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Abstract

In this article, we propose a novel fractional generalization of the three-dimensional
differential transform method, namely the ternary-fractional differential transform
method, that extends its applicability to encompass initial value problems in the
fractal 3D space. Several illustrative applications, including the Schrédinger, wave,
Klein—-Gordon, telegraph, and Burgers' models that are fully embedded in the fractal
3D space, are considered to demonstrate the superiority of the proposed method
compared with other generalized methods in the literature. The obtained solution is
expressed in a form of an a-fractional power series, with easily computed coefficients,
that converges rapidly to its closed-form solution. Moreover, the projection of the
solutions into the integer 3D space corresponds with the solutions of the classical
copies for these models. This reveals that the suggested technique is effective and
accurate for handling many other linear and nonlinear models in the fractal 3D space.
Thus, research on this trend is worth tracking.
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1 Introduction

Over recent years, it has been demonstrated that many physical phenomena can be suc-
cessfully reformulated by means of non-integer order differential equations due to the
inefficiency of the integer-order differential equations in modeling certain issues. For in-
stance, when modeling chaotic thermodynamic systems, it is indispensable to use a non-
integer model because the separation of time-scales of classical physics does not work
adequately [1]. The non-integer order derivatives are commonly called fractional order
derivatives or simply fractional derivatives. To mention a few of the phenomena that can
be modeled by fractional derivatives: the electromagnetic transient phenomenon in trans-
mission lines is governed by the fractional diffusion model [2], the damping properties of
the viscoelastic material are related to the fractional Kelvin—Voigt model [3], and the in-
teraction of solitons in a collisionless plasma is simulated by the fractional Klein—Gordon
model [4].

The fractional derivatives are in nonlocal nature, unlike the integer-order derivatives.
Consequently, it is often stated that the physical interpretation of the fractional deriva-
tive order « is hard to pin down or does not exist at all. However, many researchers have
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attempted to attribute physical meanings to fractional derivatives, see, for example, [5,
6]. It has been demonstrated in certain circumstances that the nonlocality feature of the
fractional derivatives makes them appropriate for describing the memory and hereditary
features of various materials. Thus, the fractional derivative order « can be physically de-
scribed as an index of memory [7-13].

Differential transform method (DTM) is a powerful transformation technique that can
be easily applied to (non)linear problems to achieve much more accurate analytical or nu-
merical solutions than the existing ones in the literature. One of the distinguishing features
of this method is its capability to reduce the size of computational work. The concept of the
one-dimension DTM was introduced for the first time by Zhou [14] in 1986 to solve prob-
lems related to engineering models in electric circuit analysis. Posteriorly, Chen and Ho
[15] developed this method to solve two-dimensional PDEs. Later, the three-dimensional
DTM was introduced by Ayaz [16].

Over the past few years, the DTM has been successfully implemented in the area of
partial differential equations of fractional order. Arikoglu and Ozkol [17] proposed an an-
alytical technique, called the fractional differential transform method (FDTM), for solv-
ing (non)linear differential equations endowed with one memory index «. Very recently,
Jaradat et al. [18, 19] developed this method to address (non)linear differential equations
endowed with two memory indices o; and «;. It is worth mentioning here that some re-
cent advancements in analytical methods can be also found in [20—24]. In this article, we
present a novel fractional generalization of the three-dimensional DTM to extend the ap-
plication of the DTM to (non)linear differential equations endowed with three memory
indices a1, oy, and 3. Comparing with the complexity of these equations, the suggested
generalization is efficacious and easily applicable. Several examples were carried out to
demonstrate the efficiency of the proposed technique.

Therest of this article proceeds as follows. We amalgamate the DTM with a new ternary-
fractional power series in Sect. 2 to handle physical differential equations in the fractal 3D
space. Then, in Sect. 3, we employ the new formulation of DTM to provide a full fractional
solution of several well-known physical models in the fractal 3D space. In Sect. 4, we offer
a potential interpretation for the fractional derivative order. Finally, we present concluding

remarks in Sect. 5.

