Baleanu et al. Advances in Difference Equations (2019) 2019:153 ® Advances in Difference Equations
https://doi.org/10.1186/513662-019-2088-2 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

On a three step crisis integro-differential
equation

Dumitru Baleanu'?, Khadijeh Ghafarnezhad® and Shahram Rezapour®”

“Correspondence:

rezapourshahram@yahoo.ca Abstract

3Department of Mathematics, . . . . . . . . .
Azarbaijan Shahid Madani One of the interesting fractional integro-differential equations is the three step crisis
University, Tabriz, Iran equation which has been reviewed recently. In this paper, we investigate the

Full list of author information is existence of solutions for a three step crisis fractional integro-differential equation

available at the end of the article I
under some boundary conditions.

MSC: Primary 34A08; secondary 34A60

Keywords: Caputo derivation; Pointwise defined equation; Three steps crisis
equation; Singularity

1 Preliminaries

It is well known that we can make better exact models for most natural phenomena by
using fractional differential equations. Most researchers are working on fractional integro-
differential equations (see, for example, [1, 2, 5-8, 10-21]).

In 2010, Agarwal et al. reviewed the existence of solutions D*u(t) + f(¢, u(t)) = 0 with
boundary conditions #'(0) = --- = u”Y = 0 and u(1) = fol u(s) du(s), where n > 2, o €
(n — 1,m), u(s) is a functional of bounded variation, f may have singularity at £ = 0 and
fol du(s) < 1 [3]. In 2012, Agarwal et al. studied positive solutions for the integral value
problem D%u;(t) + fi(t, u1(£), u2(t)) = 0 with boundary conditions u;(0) = #;(0) = 0 and
u;(1) = fol u;(t)dn(t) for i = 1,2, where t € (0,1), @ € (2,3], D* is the Riemann-Liouville
fractional derivative of order o, f; is a real valued continuous map on [0,1] x R* x R*
and fol u;(t) dn(t) denotes the Riemann—Stieltjes integral [4]. In 2013, the singular frac-
tional problem D*u + f(¢t,u, DY u, D*u) + g(t, u, D" u, D" u1) = 0 with boundary conditions
u(0) = «/(0) = u”(0) = u”’(0) = 0 was reviewed, where 3<a <4,0<y <1,1<pu<2,D%is
the Caputo fractional derivative and f is a Caratheodory function on [0, 1] x (0,00)3 [9].

Recently, the authors introduced a new model for investigating the fractional differential
equations called three step crisis integro-differential equations [11]. By using the idea, we
investigate the existence of solutions for the three step crisis integro-differential equation

Dx(¢) +f(tyx(t),x/(t),D’3x(t),/o h(E)x(E)dé) =0 (1)

with boundary conditions x(0) = &'(Tj), (1) = «'(T1) and x”(0) = x"(0) = 0, where « > 1
with n = [a] = 1, To, T, B, A, it € (0,1), h € L*[0,1], D* is the Caputo fractional deriva-
tive of order «, f(t,x1(¢),...,x5(t)) = fi(t,x1(2),...,24(£)) on [0,A), f(t,21(2),...,x5(t)) =
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fo(t,x1(8), ..., x4(2)) on [A, u] and f (£, x1(8), ..., x5(2)) = f (&, %1(2), . .., x4(2)) on (u, 1] in which
fi(t, -+ +) and f5(t, -, -, -, -) are continuous on [0, A) and (u, 1], respectively, and f5(¢, -, -, -, )
is singular at some points ¢ € [A, u]. In this case, we use the symbol f = [f1,f2, /5, A, ] [11].

As is well known, the Caputo fractional derivative of order o > 0 of a function f :
(0,00) — R is defined by °D*f(¢t) = F(nl_a) fot (t_]s(;ff)l_n ds, where n = [«] + 1 (see, for ex-
ample, [13]). Let ¥ be the family of nondecreasing functions ¥ : [0, 00) — [0, 00) such
that Y07, ¥"(¢) < oo for all £ > 0 [22]. One can check that ¥ (¢) < ¢ for all £ > 0 [22]. Let
T:X— Xand «a:X x X — [0,00) be two maps. Then T is called an o-admissible map
whenever a(x,y) > 1 implies a(T%, Ty) > 1 [22]. Let (X,d) be a complete metric space,
Y e anda: X x X — [0,00) amap. A self-map T : X — X is called an - -contraction
whenever a(x, y)d(Tx, Ty) < ¥ (d(x,y)) for all x,y € X [22]. We need the following results.

Lemma 1 ([23]) LetO<n—1<a <n. Then I*D*x(t) = x(t) + Zf’:ol cit! for some constants

Coyover’Cp—1.

Lemma 2 ([24]) If E is a closed, bounded and convex subset of a Banach space X and
T : E — E is completely continuous, then T has a fixed point in E.

Lemma 3 ([22]) Let (X,d) be a complete metric space, ¥ € ¥, a: X x X — [0,00) a map
and T : X — X an a-admissible a-\-contraction. If T is continuous and there exists xy € X
such that a(xg, Txo) > 1, then T has a fixed point.

2 Main results

Now, we are ready to state and prove our main results.

