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Abstract: In this paper, we consider some third-order operators with transmission conditions. In particular, it is shown
that such operators are formally symmetric in the corresponding Hilbert spaces and we introduce the resolvent operators
associated with the differential operators. After showing that the eigenvalues of the problems are real and discrete we

introduce some ordinary and Frechet derivatives of the eigenvalues with respect to some elements of data.
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1. Introduction

Recently, in [8], the nature of the formally symmetric separated, real-coupled, and complex-coupled boundary
conditions for the formally symmetric regular third-order differential equation was introduced and some spectral
properties were shared. Readers may find the historical background on odd-order formally symmetric boundary
value problems in [8].

Although the results filled some gaps on third-order boundary value problems, there is still a huge amount
of work that needs to be done on such problems. This includes the imposing separated, real-coupled, complex-
coupled transmission conditions to the solutions of these third-order equations and investigating the spectral
properties of such problems. For second-order equations with transmission conditions we refer to [1,2,5-7].

In this paper, we consider the following third-order equation:
Uy) =Ny, = € [a,c)U(c,D], (1.1)

h
where 1

Uy) =+ {*i (q0(q0¥)) = (poy') +ilary’ + (q1y)'] + ply} ,

and qo,q1,Ppo,p1, and w are real-valued and continuous functions on each interval [a,c¢) and (¢, b] such that
w >0 and go # 0 on [a,c) and (c,b].

Let L2 ([a,c) U (¢,b]) = L2 [a,c) & L7, (c,b] be the Hilbert space with the inner product

c b
(y,2) :/y151w1dl’+/y2§2w2daﬁ

a c

where
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)

| 1, z€la,0) | =z, zela,c) 9 | w1, z €a,0)
y_{yg,IE(C,b] Z_{zg,ze(c,b] €Ly, w= we, x € (c,b]

Consider the subspace D of L2 consisting of all functions y € L2 such that y', (qoy’)’ exist and
{(y) € L2. We set the maximal operator L with the rule

Ly=1((y), y€ D, z € la,c) U(c,b].
For y,z € D one gets the Lagrange identity as
(Ly,2) = (v, L2) = [y, 2] [e~ +[v, 2] 21, (1.2)
where [y,E] ‘;?: [y’z](tQ) - [y7§](t1)7

[y, 2] =yl — Pz 4 iyl (1.3)

and yl"! is the corresponding rth quasi-derivative of y with the rule

1+
[0y — 1 — Loyl = "+ poy’ —iquy.
Yy (] /2 Ly Y q0(qoy")" + poy’ —iqry

(1.2) implies the existence of the value [y, Z] at the points a, ¢—, ¢+, and b for y, 2z € D that should be finite.
Eq. (1.3) can also be introduced as

[y, 2] =]z =M ]E[ z[zl } + iy, (1.4)
where

E:[? 0—1}7 (1.5)

and this representation will allow us to consider more general boundary and transmission conditions.

Eq. (1.1) can be handled as the following first-order system:

Y'=[AP+Q|Y, z € [a,c)U(cb], (1.6)

where Y is a 3 x 1 vector; P,(Q are 3 x 3 matrices such that

V2
yg 0 BGHI .
_ — _ 142 g - D .
Y=l | Fe e AT T (1.7)
—w 2 91
y D T V2 @ 0

and all the other entries of P are zero. The assumptions on the functions qo, ¢1, po, p1, w, (1.6), and (1.7)

imply the following.
Theorem 1.1. Eq. (1.1) has a unique solution y satisfying the conditions

y[r] (lv >‘) = lm

where | € [a,b], r=0,1,2,and 1, is a complex number. Moreover y"}(.,\) is an entire function in \.
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2. Boundary and transmission conditions

In this section we introduce separated, real-coupled, and complex-coupled boundary and transmission conditions.
However, for each problem we need to construct a suitable inner product and corresponding operator associated

with the related problem. We shall investigate each problem in the following subsections.

2.1. Separated boundary and transmission conditions

For y € D the separated boundary conditions may be introduced as

cos ay(a) — sinayl?(a) =0,

(i + tan B)yM (a) = /prp2(1 + i tan B)y!M (b), (2.1)
cos yy(b) — sinyy!? (b) = 0,

and the separated transmission conditions may be introduced as

y(c—) = pry(ct),
yH(e—-) = /prpayt(c+), (2.2)
yPle=) = pay(ct),

where «, 3,7, p1, p2 are real numbers such that p;ps > 0.

Note that for p; = pa = 1, this problem turns out to be a continuous problem and it was studied in [8].