2 Ternary-fractional differential transform schema

In this section, we introduce and investigate a developed analytical scheme, derived from
a novel fractional version of the Taylor series expansion, to handle various (non)linear
differential equations in the fractal 3D space. This new technique generalizes the classical
three-dimensional differential transform ideas in the fractal 3D space and provides new
insights for analytically studying the combined effects of three distinct memory indices.

The ternary-fractional power series is defined as follows.

Definition 2.1 ([25]) An a-fractional power series (@-FPS) around (0,0, 0) is a fractional
power series in the following Cauchy form:

o]

ior] 4 jon ko o o o
E aij it XY = ag00 +ai00t™ +ao10x"* +aop1y* + -
——

i+j+k=0 " L
i,j,lkeN* i+j+k=0 i+j+k=1
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n 1
N n ety (2.1)
=0 m=0

i+j+k=n

where@ = (a1, 2, a3) € (0,1)3, x, , t are nonnegative variables of indeterminate, and a; ;s

are real constant coefficients.

It is readily verified that expansion (2.1) can be expressed as
oo i ]
Z Z Z ai,,',,;k,kt(l_])alx(]_k)azykas. (2.2)
i=0 j=0 k=0

Definition 2.2 The ternary-fractional differential transform (ternary-FDT) of a function
w(x, y,t) is

1 aia1+ja2+koz3 [W(O, 0, 0)]
T (i + )T (joy + 1) T (kees + 1) Qtie1 gz 9 ykes

Wiali,j, k) = 23)

for (i,j, k) € N3,

Remark 1 We should point out here that the fractional derivative adopted in this work is
the Caputo sense, although our work requires only the fractional derivative of the power
function which almost all the existing fractional derivative definitions agree with. The

fractional derivative of the power function is given by

b I'(b+l) ib-a,
0%t _ mt “ b>0,

(2.4)
o b=0.

It is worth mentioning here that different representations of fractional derivatives have re-

cently been proposed based on the exponential law [26] and on the Mittag—Leffler func-

tion [27]. Some remarkable works in these trends can be found in [28-30].

Remark 2 In case of @ — (1,1,1), then ternary-FDT (2.3) reduces to the classical three-

dimensional differential transform [16].

Definition 2.3 The ternary-fractional differential inverse transform of { Wg(i, /, k)}:xen,

is defined as

Wy t)= Y Walij, a2y, (2.5)

i+j+k=0

Remark 3 Definition 2.3 evinces that the concept of ternary-FDT is derived from the a-
FPS.

With the aid of equations (2.3) and (2.5), some fundamental properties for ternary-FDT

are shown in the following theorem.
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Theorem 2.4 Let Wg(i,j, k), Ugz(i,j, k), and Vg(i,j,k) be the ternary-FDT of w(x,y,t),
u(x,y,t), and v(x,y, t) respectively, and c be an arbitrary constant. Then the following prop-
erties hold true.

(i) Ifwix,y,t) =ulx,y,t) £ cvix, y,t), then Wg(i,j, k) = Uz (i, ],k) + Vg (',j, k).

(il) Ifwix,y,t) = ulx,y,t)-vix,y,t), then Wg(i,j, k —Zn 0 021 o Ua(n,m, ) Vg(i—n,

j-mk-1).
(iii) 2f wix,y,£) = ZlOsD o Wi, k) = %u (i + 1], k).
(iv) I win,y,1) = Sz, then Weioj k) = DUy mEs e U 4 j ., ).
V) Ifwix,y,t) = %W then

(i +may + )G +m)ay + 1) ((k+ Doz + 1)

I (ioy + 1)T oy + 1) T (kats + 1) Ug(i +n,j +m, k +1).

Wi(i;jyk) =

Proof (i) Follows immediately from Definition 2.2 and the linearity of the fractional deriva-

tives.
(ii)
w(x,y, £) = ( Z U&(i,j, k)tialxjazyk%) ( Z Va(i,j, k)tialxjazyku3>
i+j+k=0 i+j+k=0
0 i ]k
=y (ZZZU (n,m, D) V(i — n,j — m, k — l))ti‘“x"”zy’m
i+j+k=0 \ n=0 m=0 [=0
as desired.
(iii)
- 1 glirme o2 +kes 4(0, 0, 0)]
WE(L]; k) = . . ’ i [ ke
I (ioy + )T (jorg + 1) I (koz + 1) dtlirmen g gykes
_I((i+nay +1) 1
T Tliog +1) (i +non + 1)1 (jor + 1)1 (ke +1)
a(i+n)oz1 +jog +kaz [M(O, 0, 0)]
’ 3t(i+n)a1 dxj2 aykag
ri+ma +1) ,
= —U* ] ’k .
I (iay +1) ali+mjk)

(iv) and (v) The proof can be concluded by using the same manner of proof as for (iii). [
Some ternary-FDT for some basic functions around the origin are listed in Table 1.