Lemma4 Leta>1,n=[a]+1, Ty, T1 €(0,1) andf € L*[0,1]. Then x(t) = fol G(t,5)f (s)ds
is the solution of the pointwise defined equation D*x(t) + f(t) = 0 with boundary condi-

a—1
tions x(0) = /(To), »(1) = %/(T1) and "(0) = --- = x"-D(0) = 0, where G(t,s) = 22
(1+8)(1-s)*"1 (1+8)(T1—5)?2 H(To—s)*"2 _ —(t=9)2L
@ - 1‘(01171) - D whenever 0 < s < t, s < Ty, G(t,s) = T
a-1 -2 a—1 o—2
(1”)1(,1(;;) - a”}f{q‘:f; whenever0 < Ty <s<t,s < T, G(t,s) = (1”)1(,1(3) - (1”1),({0}:15))
1 1- o—1 1 T — o—2 Tpn—s)¥—2
whenever 0 <t <s < Ty, s> Ty, G(t,s) = +t)1("(01§) - ! ”},&;_f; - t(ro(as_)l) whenever
a—1 oa—1
0<t<s<Ty=<T, G,s) = _(t;fg,) + (1”)1(,1(3) whenever 0 < Ty < T} <s <t and
a—1
G(t,s) = % whenever 0 <t <s,s> Tj.

Proof Suppose that the equation D*x(¢) + f(t) = 0 holds for all £ € E C [0, 1], where m(E€) =
0 and m is the Lebesgue measure on R. Let f; be a function such that f; = f on E. It is easy
to check that I*(f(¢)) = I*(fo(¢)) for all ¢ € [0, 1]. This implies that I*(D*x(t)) = I*(~fo(t))
and by using Lemma 1 we get x(¢) = —ﬁ fot(t —5)*7Lf(s)ds + ¢y + c1t for some constants
¢ and ¢;. By using the boundary conditions, we obtain x(0) = ¢y and

To
x'(Ty) = —ﬁ /0 (To —5)*f(s)ds + cy.

Thus, ¢; — o = _ﬁ OTO(TO —8)*7Lf(s) ds. Since x(1) = x'(T1), we get

T

— 1 11 a-1 d 1 T a-1 d
=g | 090 o [ as
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and so

1
= %/o (1-9)*"Yf(s)ds

1 i

L (g — 2 [ -9y d
_F(oz—l) ; 1—8)f(s S_F(ot—l)/o 0—8)*f(s)ds.

Hence,

_ 1 ! a-1 1 ! a—1
x(t)——m/(;(t—s) f(s)ds—m/0 (I-s)*""f(s)ds

1
TS

N ds e —— [ (-9
(T1 - 5*F(s) S+F(a)/0( 9 (s) ds

‘ " a=2 fo a-2
_m/() (Tl—S) f(S)dS_F( _1)/0‘ (T()—S) f(S)dS

IR N RPN L P
_ /O (£ -9 1f(s) ds /0 (1 -9 f(s)ds

') I(a)
1+t h a2 To a-2
_mfo (T1 = s)*"f(s)ds - F(Ol—l)</0 (To —5)*f(s)ds.

Now it is easy to check that x(¢) = fo t,5)f (s) ds, where G is the given Green function. [J

By using some usual calculations, we find that |G(z, s)| < 24;31(:;% (1-s)*2forallt,s € [0,1]

and |aa (t,8)] < 3"‘ (1 5)*~2forall t,s € [0,1]. Also, it is easy to see that D*x € C[0,1] and
|DFx| < g—” whenever x € C1[0,1]. Here, 0 < u < 1. Now, consider the Banach space
X = C'[0, 1] with the norm ||x||, = max{||x]|, |||}, || - || is the sup norm on C[0, 1]. Assume

that f = [f1,/2./3, %, t]. Define T: X — X by

1 s
To(0) = fo G(t,s)f(s #(5),%(5), D’ x(s), /0 h(s)x<s>ds,¢(x<s>)) ds

— _ o)l Yol
- / (¢ = 5 (s, x(5), % (), DPx(s), / H(E () di,  (x(5)) dis

1+t al
_F(Ol)/o (1=9)*"f(s,x(s), st)/ %(€) dE, ¢( (s))ds

- f (T2 = )" 7f (5, (5, (5), D" x(s), f h(§)x(§) dE, ¢ (x(s)) ds
ﬁ 0 o(To —s)alf(s,x(S),x/(s),Dﬂx(S),‘/0 h(é)x(é)dé,(]ﬁ(x(s)) ds

for all x € X and ¢ € [0,1]. Note that the singular pointwise defined problem (1) has a
solution if and only if T has a fixed point in X. We are going to investigate the singular
pointwise defined problem (1) under two different conditions. Here. we present first one.
In our second result we denote the map T by F.

Theorem 5 Let f = [f1,/2./3, M 1], f1(£,0,0,0,0,0) = 0, f>(s,0,0,0,0,0) = 0 and f3(u,0,0,0,
0,0) =0forallt € [0,A],s € [0, \] and u € [, 1]. Assume that there are nondecreasing maps
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A, A": X — [0,00) and mappings a1, az, as, a : (A, jt) — [0,00) such thatlim,_¢ 22 = g <

A(z)

z

Suppose that lfl(t)xlwu,xS) _ﬁ(t;yl)"',y5)| =< Z?:l A("xl _yl'|),

=q < 00 and dy,dy, ds,dy € L[, 1], where d; = (1 —s)*72 for i = 1,2,3,4.

00, lim,_, g+

4
|f2(t¢xlw~~,x5) _fZ(t,ylr'H,yS)| =< Zai(t”xi _yil

i=1

and |f3(t, x1,...,%5) — f3(t,y1,..-,5)| < Z?:l A'(|x; — yi]) for almost all t € [0,1] and every

X1y %2500, X5, Y1,Y25 Y5 € X If
M) -3 il + L (- et < T
—((1-0- + a; + - < ,
a1 L NN T T T 160

then the pointwise defined equation (1) with boundary conditions has a solution, where

ll]l1 = mog, [ = max{1, ,mo} and 6y = max{3«,2 + a + Tp}.