Let H = L2 [a,c) ® L2, (c,b] be the Hilbert space with the inner product

c b
(y,2) = /y151w1d$+plp2/y252w2d13,

a C

where

b

|y, x€a,0) | =z, z€lac0) | w1, z €a,0)
y{yg,xe(c,b] Z{zg,xe(o,b] €H, w= wa, T € (¢, b

Consider the subspace D, of H consisting of the functions y € H such that yl"! exists for 0 <r <2,y
satisfying (2.1), (2.2), and ¢(y) € H. Let L be the operator on D, with the rule

Lsy = é(y)v JAS Dy.
Then we have the following theorem.

Theorem 2.1.1. The eigenvalues of L are real.

Proof For y,z € D, one obtains

<Lsy,Z> - <y7LSZ> = [y’E] |2_ +p1p2[y7§] Ilc7+ . (23)

From (2.2) one gets
v, Z](c—) = prp2ly, Z](c+). (2.4)
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Moreover, the second condition in (2.1) gives

1
,Z|(b) = —|y, Z](a). 2.5
[y, Z](b) p1p2[y J(a) (2.5)
Therefore (2.1)—(2.5) show that
<Lsy, Z> - <y7 Lsz> =0
and this completes the proof. O
2.2. Real-coupled boundary and transmission conditions
For y € D the real-coupled boundary conditions are given as
y(b) _ 1 y(a) 1 _ 1 itm 1
|: y[2](b) ] - ~/detMK y[2}(a) ’ y[ ](b) ~ Vdet M 1+imy[ ](CL), (26)
and real-coupled transmission conditions are introduced as
y(c—) } [ y(ct) ] 1] 1
=M , c—) = Vdet Myl (c4), 2.7
Bl i | e = vasanen) 1)
where K € SLy(R), i.e.
_ | ki ka2 N _
K= { kot Ko | kij €R, det K =1 (2.8)
and
M = |: M M3 :| , Mij € R, det M > 0, (29)
ma1  M22
such that
K*FK =F (2.10)
and
M*EM = (det M) E. (2.11)
Note that for my; = maz =1 and mya = me; = 0 conditions (2.6) and (2.7) were investigated in [8].
Let H = L2 [a,c) & L2, (c,b] be the Hilbert space with the inner product
c b
(y,z) = /y1§1w1dx—|—detM/y2§2w2dx,
where

)

_ Y1, T € [(l,C) _ Z1, T € [a,c) _ w1, TE [G’?C)
y—{ “ { €H, w= wa, = € (¢, b

Y2, x € (¢, b) 29, x € (c,b]
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Let D,. be the subspace of H consisting of the functions y € H such that yl"! exists for 0 <r <2, y

satisfying (2.6), (2.7), and ¢(y) € H. We construct the operator L,. on D,. with the rule

Lycy = é(y)v Yy € Dye.
Then we have the following Theorem.

Theorem 2.2.1. The eigenvalues of L. are real.

Proof For y,z € D,. we have

<chy7 Z> - <y7 chz>

+det M ([ 2() ZBI(b) }E[

- [ Z(e+) 22 (c+) } E [ z[(Q]?) } — gyl (c-i—)z[l](c—&-)) )
The conditions (2.6) and (2.10) give
(=0 7w 8| ) | = w20 B ]| 1]
y0)=1(0) = gigry (@)=l (a).

Moreover, (2.7) and (2.11) imply

Therefore, (2.12)—(2.14) show that
<LTcy> Z> - <y7 LTCZ> =0

and this completes the proof.

2.3. Complex-coupled boundary and transmission conditions

For y € D complex-coupled boundary conditions may be given as

y(b) _ 1 i0 y(a) 1 _ 1 0y itm  [1
[ym(b) } = Zam K | g | V0 = e iyt (@)

and complex-coupled transmission conditions may be introduced as

y(c—) — eim y(c+) Ml(e—) = v/de einzq (¢
|:y[2](c_) :| M|:y[2](c+) :|a yl( ) det M yl(—’_),

where 61,603,171, 72 are real numbers and matrices K and M are the matrices given by (2.8) and (2.9).
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Note that for 71 = e = 0, my; = maos = 1, and mya = mg; = 0 conditions (2.15) and (2.16) were
studied in [8].
Let H = L2 [a,c) & L2, (c,b] be the Hilbert space with the inner product

c b
(y,2) = /y131w1dw+detM/y232w2d$7

a

where

| w1, x€a,0) | =z, z€ac) | w1, z €la,0)
y_{yg,xe(c,b] ’Z_{zg,xe(c,b] €H, w= wa, T € (¢, b

Let D, be the subspace of H that consists of the functions y € H such that yl"! exists for 0 < r < 2
and y satisfies (2.15), (2.16), and ¢(y) € H. We construct the operator L. on D, with the rule

Ley =L(y), y € De.
Then we have the following theorem.
Theorem 2.3.1. The eigenvalues of L. are real.