3 The application side of the suggested method

In this section, we show the worthiness of the suggested technique by solving various well-
known partial differential equations that are viewed in the fractal 3D space. The resulting
solutions generalized the existing solutions when these equations were projected into the
integer 3D space. In all examples, the fractional derivative parameters are assumed to be
in (0,1) and ¢,x,y > 0.

Example 1 Consider the following Schrodinger model embedded in the fractal 3D space:

9 wixy, 0] 9*2[wlx,y,8)] 3% [wxy,1)]

drr a2 dy2s (3.1)
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Table 1 Ternary-FDT for some basic functions

Function w(x,y, t)

Transformed form

ey ymary y/Ot3

ZOO M2
0 Tlay+1)

Eory (Ax2
e X"”“Zylo‘S Eoz2 ()anz)

oy (19 oy (X2 (0y*3)

: _yooe (10x2)dH]
Sing, (AX2) = 3%, T Nay+1)

)=y Cox®2)d
COSa, (AX92) =375, 71" Tyt

) 2j+1
2) (Ax
sinhg, (AX* Z} 0 T Nas 1) (12+U
Axa2)2f
cosha, (Ax*2) = 375, TQjoy+1)

1; i=n,j=mandk=/,
Welij. k) =
o) 0; otherwise.
il i=k=0j>0
Wi j, k) = { T2+ e
0; otherwise.
A-m _ s
Wi k)= | TOma: [=mk=hjzm
0; otherwise.
) = vk
WallJ:K) = Ty T ey moT g =D
-1 )mA2m+l LA
Wi k) = | TOmT [ =k=0j=2m+1,
0; otherwise.
H)m)LZm A
Wiglij k) = | Tomagri [=k=0J=2m
otherwise.
AZmH LA
Wi k) = | TOmm: [ =k=0j=2m+1,
0; otherwise.
MM -
Wiglij k) = § T'2maa+1) i=k=0j=2m,
0; otherwise.

contingent on the initial condition

05,0 =i (1) + s ().

(3.2)

By implementing the ternary-FDT and harnessing Theorem 2.4, we attain the following

transformed recurrence equation of (3.1):

T+ Dag +1)

I'((G+2)ay+1)

Wali+ 1, k) = Walii+ 2,k
Flion = 1) Vet b0 ==y Walbi+2h
I'(tk+2)as+1) .
— o Wali,k+2), 3.3
I (kos + 1) alijk+2) (3.3)
with initial transform coefficients
. (-1 ,
Wz0,2/+1,0) = ————  fi >0
a0+ L0 Fo ey =
—1)k
Wi(0,0,2k +1) = — D for k > 0, (3.4)

I'((2k + Doz + 1)

W&(0,j,k) =0 otherwise.

By recursively solving equation (3.3) with utilizing the initial transform coefficients (3.4),

we acquire the following generic transform coefficients:

(1Y
I (o + 1)T((2f + L)arg + 1)

(_1)kii

Wa(i,2j + 1,0) =

Wa(i, 0,2k + 1) =

(i + 1) ((2k + Das + 1)

Wg(i,j,k) =0 otherwise.

forj>0,

for k>0, (3.5)