_ 1
re-p)
Proof Letx1,%; € X and ¢ € [0, 1]. Then we have
1 s
Ty (6) = Ty (0)] < / 1G(t,s)| p(s,xl (.2, (5), DPx1(s), / (e )1 (&) d&)
0 0

-f (s,xz(S),x’z(S),Dﬁ x2(s)s / h(é)xz(é)a%) ds
0

A s
< / 1G(t,5)] l(s,m(s),xg(s),Dﬁxl(s), / h(é)xl(é)d$>
0 0

A (s,xz(s),x;(s),D%(s), /0 s h@)xz(@ds) ds

w s
+/ IG(t,S)I%<s,x1(8),xi(S),Dﬂx1(S),/ h(é)xl(é)dé*)
A 0

—fz(S,xz(s),x/z(s);Dﬂxz(S): / h(é)xz(é)dé) ds
0

1
+/H |G(t,5)

xf3<s,x2<s>,x;<s>,Df’x2(s), /0 h(S)xz(E)dS>

L/g(s,xl(s),xus),Dﬁxl(s), /0 h(&)xl(ads)

ds

A
5/0 |G(t,s)||:A(|x1(s)—xz(s)|)+A(|x/l(s)—x/2(s)|)
+ A(IDP (1 - x)(5)]) + A(‘ /0 hE) (51(€)  1:(6)) dsl)] ds

m
+/A ]G(t,S)|[a1(S)|x1(S)—xz(S)] + ay(s)] (s) — x5 (s) |

/0 h(s)(xl(s)—xz@))dsﬂds

+a3(s)|DP (x1 — %2)(s)| + aa(s)

Py
+/ |G(t,s)||:A/(|x1(s)—xz(s)|)+A/(|x/1(s)—x/2(s)|)
i
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+ A'(|DP (%1 = x2)(s)]) + A’(

r
5/ |G(t,s>|[A(nx1—xzn)+A(||xi—xé||)
0
+ A([|DP (1 —22) ) + A(/() |1(€)] o1 — 23] d$|):| ds
n
+/A IG(t,S)I[al(S)Ile — 22| + ax(s) | — 5|
+a3(s) | D (x1 — %) | + a4(S)/ (&) llx1 = %2 dé|] ds
0
s
+ [ 16691 4 -l + (14 - )
n
+ A'(IDP||x1 - xal) + A(fo () |llx1 = 22l d&l)} ds
A
gfo yG(t,s)\[A(nxl—xzu)+A(||x’1—x’zll)
A(BEEE) Al ) s

m
+/ |G(t,s)|[a1(s)||x1 — x|l + ax(s)||x) — x5
A

[l — %3

re-p)
A
[ 6t [ 4 —t) 255
w

()t

+as(s)

+ au(s)mo|lx; — lel} ds

A
< / |G<t,s>|[A(znx1 ~xoll) + Al - )
0

l - *
* A(%) + A(mol||xy —x2||*):| ds

m
+ / |G(t,9)] |:a1(s)l||x1 = %2 |s + aa(8)lllx1 — xa |
A

+az(s)

Loy =21
_— l - « | d
r2-p) + ag(s)mol||lxy — x| } s

s
+/ |G(t,9)] |:A’(l||x1 —xa i) + A (U1 = %211
"

Ar(”m-ixz"*

r2-p) ) + A (molllx: —lel*)] ds,

where my = fol |h(€)|dé and [ = max{l,r(z;_ﬁ),mo,eo + 601}. On the other hand,

AR) _
2 =

limz_) 0+

all0 <z <§,. Thus, 0 <z < 3, implies |@|

/0 h@)(xl(s)—xz(s))ds‘)}ds

q and so for each € > 0 there exists 0 < § 4 = §(¢, A) such that |¥ —q| < € for

-q< |@ —q| < €. Hence, |A(2)| < (¢ + 9)|z|.

Page 5 of 19
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By choosing 0 < z < §; := min{84, €}, we have

|A(z)} < (€ +q)|z| < (e + q)e. 2)

For A’ we have similar conclusion, that is,
|A'(@)| < (e +q)e (3)

forall 0 <z < &1 :=min{d 4/, €}. Let € > 0 be given, [||x; — %3 ||, < min{;, 8.} and x; — x;. By
using (2) and (3), we get A(/||x1 — x2]l+) < (€ + @) and A'([||x1 — x2]l+) < (€ + g')e. Now by
using (*), we obtain

’ Tx1 (t) - sz (t)‘

A "
<4(g+ e)e/ |G(t,s)| ds + e/ [al(s) +eeet a4(s)]|G(t,s)| ds
0 s

1 Y
+4(q’+e)e/ !G(t,s)‘ds§4(q+e)e%/o (1-5)*2ds

2 To) o 2 T o
E ;(ZOZ-; 0 Z/ a;(s)(1 —s) 20ls+4f(q +e) +1:x(+) O/M(l—s) 2ds

2o+ T, 1
=E%|}L(q+e)~ ——(1- (-2

4
A 1 ~
+ Z ”@‘”[A,M + 4(6]/ + e) . m(1 _ M)O( 1:|'

i=1
Hence,

2+a+ T

Tx _Tx <€
I T, ol @

[4(q +é€)- %( -(1-1)")

4
5 1
# 2 Nl +4(g +€) - o= (1= u)“l}.

i=1

In a similar way, we get
]T,’q(t) - T, (t)\
LG
< /0 e
—f(s,xz<s>,x;(s),Dﬂx2<s), /0 h(f;‘)xz(é)d%‘) ds

A S
5/0 G 'jl(s,xl(s),x/l(s),Dﬂm(S);/(; h(%‘)xl(é)d§>

ot
-fi (s,xz(S),x’z(S),Dﬂxz(S), / h(E)xz(é)d$> ds
0

}/(s,xl(s»xa(s),Dﬁxl(s), / h(s)xl@ds)
0

)