Proof For y,z € D, we have

(Ley, z) — (Y, Lez)
= [y, 2 I +det My, 2] o= [ 2(e) 2B(e) | B { y(c—) }

+igle- ) - [ =) ) 8| Wi | - i@ @

(2.17)
+det M ([ Z(b) 2BI(b) }E[ Z[(j)(b) } + iyl ()20 (b)
- Eer) e | B [ z[(ﬁ(z) } —iylt (c+)zm(c+)) :
(2.15) and (2.10) give
— b 1 _ —=7 a
[=0) 0 | B| Yy | = i [ 30 F@ 2] YR | 018)
Yy (b)z0(b) = g3zry (a)=l(a),
and (2.16) and (2.11) give
2em) P(em) | B { Z[(QC](—C)_) = det M [ z(c+) P(c) ]E[ z[(f]&) ] o1
y(c=)zl(c—) = det Myl (c+) 2 (c+).
Using (2.17)-(2.19) we get
(Ley, ) — (y, Lez) = 0
and this completes the proof. O
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3. Entire function and resolvent operator

In this section we investigate some spectral properties of each operator Lg, L,., L. and therefore corresponding
boundary value transmission problems. However, first of all, we shall introduce other representations of the
problems.

Conditions (2.1) and (2.2) may also be introduced as

y(a) sina 0 0 vy
Y(a)=| yM@) | =10 VP1P2 1;1311165 0 v | = Aw,
y(a) 0 0 cos o U3
y(b) siny 0 O vy
Y)=| ¢y | =] 0 10 vy | = B,
yPl(b) 0 0 cosvy v3
and
y(c—) p1 0 0 y(c+)
Y(e=)=| yM(c=) | =] 0 pipz O yU(ct) | =TY (cH4),
yP(c-) 0 0 p2 yP(c+)

where v is a 3 x 1 vector. Similarly, conditions (2.15) and (2.16) may be handled as

1 0 0 U1
Y(a): 01 0 Vo = A,
0 0 1 v3
ek 0 ' e¥1kq U1
Y(0)= = | 0 eifr vy | = Bu,
ey 0 €01 koo U3
and
y(c—) eMmyy 0 eMmyy y(c+)
Yiew) = | ylle=) | =] 0 Vdet Mei® 0 yM(et)
yl (c—) eMma; 0 e Mgy Y (c+)
= TY(ct+).

Note that for 81 = 63 = 11 = 13 = 0 the conditions can be matched with (2.6) and (2.7).

Therefore, each problem may be handled as

Y'=[AP+Q|]Y + F, z €la,c)U(c,b], (3.1)
with
Y(a) = Aw, Y(b) = Bw, Y(c—) =TY (c+), (3.2)
where
0 F, z € la,c),
F=10 1 F, z e (¢
’lUf 2, T ¢, 0],
and detT # 0.
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Theorem 3.1. The eigenvalues of the operators Lg, L., L. are real and discrete and can be represented by

Aoy A1, Ag, ...
and the series
>l
2;#0
is convergent for € > 0. Moreover, each A\; may appear in the sequence at most 3.
Proof In Section 2 it has been proved that all the eigenvalues are real. For the other assertions we shall

construct the fundamental matrix solution Yj(x,A) of (1.6) on [a,c) satisfying Vi(a,A) = I and Ya(z, A) of
(1.6) on (c,b] satisfying Vo(c+, ) = T~ 1Y (c—, \), where I is the 3 x 3 unit matrix and

en—{ SR e 63
For any other solution
o= {00 7260
of (1.6) on [a,c) U (c,b], we let
Yi(z, ) = D1(2, )i, \), € [a,c),
Ya(x,A) = Vala, N5 e+, A)Ya(c+, A), € (c,b].
Then
Ya(b,\) = B.v = Vo (b, \)Vy H(ct+, \)Ya(ct, N).
If Y(x,\) satisfies the transmission condition Yj(c¢—,\) = TYs(c+, A) then we may write
Y2(b,\) = B.v = Ya(b,A\)Yi(a, A) = Va(b, A)Awv.
Therefore, Y satisfies the conditions (3.2) if
{B —=Y2(by)\)A} v =0 (3.4)
and for v # 0
A(N) :=det {B — Ya(b,\)A} = 0. (3.5)

(3.5) shows that if A is an eigenvalue of problem (1.6) and (3.2) then (3.5) must hold. Conversely, if (3.5) holds
then there will be a solution v # 0 of (3.4) and we can construct a solution of (1.6) satisfying (3.2).
From Theorem 1.1 we may infer that A is an entire function. Therefore, the roots of A or equivalently

the eigenvalues of the problem must be discrete.