Page 50f 13
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Therefore, the @-memory exact solution of the Schrédinger model (3.1)—(3.2) has the form

o0 o0
W,y t) = Y Wali, 2+ 1,006 5D ™ Wi(i,0,2k + )¢y Des
i+j=0 i+k=0
o0

o0 (=1Yiigie 5 & Deez

=2 Tl + DI+ Dz +1) Z

i+j=0 i+k=0
B 00 iitiozl o (_I)Jx(2j+1)052
- Z I'(ia; +1) Z (2 + 1oy +1)
i=0 j=0
o0 i ° (_l)ky(2k+1)as
" (ZO: s + 1)) (Z M@k + Dz +1)

k=0

(_l)kiitialy(2k+l)o¢3
I (iay + 1) ((2k + 1az + 1)

oo

~ iz’tial (_l)jx(2j+1)a2 0 (_l)ky(2k+1)a3
=2 iy +1) (Z @+ Das+ 1) 2 2k + Das + 1))

i=0 j=0 k=0

=Eq, (it‘“) (sina2 (x"‘z) + 8Ny, (y‘“)). (3.6)

We remark here that for @ — (1,1,1), we attain the closed-form solution w(x,y,t) =

e’ (sin(x) + sin(y)) for the integer copy of the Schrédinger model (3.1)—(3.2).

Example 2 Consider the following wave model embedded in the fractal 3D space:

3% [w(x, y,t %2 [w(x,y,t)] 023 [wx,y, ¢
L e 67
0 t2a1 8x20(2 8:)/2013
contingent on the initial conditions
3“1 [w(x,y,0
w(x,y,0) = sing, (x*?) sing, (y**) and % =0. (3.8)

By implementing the ternary-FDT and harnessing Theorem 2.4, we attain the following

transformed recurrence equation of (3.7):

(i +2)ay +1) (G +2)ag +1)

Wz(i+2,7,k)=2 Wa(i,j + 2,k
I'(iep +1) ai+2)0) < I'(jay + 1) alij+2,k)
I'((k+2)az +1)
— WG, k+2) ), 3.9
Ty 1 D a(ij k +2) (3.9)
with initial transform coefficients
(_1)j+k )
Wi(0,2j + 1,2k + 1) = T(@+ Do+ D) ((2k+D)az+1) for j,k > 0, (3.10)
0; otherwise,

and

Wx(1,j,k) =0 for j,k > 0. (3.11)
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By recursively solving equation (3.9) with utilizing the initial transform coefficients (3.10)—

(3.11), we acquire the following generic transform coefficients:

(1) (-ayl .
Wi(2i,2j + 1,2k + 1) = T iy +1) I (2j+1)az+1) T (2k+1)az+1) fori,j,k =0, (3.12)

0; otherwise.

Therefore, the @-memory exact solution of the wave model (3.7)—(3.8) has the form

oo

ik .
(_1)1+ (_4)l tZialx(2j+l)a2

Wwwiyiggofaml+DF«%+1m2+DF«M+1W3+U ’

_ >\ (-1)i(2e )% 2 (=1YxF+he g (_l)ky(2k+1)a3
_(22IY%ay+U><§:F«y+1m2+n)(§:lwak+1m3+n)

i=0 j=0 k=0

(k+1)as

= COSg, (261) sing, (x°2) sing, (y2). (3.13)

We remark here that for @ — (1,1,1), we attain the closed-form solution w(x,y,t) =
cos(2t) sin(x) sin(y) for the integer copy of the wave model (3.7)—(3.8).

Example 3 Consider the following nonhomogeneous Klein—Gordon model embedded in
the fractal 3D space:

Wiy 0)] 022wy 0] 0% w0

a2 Ox2a2 8y2a3 =-2 (3.14)
contingent on the initial conditions
0% [w(x,y,0
w(x,,0) = x™2 +y*** and 9w, 0)] = y%s, (3.15)

ot

By implementing the ternary-FDT and harnessing Theorem 2.4, we attain the following

transformed recurrence equation of (3.14):

T'((i+2)a;+1) ) . I'((G+2)ay+1) L
—— W5 2,7, k) = ————— = Wa(i,j + 2,k
I'(iep +1) ali+2,/,k) I (jay +1) alij +2,k)
I'((k+2)az+1)
- " Wzi,j,k+2
Ty 1) Vatbik+2)
-2 i=j=k=0,
_ (3.16)
0; otherwise,
with initial transform coefficients
1, j=2,k=0,
Wz(0,/,k)=31; j=0k=2, (3.17)

0; otherwise,

Page 7 of 13
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and

—L . j=0,k=2,
Wi(1,j,k) = | T’/ (3.18)
0; otherwise.