Page 6 of 19
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(t,5)

"oG
+A E
—fz(s,xz(S),x/z(S),Dﬂxz(S), / h(é)xz(é)dé> ds

0

119G
+/l; E
—f3(s,xz(S),x;(S),Dﬂxz(S), / h(é)xz(é)d*i) ds

0

ags o /A 3G
+ €)e —_—
=% \ | ot

1
+4(q +e)e / G
m

ot
1
36a Z/ ai(s)(1—5)"*ds +4(q +¢€) 3( )/ﬂ (1-2s)*2ds

L/z(s,xl(sxx’l(s),Dﬂxl(s), / h(é)xl(s)ds)
0

(t9)

%(s,xl(s),x;(s),Dﬂx1<s>, /0 h(sm(ads)

(t,s)

n
ds + e/ [al(s) et a4(s)]|G(t,s)| ds
s

()

ds < q+e) / (1-2s)*2ds

3ea

= |:4(q+e) . ﬁ(l—(l—k)“‘l)

T I'(@)

4
. 1 -
+ Z @il +4(q +€) - E(l - 1:|

i=1

and so

170 - Tl <

|: (g+€)- a—il(l—(l—k)“’l)

+Z||al||m+4(q+e) 11(1 W 1}

i=1

Hence,

1
”Tx1 _Tx2||* §€|: (q+€)' m(l (1- )‘)a ! ZH“I“[AM]

/ 1 " 2 To 3
+4(q +e)-ﬁ(1—u) 1} max{—+1:x(;) O'T(Zz)}'

A (z)

This implies that || Ty, — T, || — Oasx; — x,. Hence, T is continuous. Since limzé(ﬁ

q and A is nondecreasing, for each € > 0 there exists §; =
allz € (0,81]. Thus, A(lz) < (g + €)lz. By using similar reason, there exists 8, (e ) > 0 such that
A'(lz) < (' + €)lz for all z € (0,8,]. Put § = §(¢) := min{8;(€), 82(¢)}. Then A(lz) < (q + €)lz
and A'(Iz) < (¢ + €)lz for all z € (0, §]. In particular, A(l§) < (g + 6)18 and A’ (18) < (q/ +€)ls.
On other hand, we have L (1-(1-21) D Zf 1l o + 2 1(l w1« 19 ). Choose
€0 > 0 such that q+€° (1 A =2+ 0 Naillp,g + 4(" “0 1-p)e*tc Cé“ and put
80 = 8(¢p). Then A(Z(So) < (g +€)l8o and A’(I8g) < (g’ + €)18p. Now, assume that E= {x € X :

Page 7 of 19
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Il]l < 80}, x € E and ¢t € [0,1]. Then we have

’T(t / |Gts W/(s,x(s s), DPx( )f (5)x($)d$> ds
_ /0 1G(t,9)| 1<s,x(s),x’(s),Df‘x(s), /0 h(é)x(é)dé) ds
m

z(s,x(s),x’(s),DMs), /O h(s>x(s>ds>

1 s
+/ |G(t,9)] g(s,x(s),x’(s),Dﬁx(s),/ h(é)x(é)dé) ds
N 0

A s
= / |G(t,9)| 1<s,x(S),x’(S),D“’x(S), /0 h(é)x(é‘)d5> ~£1(5,0,0,0,0,0)
0

ds

ds

ds

i s
+ / |G(t,9)] 2(s,x(S),x’(S),Dﬁx(S), / h(E)x(E)dE> - /2(s,0,0,0,0,0)
s 0

ds

1 s
+/ |G(t,9)] g(s,x(s),x’(s),Dﬁx(s),/ h(é)x(é)dé) - 5(s,0,0,0,0,0)
N 0

< /OA]G(t,s)||:A({x(s)]) + A(|x'(9)]) + A(|DPx(s)])

Sh d. d.
+A(/0| (©)||x(e)| s)] s
o

[m(S)Ix(S)I +ax ()]« (s)] + as(s) |[DPx(s)|

+ axs) /0 |h(s)||x<e)|ds]ds

1
f
+A/( | |h(§)||x($)|d§)}ds

5/K|G(t,s)|[/1(||x||)+A(||x/||)+A( (||2xj|ﬂ))+/‘(m°||x||)} as

/ a0t s ]+ L

[ (1) ¢ A1)+ 4 (7557 ) + A ) s

|:A/(|x(s)|) A 6)) + 4(|DPx(6)))

+ a4($)?ﬂo|lxll] ds

< 4A(llxl)

n
+ 1]l
A

2+a+Ty [ S
(IS 1-5)*2d
@)= s

2 T
+ 18 Ty OZ/ Y1 -5)2ds
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2+a+ T (1 i
4A'(8 1-5)2d
ranung) T [

2+a+ Ty 1
Ia)  o-

2 T
TR f(*) ‘”Zna,nw

< 4(q + €0)ldo

N [1-@1-2)*"]

2+a+ Ty 1
I'(x) Ca—
(2+a+ Tyl 4(g + €o)

_ _ _ a-1
=% I'(a) [a—l (1-@-2)

+4(q + €)1 : [1-@1-2)""]

i 4(q' + €o)
+ Z @il + ﬁ(l — )t <8,

Hence, || Tx|| < 8o. By using a similar method, we get

HaG
IT2(0)| 5/ :

G

‘f(s,x(s),x/(s),Dﬂx(s), /sh(é)x(é)dé) ds

- fo %G 1,9) L/l(s #(5),%(5), DP(s), / h(ax@)ds)
+/; %(t,s) %(s,x(s),x’(s),Dﬁx(s), /Osh(é)x(f;‘)d§> ds

