
,
−yt

1 − t
;p,q

)

(<(δ) > <(γ) > 0,<(α) > 0,<(λ) > 0,<(β) > 0; | t |<
1− | x |

1+ | y |
and | x |< 1).

Proof. Replacing t → (1 − y)t in Theorem 5.1, multiplying yγ−1 to the resulting equality and then using
the operator Dγ−δ,p,q

y , we get

Dγ−δ,p,q
y

[ ∞∑
n=0

(λ)n
n!

y
γ−1
2 F1;p,q(λ+n,α;β; x)(1 − y)ntn

]

= Dγ−δ,p,q
y

[
(1 − (1 − y)t)−λyγ−1

2 F1;p,q

(
λ,α;β;

x

1 − (1 − y)t

)]
.

Once again we are allowed to interchange the order and we conclude that∞∑
n=0

(λ)n
n!

Dγ−δ,p,q
y

[
yγ−1(1 − y)n

]
2 F1;p,q(λ+n,α;β; x)tn

= (1 − t)−λDγ−δ,p,q
y

[
yγ−1

(
1 −

−yt

1 − t

)−λ

2
F1;p,q

(
λ,α;β;

x
1−t

1 − −yt
1−t

)]
.

Using Theorems 3.3 and 3.4, we proved the result.

Remark 5.4. For p = 0 = q, the obtained results reduce to the corresponding known results (see, for details,
[4, 16, 18, 19]).

Theorem 5.5. Let <(p) > 0,<(q) > 0,<(µ) > <(λ) > 0; γ, δ ∈ C and the extended Riemann-Liouville
fractional derivative (3.1). Then we conclude that:

Dλ−µ,p,q
z

[
zλ−1 E

µ
γ,δ(z)

]
=

zµ−1

Γ(µ− λ)

∞∑
n=0

(µ)n
Γ(γn+ δ)

Bp,q(λ+n,µ− λ)
zn

n!
, (5.1)

where Eµγ,δ(z) denotes generalized Mittag-Leffler function [15] written as:

E
µ
γ,δ(z) =

∞∑
n=0

(µ)n
Γ(γn+ δ)

zn

n!
, (γ, δ,µ ∈ C;<(γ) > 0). (5.2)
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Proof. Applying (5.2) to (5.1) and using Theorems 3.6 and 3.2, we get

Dλ−µ,p,q
z [zλ−1 E

µ
γ,δ(z)] = D

λ−µ,p,q
z

[
zλ−1

{ ∞∑
n=0

(µ)n
Γ(γn+ δ)

zn

n!

}]

=

∞∑
n=0

(µ)n
Γ(γn+ δ)n!

{
Dλ−µ,p,q
z

[
zλ+n−1 ]}

=

∞∑
n=0

(µ)n
Γ(γn+ δ)n!

{
Bp,q(λ+n,µ− λ)

Γ(µ− λ)
zµ+n−1

}
.

Remark 5.6. If we set p = q in (5.1), we get the interesting known result given by Özarslan and Yilmaz [11,
Theorem 9].

Theorem 5.7. Let <(p) > 0,<(q) > 0,<(µ) > <(λ) > 0; γ, δ ∈ C and the extended Riemann-Liouville
fractional derivative (3.1). Then we conclude that:

Dλ−µ,p,q
z

[
zλ−1

mΨn

[
z

∣∣∣∣(ai,αi)1,m(
bj,βj

)
1,n

]]
=

zµ−1

Γ(µ− λ)

∞∑
k=0

∏m
i=1 Γ (ai +αik)∏n
j=1 Γ

(
bj +βjk

)Bp,q(λ+ k,µ− λ)
zk

k!
, (5.3)

where pΨq (z) denotes the Fox-Wright function defined by (see [4, pp. 56–58])

mΨn (z) = mΨn

[
z

∣∣∣∣(ai,αi)1,m(
bj,βj

)
1,n

]
:=

∞∑
k=0

∏m
i=1 Γ (ai +αik)∏n
j=1 Γ

(
bj +βjk

) zk
k!

. (5.4)

Proof. Applying the result reported in Theorem 3.2 to the (5.4) and by using the same process as in
Theorem 5.5, we report the desired result.

Remark 5.8. If we set p = q in (5.3), we re-obtain the interesting known result of Sharma and Devi [17, p.
49, Theorem 8].

6. Conclusion

The fractional derivative operator D
µ,p,q
z {f (z)} in (3.1) is defined for {<(p),<(q)} > 0. The extended

fractional derivatives for the some elementary functions are given by Theorems 3.2-3.6. The Mellin trans-
form of the (3.1) and generating relations of linear and bilinear type for the extended hypergeometric
functions are given by Theorems 5.1 to 5.3, respectively.
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