By recursively solving equation (3.16) with utilizing the initial transform coefficients

(3.17)—(3.18), we acquire, besides the initial transforms, the following generic transform

coefficients:
'y + 1)+ IM'2az +1) -2
WE(Zr O; 0) = )
I'2a; +1)
(2 1
W (3,0,0) = M, (3.19)
I'Bay + 1)

Wa(i,j, k) =0, otherwise.

Therefore, the @-memory exact solution of the Klein—Gordon model (3.14)—(3.15) has the

form
Wz, 8) = 20 +y2°‘3 . Jo1 20 I'2ay + 1)+ I'2az + 1) — 2t2°‘1
I'(op +1) I'(2a; +1)
I (2 1
L TQRas+ 1) 5 (3.20)
I'Bay + 1)

We remark here that for @ — (1, 1,1), we attain the closed-form solution w(x, y,t) = x +
Yyt + 2+ %tg for the integer copy of the Klein—Gordon model (3.14)—(3.15).

Example 4 Consider the following homogeneous linear telegraph model embedded in the

fractal 3D space:

2 [wix,y,8)] 0% [w(x,y,t)]

! ot +wix,0)
- 2(82&2 [E)V:c(zfzy 2,2 [av;(sz 2 ) (3.21)
contingent on the initial conditions
w(x,,0) = Eq, (x*?)Eq; (y**) and 3% [wlx., 0)) = —3Eq, (x*%)Ea; (). (3.22)

atn

By implementing the ternary-FDT and harnessing Theorem 2.4, we attain the following

transformed recurrence equation of (3.21):

r((i+2)a; +1) . . 2 (i + 1)ag + 1)
T+ 1) Vel+ 2R+ —5a=h
~ <F((j+2)(x2+1) I'((k+2)as +1)

‘Y"’ 2’ T~ 1N E’r‘; 2 ) 2
Flar + 1) Wa(i,j +2,k) + Ty + 1) Wi j, k + )) (3.23)

Wa(i +1,j,k) + Wg(i,j, k)
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with initial transform coefficients

%; i,k >0,i=0,
W,y(i,j, k) _ ) Toag+1)I (kag+1) hk= (324)

_3 L .
T rday k= 0i=1

By recursively solving equation (3.23) with utilizing the initial transform coefficients
(3.24), we acquire the following generic transform coefficients:

(=3)

WE(I’]’ k) = F(ial + 1)1"(]0{2 + I)F(ka'j + 1)

(3.25)

Therefore, the @-memory exact solution of the telegraph model (3.21)—(3.22) has the form

oo i
( 3)l i j k
’ ’t tzalx]az a3
( Y ) i+j§<:=01 (iOll + 1g)1 (jOlZ 1)1 (kdg 1) g

B o0 (_3ta1)i oo x/az o0 yka?’
- (20: I (i + 1)) (Z I (jory + 1)) <Z I (kas + 1))
i= j=0 k=0

= Eqy (=36"1) Eqy (x°2) Eay (5°°). (3.26)

We remark here that for @ — (1, 1, 1), we attain the closed-form solution w(x, y, ) = *+~3¢
for the integer copy of the telegraph model (3.21)-(3.22).

Example 5 Consider the following nonlinear Burgers’ model embedded in the fractal 3D
space:

3”WWJ@]:W”W@%H] 923 [w(x, 9, )] 92 [w(x,,1)]

g 3202 oy Wiy ) —— (3.27)
contingent on the initial condition
w(x,y,0) = 22 + y*. (3.28)

By implementing the ternary-FDT and harnessing Theorem 2.4, we attain the following
transformed recurrence equation of (3.27):

M+ Doy +1
FlEr Do+ D)y, o 1,j,k)

[ (ia; + 1)
T+ 2o+ 1) (1({;;2)‘121; D e+ 2.0 + —F(ﬁf (Zoi)(fl; Y Wetij k +2)
+ ;; rko % Wa(m,m+ 1,r)Wg(i—n,j—m,k —r) (3.29)
with initial transform coefficients
1, j=Lk=0,
Wz0,,k)=31; j=0k=1, (3.30)

0; otherwise.