(t,s)

%(S,x(S),x’(S),Dﬂ x(s), / h(é)x(é)dé) ds
0

119G
+‘//A E
r
5/ aa—f(t,s) [A(}x(s)})+A({x/(s)|)+A({Dﬁx(s)|)
0
+A</O |h(§)|\x($)]d$)}ds
aFle
-F/)L E(t,s)
vt [ |h(s>||x<s>|ds]ds
[
+A’(/O |h($)||x($)|d§):|ds
*aG , B
=[50 [Amxn) rall )+ 4( s ) +A<monxn>}ds

koG [l
+./)\ oz ) r2-p)
_t(trs)

/ a
+
23

[al(S)Ix(S)I +ax ()]« ()| + as(s) | DPx(s)]

[ |x(s)|)+A (|x (s)|)+A (|D’3x(s |)

+ 614(S)mo||x||:| ds

[al(S)IIxII + ay(®)|#] + as(o)

|:A/(||x||) A(|X]) + A/(F(”ﬂﬁ)) + A/(mollxll):| ds
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G *aG
E(t,s) ds+l||x||*//\ ‘E(t,s)

A 4
<aa(tis).) [ S ails)ds + 44 (Ul
i=1

1 A
xfu |G(t,s)|ds54A(lao)%fo (1= 5)*2ds

3a : " a-2 / 3u ! -2
+150W;A ai(s)(1 - 8)* 2 ds + 4A (lSO)F(a)/M(l—s) ds

4
3a 1 3a

4 —  —[1-@1-ar)et! - i

< Mg+ ooy o7 [1- =2+l F(a);nalnu,m
3a 1 o

+4(q+ Eo)léom . E[l - (1 —)\.) 1]
~ 3al | 4(g + €) ol 4 . 4(q + €) ol
—50m|:ﬁ(1—(1—)~) )+i2=1:”az”[k,u]+ﬁ(l_ﬂ)

<30

for all x € E and ¢ € [0, 1]. Hence, || Tx|| < 8o, and so || Tx||« < 8y. Thus, T maps E into E.
It is easy to check that 7" maps bounded sets into bounded sets. Assume that ¢;, ¢, € [0,1]

and x € E. Since G(t,s) and % are continuous with respect to ¢, we get

0G
—(ts,
8t(zs)

ds

1
lim T'x(¢;) = lim /
0

th—1t ty—1t

p(s,x(s),x%s),z)f‘x(s), /0 h@)x(ads)
1 s

_ / lim E(tz,s)f(s,x(s),x%s),Dﬁx(s), f h(s)x(s)ds) ds
0 0

t—t1 Ot

1 s
- [ sy (550,560,000, [ e ac ) as
o 0t 0

= T/x(tl).

Hence, T is equi-continuous on E and so T : E — E is completely continuous. Now by

using Lemma 2, T has a fixed point on E and so the problem (1) has a solution. d

Example 1 Consider the pointwise defined equation

t
Dix(t) + f(t,x(t),x/(t),D%x(t), / sx(s) ds) =0
0
with the boundary conditions in the last result, where

tYd x,  0<t<02
St x1,%0,%3,%0,%5) = 1 d(t) Y7 %, 02<t<08,
Y x,  08<t<l,

and d(t) = 0 whenever ¢ € [0.1,0.8]NQ and d(¢) = 0.1 whenever ¢ € [0.1,0.8] N Q°. Now, put

4 4
ﬁ(t¢x11x21x31x41x5) = %tZz&l Xis ,fZ(trxl;XZ;xS;x‘L;xS) = d(t) Zi:lxi andfé(t¢xl¢x2¢x31x41

Page 10 of 19
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)—tzzllx, Then we have f1(¢,0,0,0,0) = f5(¢£,0,0,0,0) =f3(£,0,0,0,0) = 0,

4
1 (621,52, %3,%4) = f1 (£, y1, Y2, Y3, Y4) | < t2’|xi| — yil|

i=1

4 4
<ty |-yl <01 A(lxi—xl),
i=1 i=1

4
o (6,21, 22, %3, %4) = fa (£, y1, 72, Y3, y4) | < d(2) Z‘ Joci| — 1yl

i=1

4
<d®))  lxi-il,

i=1

and

1 &
V?.(t,xhxz,x?.,m) —J%(t,yl,yz,ys,y4)| = EtZ“x"' - |yi||

1 o 1¢
5EtZIxi—y;ISEZA(W—J’iD'
-1 i-1

where A(x) = |x| and A'(x) = 5 L|x|. Hence, lim,_, ¢+ A =0.1:=gq, lim,_, ¢+ M = % =4,
=d e L'0.1,0.8], Y%, lldillp., < 0.092 and
4g(1 - (1 -21)*h ~
["— + Z il + = W 1}
4x01(1-(1-01)% 4%x051-09)37 I'(a)
< = +0.092 + = < .
2 2 3la

Now by using Theorem 5, the problem has a solution.
Now, we present our second result by using different conditions.

Theorem 6 Suppose that f = [f1,f2.f3, ) 1], f is nonnegative on [0, 1] and there exist non-
negative functions ay, as, as, as : [0,A] = R, maps by, ..., by, : [A, u] — R* for some ko > 1,
and functions ci,ca,c3,¢4 ¢ [0, 1] — R* such that a; € L*[0, 1], I; e L'[x, ul, é € LM p, 1]
and dy(s) = (1 = s)*2a;(s). Assummg that there are nonnegative and nondecreasing func-

tions ¢;, @;: R* — R* and H; : R.* — R, such thatlim,_, o+ "”—f) =1, < 00, lim,_, o+ (I’Z"T(f) =
H,(zzzz)

1y, < 00 and lim,_, ¢+ = gj < 00 for some [;, yi,m € [1,00) and H; are nonnegative

omd nondecreasing wzth respect to all their components (1 <i<4,1 <j<ko),

4
VA1, %0) = iy, 98)| < Zﬂi(t)¢i(|xi -yil)s

i=1

5
Va(tsx1, ..o x4) = o015 0)| < ij(t)l‘lj(|x1 =91l 1%a = yal)

i=1
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and [fy(tx1, ..., %) ~f3 (6,305, ya)| < Yoty ci®)i(lxi—yil). Suppose that |fy(t, %1, ..., x4)| <
O() Ax1,...,%4), where A are nonnegative and nondecreasing with respect to all their

components, lim,_, o+ W i= Py, <00, O € L[X, 1], limpax lx;|—0 W&z;;m = Pi(¢) and

hmmaxlxﬂ—)O [t )l = P3(t), where 151 el! [0,A], 153 el! [:u/; 1]. If

max |x;|

30 2+a+ T > fo

0 . ~
_— ; L. b; ;
maX{ @ '@ }maX{ ?:1 llill . (L) + E 1651l 3.1

Jj=1

4
. 1 . .
> ||ci||[u,1]](zyi),max{1, m—_m,mo}[nmnm,ﬂ + P2l @1l + B3l ] § <L,

i=1
then the pointwise defined equation (1) with boundary conditions has a solution.

Proof Letx,y € X and t € [0,1]. Then we have

’Fx(t) - Fy(t)|
A s
() PP
< [[16tes) 1(s,x(5),x(3),D ), [ h(é)x(é)d§>

-h (S,y(S),J/(S),Dﬂ ¥(s), /0 h(g)ﬂs)dg)

+/AM|G(t,s)

-f (S,y(s),y/(s),Dﬂy(s), /0 h(E)y(S)d€>

1
+/ﬂ |G(t,s)

-f3 (S,y(S),y/(S),Dﬂ ¥(s), /0 h(E)y(S)dé)

ds

‘/z(s,x(S),x/(S),Dﬁx(S), /0 h(é‘)x(é)dé)

ds

%(s,x(S),x/(S),Dﬁx(S), /0 h(é)x(é)d§>

ds

A
< /0 1G(t,5)|[ar (9 (|x() = (5)]) + ax(6)b ([ (5) = ¥/(5)])

+ as(6)p(|DPx(s) = DPy(s)]) + a4(s>¢>(

[ Hertote) - e e ) as
Iz ko
+/,\ |G(t9)] Zbi(s)Hi(’x(s) = ()], [« () = ¥ (5)],
i=1

|Dﬁx(s) - Dﬁy(s)|, ds

fo H(E) (x(&) - y() de)

1
+/ IG(t,S)I[ﬁ(S)(P(Ix(S)—y(S)I)+Cz(S)<D(|x’(S)—y/(S)|)
m

+¢3(5)® (|DPx(s) - DPy(s)]) + 64(S)<P(VO h(g)(x(§) - y()) d H ds

2+a+ Ty
I'(x)

A
/0 1 -9 [ar(s)p(llx - yl) + ax &) (|« - ¥]])]
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+ 613(8)¢<%> + a4(s)¢(m0||x —yll) ds
2+a+ Ty [H w2
+ —F(a) /x (1-5s)
ko
=yl
x ;hi ( 7|l r(z 5);m0||x—y||> ds

2+a+ Ty

1
+ W/;; (1 —s)a—z |:c1(s)¢(||x—y||) + Cz(s)@(”x’ _y/H)

+c3(s)D (%) + 04(s)®(m0||x —y||)] ds

2404 To[ ¢ S
< @ [;Mlllx—yll*)/o(l_s) a,(s) ds

Dl =l =31 [ (=520
i=1 A
4 1

+Z€D(l||x—yll*)/ (I_S)a_2ci(s)d5:|
i=1 s

2+a+ T
= T°[Z¢ (10 = 11) il o

ko 4
o H U= s U= 91 1Bl g + Z<1>(l||x—yn*)néfu[u,u}.
i=1

i=1

On the other hand, lim,_, o+ f) = l ; for 1 <i < 4. This implies that for each € > 0 there
exists 0 < 8; = 8;(€) < € such that ¢’ ) < l,, + € forall z € (0,8;]. Hence, ¢;(8;) < (I, + €)8!" <

(I, + €)e"i. By using a similar method we conclude that there exists 0 < §; = §;(€) < € such
that @;(5) < (/,, +€)(8))" < (I, +e)e” Also, we have lim,_, g+ M =gjfor1 <j<koand

so there exists 0 < 8 < € such that )

<gj+e forallze(O 8g]and 1 <j < ko. Hence,
Hi(z,2,2,2) < (q; + e)zm for all z € (0, 8 ;] and so H;(84;,84;,84;,04)) < (q; + 5)3;; < (g +€)e™
Letx — yin X. If lllx — ylls < 8 := min{81,...,84,61,...,84 84, .., 8, > then ¢i(8) < ¢i(8) <
( + €)eti, @,(8) < q)(a/) < (ly, + €)e¥ and H.(g ,8) < H((Sq/ 8%) < (61,' + €)™ for
1<l<4and1<}<k0 Ifl“x J/||*<5 thel'l |F (t) ()| < 2;:1(;f0[2151”‘21”[0)»](lul+

€)e + Z/ il (g + €€ + Xy 16l pn)(y, + €)€”] and so |Fy - Fy|| < il o
(21 Idillon Gy + e + T2 1Bl (@) + €)™ + iy Iilln] Gy, + €)e¥]. By a sim-
ilar way, we get