Page9of 13
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By recursively solving equation (3.29) with utilizing the initial transform coefficients

(3.30), we acquire the following relation among the transform coefficients:

Wz(i,0,1) = Wx(i,1,0);  i>0,

(3.31)
Wa(i,j, k) =0; otherwise,
where Wg(i, 1, 0) is given recursively by
WE(O» 1; 0) = 1;
[(on +1) (3.32)
Wez(1,1,0) = ——,
al ) [ +1)
and for i > 2
e 3 2Wa(r—1,1,0)Wa(i - 1,1,0);
i=2n,
Wi(i, 1,0) = (3.33)
AU e o) (W (1, 1,0)2 + 3, 2Walr - 1,1,0)Wali — 1, 1,0));
i=2n+1.
Therefore, the @-memory solution of Burgers’ model (3.27)—(3.28) is
o0
wleyt)= Y Walij, e a2y
i+j+k=0
=Z =(i,1,0) l°‘1x"‘2+ZW (i,0,1)¢ “"1y"‘3
i=0
(x> + W (i,1,0)t1, (3.34)
e

i=0

We should point out here that Wg(i,1,0) = 1 asa — (1,1, 1). Thus, the closed-form solu-
tion for the integer copy of (3.27)—(3.28) is

w(x,y, )—(x+y)Zt _—i for0<t<1. (3.35)

4 Graphical analysis and discussions

In the present part, we choose Burgers’ model (3.27)—(3.28) to illustrate and comprehend
the impact of the Caputo fractional derivative. Figure 1 shows a sample of the cross-
sections attitude for the 8th series solution of (3.34) for diverse values of the fractional
parameters in particular domains. In all situations, we have continuous successive behav-
ior as long as the fractional parameters get closer to the integer derivative order. Therefore,
the role of order-variation of the fractional derivative is to preserve a homotopy mapping

—

from the present value of the solution “a

“«

— (0,0,0)” to its instantaneous rate of change

a — (1,1,1)” This interpretation is made by the phenomena of a sequential-asymptotic

Page 10 0of 13
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we(.5, 5, 1)

20

=3 9

0.0 0.1 02 03 0.4 05 06 07! a0 0.2 04 06 08 107
(a) ws(.5,.5,t), t € [0,.7], and a2 = g = 1. (b) ws(.2,9,.2), y € [0,1], and a2 = a3 = 1.
wg(.3, .2, t) wg(x, .2, .2)
15 15

0.5

X

0.0 0.1 0.2 0.3 04 05 0.0 0.2 04 06 0.8 1.0
(c) ws(.3,.2,t),t€[0,.5],and o1 = a3 = 1. (d) ws(z,.2,.2), z€[0,1], and a1 = a3 = 1.
we(x, .2, .2) we(.2,y, .2)

1.5

0.5

0.0 0.2 0.4 06 0.8 0% 00 0.2 04 06 0.8 107

(e) ws(x,.2,.2), z € [0,1], and a1 = a2 = 1. (f) ws(.2,9,.2), y €[0,1], and oy = az = 1.

Figure 1 Sample of cross-sections for the approximate solution wg(x,y, t) = (x*2 + y3) 2,8:0 Wi, 1,0)t1

propagation of the solution as the fractional parameters vary from O to 1 as depicted in
Fig. 1. Further, the cross-sections of the integer derivative order reconcile with their asso-

ciates when @ — (1,1, 1). This shows the generality of @-Burgers’ model.

5 Conclusions

In this work, we have viewed several well-known partial differential equations in the fractal
3D space and provided their solutions analytically in terms of an @-FPS. An adaptation of
the fractional differential transform method by means of a newa-FPS representation is de-
veloped and used to obtain a complete fractional solution form of these new models. The
projections of these solutions into the integer 3D space reconcile with the solutions of the
classical copies of these models. Moreover, the proposed method has been autonomously
constructed without the need to convert the equation into solvable and perturbation or
linearization terms. In summary, we have successfully provided a comprehensive analytic

study of partial differential equations that are fully embedded in the fractal 3D space.
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