IE-El < 7 )[Z ||al||[ou(l#,+e)e“l+2||b||w (g +€)e™

j=1

4
£y ||CAi||[M,1]:|(ly,- +€)e]

i=1

2 T 5 A~ . ki N
and 0 ||y — Fy [l < max{ £y, T 0 Ndillon (G, + €€t + 372 15l p, (g + €)e™ +

Zz:l l¢illj,17](2y, +€)€?i]. Since € > 0 was arbitrary, we conclude that || Fx— F, ||, — Oasx —
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—P2 limx_>0+ AllxIx,lx,lx) _
=P, AR =

Axx,%,%)
x Ix

y. This implies that F is Continuous on X. Since lim,_, o+

P,, where [ = max{l, =5— i 2 5 ,mo} Thus for each € > 0 there exists §; = §1(¢) such that

A(lx,lx,1x,1x)

I <P, +€forallx € (0,8;]. Hence,

A(lx, Ix, Ix, Ix) < (P + €)lx (4)
for x € (0,61]. Also, lim, |0 an’f;;m = P;(¢). Thus, there exists 8, = §,(¢) such that

[fi(t,x1,...,44)| < (P1(£) + €) min || (5)
forall £ € [0,1] and |x;| € (0,8,] for 1 <i < 4. Similarly, there exists §3 = d5(¢) such that

[fs(t, %1,...,%4)| < (P5(¢) + €) min |x;] (6)
forall £ € [0,1] and |x;| € (0,83] for 1 < i < 4. Since ||y [|o] + P211© l|pn + |1 Psll o1 < %‘;)’

we can choose € > 0 such that ||P; s+ 50 -(1 A D)+ (Py+€) 1Ol + 2 1] +
0 (1-p)* < %g‘). Since

3 2 T
maX{F((Z) Tl(;) °}[ZnaAnon(l,L,wZub||Mq,+Z||cl||w}<ly,)

pick €; € (0,1) such that

5
3 2+a+ Ty R
- E i L
max{ @) @) }|:51 llilljo,n ( wi T €1)

ko
+ Y Nbillp (g + €1) + Z 16ill s, 1]}(1% +e)l <L (7)
j=1 i=1
Let ro = min{8; (o), 82(€0), 83(€0), 5}, and C = {x € X : ||x||, < r0}. Define the map & on X x
X by
1, xyeC,
alx,y) =

0, otherwise.

Letx,y € X and a(x,y) > 1. Then x,y € C and so

A s
|Fu(2)] 5/ |G(t,s)|V(s,x(S),x’(S),Dﬁx(S),/ h(E)x(E)dé> ds
0 0

n s
+/ |G(t,s)| z(s,x(s),x’(s),Dﬂx(s),f h(é)x(é)dé) ds
A 0

1 s
+ / |G(t,s)| 3<s,x(S),x’(S),Dﬂx(S), / h(%‘)x(é)dé) ds
" 0

2+a+Tof (" 2'/< S )
= (@) |:/O (1-ys) 11 s, x(s),%'(s), D x(s),/(; h(E)x(€) dE )| ds
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+ /M(l - s)"‘_zL&(s,x(s),x/(s),Dﬂx(s), /S h(S)x(S)d“;‘) ds
s 0

1
_ a2
+ /M 1-s) ds:|

2+a+To[ _ a_z'f( , ; s )
=T [/0 (L= Ufi( 5,(5), 2(5), DF (), /0 h(€)x(8) d&

32(s,x(s),x’(5),Dﬁx(S),/0 h(é)x(é)dé‘)

ds

o s
+ / (1—S)“'Z@(S)A<x(S),x’(S),Dﬂx(S), / h(E)x(E)dE) ds
A 0

1
_ )22
+ /;; 1-s) ds:|

A S
< 2 +1:X(;-)TO |:/0 (1 —s)“—Z'fl (s,x(S),x’(s),Dﬂx(S),fO h(s)x(g)d§>

m ’
e [ a-ewa(in I s

1

(15 |
+/; s s

2+a+ TO » _ 01—2'/ ( , 5 s )
= @) L/(; (1 —8)**|f1]| s,x(5),%(s), D x(s),fo h(€)x(&) de

m
. / (1= 20() A (Ul Ul el Llxl) s
A
ds:|

+ /:(1 — )72

for all ¢ € [0, 1]. Since |||/« < 79, x € [0,min{8;, 8,,83}) and so by using (4), (5) and (6) we
conclude that

3 (s,x(S),x/(S),Dﬁx(S), /O Sh(é)x(é)d‘i)

ds

at

,mo||x||> ds

3 (s,x(S),x/(S),Dﬁx(S), /0 Sh(s)x(s)ds)

ds

3z(s,x(s),x’(s),0ﬁx(s), /0 h(s)x(s)ds)

2+a+ Ty
I'(a)

|Fu(0)] <

A S
X |:/ (1-s)2 (P1 (s) + e) min{x(s),x’(s),Dﬁx(s),/ h(&)x (&) de } ds
0 0
i
e @ alllal. [ (1= 00 ds
A

1 s
+ / (1= 5)*21(Ps(s) + €o) min{x(S),x’(S),Dﬁx(S), / h(&)x(€) dE } dS]
w 0

2+a+ Ty

Py , )
@ [/0 (1-s) (P1(5)+6)mm{||x||,
+(Py + €)% 11Ol 1

[l

"r2-p)

x/

,mOllxII]dS

1 /
+ /; (1 -9)*72|(P5(s) + €0) min{ llcll, || F(Hzx_”ﬁ),moﬂxn } ds]

2+a+ Ty
<
- I'(a)

A
[lllxll*/ (1-5)*2(Pa(s) + €) ds + (P2 + )Lx[|. 1O |0
0

1
+ x| / (1-95)*%(Ps(s) + €0) dsi|
I
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2+a+ Ty
()

A s
||+ [/(; (1 -35)*2P;(s)ds + 60/(; (1-5)2ds

1

1
+ Py +€)1O |l + / (1—5)*2P5(s)ds + 60/ (1-s)*2 ds]

m

24+a+ Ty

A 60
= — ]|« P +
2T Wb +

o—-1
1(—(1 o)

(1_ )a 1i|

+ (P + €)@ 1l3,u1 + 1Pl 1) s

A €
< 901[||P1 low + ——= (1= (1-2)")

(P2+€o)||0||[,\u1+||P3||[u11+ 1(1 m*" }lell*

=< llxll«

and so ||Fx|| < ||lx||+ < ro. Also, we can conclude that ||F'x|| < ||x|l+ < ro. Hence, || Fx|| < ry

and so F, € C. For the same reason, F, € C. Similar to (7), we conclude that

3¢ 2+a+ T
I, Fn*Smax{—,—‘)}[Zna,nm (L + €)llx = yllL

') ')
ko
£ Y Billpu(gi+ e)llx—ylI2 + Z 1ill s, u}(ly, +e)llx—yl7]
j=1 i=1
3a 2+a+ Ty
Smax{r(a) T}[Z @il (L + €)% =yl
ko
Y bl (g + €0)llx — y||*+Z||c,||M](1y,+el)||x 7]
j=1 i=1

3 2 T
:max{ﬁz) Tor 0}|:Z||m||[ox lul+€1)

ko
+Z||b||W(q,+el)+Z||cl||w}(zy,+e1>]||x ¥l
j=1 i=1

whenever ||x — y|| < €1. Thus, ||x — ||« < ||x]l« + [[¥]l« < €0 whenever x,y € C. Hence,

3« 2+oc + T
IE: = Fylls SmaX{m "}[Z ldillo Gy, + €1)

ko 4
S Wl e+ Y ||c2||m,u}(zyi ve)llx=yll,

j=1 i=1

=y (lx-yl),

Page 16 of 19
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where

30 2+a+ T > o
() = max{ 70} |: E dillfo1 (L + €1)
i=1

@)’ I
ko
+ 3 bl (g + €1)
j=1

4
> ||éi||m,u} (L, + )]t

i=1

Note that ¥ € ¥. Now by using Theorem 6, F has a fixed point and so the pointwise
defined problem (1) has a solution. (I

Example 2 Consider the problem
7 1 ¢
DiMﬂ+f<LMﬂmTﬂJﬁxU%/‘Méﬁ%>=0
0

with boundary conditions x(0) = x’(%), x(1) = «'(5) and x”(0) = 0, where

1

2
filt,xn,.x0) = (X0, %), £€[0,0.7),

F(t, %1, %) = ﬁ@mh”qmyzﬁ%gilﬁg%“ £ €[0.7,07],
Fltxn,..na) =t xi(s), €091,

and

0, t€[0.2,09]NQ,

p(t) =
t, te[0.2,0.9] N Q"

Put a;(t) = a(t) = %, b(t) = b(t) = 1% and ¢;(t) = c(t) =t (for 1 <i <4, ky = 1). Then we
haVe Ifl(t’xh o yx4) _,fl(t!_yly .o '!y4)| E tz Z;il Ixi —)/i| = d(t) Z?:l ¢(|xl _yi|)’

4 4
[a(t:x1, ..o x8) = fa(E 01, p0)| < L‘Z i — yil = C(t)Zq’(PCi -yil),
i=1 i=1
and
4 4
%(tyxlyn-wxll) _f'Z(tLyl)uwy‘L)’ < t2 Z |xi —)’i| = b(t) ZH(lx _y|:"') |x _y|)r
i=1 i=1

where ¢(z) =z, (z) =zand H(zy,...,24) = 21 + - - - + z4. Put 4; = ¥; = m = 1. Then we have

lim, o 22 = 1, lim,gr 22 = 1 and Tim,—o» 2% = 1. Also, limyay o AL
422 = Py(t), liMpay ;-0 Wr;l;“@‘ = 4t = P3(t) and |fo(t,%1,...,%4)| < O@)Alxy,...,%4),

where ©(t) = p(t) and A(xy,...,%4) = 25 bl Ttis easy to see that ¢, @, H and A satisfy

i=1 Telxg]
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the conditions of Theorem 6 and lim,_, o+ M =4 := P,. Also, we have

3u 2+a+ T > ko

0 ~ N
maxy ——,———— ¢ - max E a; 1)+ E b; i
{ '—.( ) {-.( ) } {i - ” l”[O,A](pL,) ” ]”[A,/A]Q}

j=1

4
. 1 5 ;
> ||c,-||[,t,u](ly,,),max{1, F—,mo} (111031 + PallO 13,0 + ||P3||[,L,u]}
- 2-8)
21

2
157

8

IA

max{0.19 + 0.005 + 0.9,1.13[0.19 + 0.02 + 0.9]} < 1.

By using Theorem 6, the pointwise defined problem has a solution.

3 Conclusion

Itis very important that we increase our abilities of natural phenomenon modeling. In this
way, it is better we investigate different types of high order fractional integro-differential
equations or new type model ones. One of the new models is described by the three step
crisis fractional integro-differential equations which have been introduced recently. In
this work, we reviewed the existence of solutions for a three step crisis fractional integro-
differential equation under some boundary conditions.
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