The assumptions on the entries of P and @ in (1.6) and Gronwall’s inequality prove
Y(b,A\) = O (exp(const. |A|),

which implies the convergence of the series for each ¢ > 0.
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Finally, since the number of linearly independent solutions v of (3.4) is at most 3, the proof is completed.
O

Now we shall introduce a method to solve problem (3.1) and (3.2).
Let

be the solution of (3.1) satisfying (3.2). We construct the functions Yi(z,\) = YVi(x, N)m(z, A), = € [a,c),
and Ya(z, A) = Yoz, \)72(2, A), 2 € (¢,b], where Y(x,\) is defined by (3.3) and 7, and 75 are 3 x 1 vector
functions. Then we get

Yll = [AP‘i‘Q] y{Tl +y17—1/; HARS [Cl,C),
}/2, = [/\P+Q] yéTQ +~))27_2/ﬂ T e (va]a

and therefore

T = ylel, z € [a,c),
Th = y;lFQ, x € (e, b).

The conditions Yi(a) = 1 (a) = A.w and Ya(b) = Va(b)72(b) = B.v imply
n() = Av+ [ VTN OF ()t @ € [a,c),

mo(x) = Vi ' (b)Bw — fbygl(t)Fg(t)du z € (c,b)],

and therefore

Yi@) = M(@)Aw + [ V(@)Y (OF, (H)dt, x € [a,0),

b
Ya(x) = Vo ()5 H(b) B — [ Vo(2)V5 ' (t) Fa(t)dt, x € (c,b].

Transmission condition Y;(c—) = TY5(c+) gives

b
v =B — Ya(b) A" o(b) / YLt F(t)dt

provided that A is not an eigenvalue of the problem. Therefore,

Yi(z) = Vi(@)A[B - Ya0)B] a(b) [y (OF (1)

a

+ M@V OF Wt 7 € [a,c),
and
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b

Ya(z) = Vo(2)Vy ' (b)B[B — Ya(b)A] ' Wa(b) [ YL (1) F(t)dt
- fbyz(x)yg‘l(t)Fg(t)dt, x € (c,b].

Consequently the solution Y (x) := Y (x,A) of (3.1) and (3.2) can be introduced as

V(@) A B — Yo(b) A Yo(b) | V7L F (1)t
D1 (@)Y5 L (0)B (B — Ya(b) B Wa(b) [ V() F (1)t

V(@A B — o)A 3(b) [ V3 OF(0)t, 2 € [ac),
e (3.6)
+Va(2)V5 L (0)B[B — Y2 (b)B] ! Ya(b) [ Y () Fu(t)dt

a

Va0V B)B B — Va(b)B] " Wa(b) [ Y3 (0 F ()t

b
+Da(x)A[B — Vo (b)B) " a(b) [ V5 L (#) Fa(t)dt, z € (c,b).
Hence, we may introduce the following.

Theorem 3.2. The solution Y(x,\) of (3.1) and (3.2) can be represented by (3.6) provided that A is not an

eigenvalue of the problem.

4. Banach space

In this section we investigate the dependence property of the eigenvalues and eigenfunctions of the problems on
some elements of data.

We can consider conditions (3.2) because each boundary value transmission problem can be embedded
into (3.1),(3.2). However, we should note that for the intervals (a’,c) U (¢,b") D [a,c) U (¢, b] we will consider
the following:

~ [ poona,c)U(c,b] ~ [ p1ona,c)U(cb] 5] won [a,c) U (e, b]
P0O=\ 0 otherwise 'P1= 90 otherwise » 1 0 otherwise

Let us consider the Banach space
X =R xR x M33(C) x M3 3(C) x M3 3(C) x L*(a’,¥') x L*(a’,¥') x L'(a’,¥)
with the norm

b/
lwr]l = fal + [o] + |A]l + [[B]| + [T +/(|ﬁo| + 1] + [wl)

a’

where M3 3(C) denotes the set consisting of all 3 x 3 matrices with complex entries and
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w1 = (a7baAvaT7ﬁ07ﬁl7’&j)'

Construct the subspace A; of X consisting of all elements w;. We identify the set A consisting of all elements
w such that

w = (a7b7 AaBaTap(bphw)
with A; as a subset of X to inherit the norm from X and convergence in A that is determined by this norm.

Lemma 4.1. Consider the solution y of (1.1) and (3.2) satisfying

YN =15, Le (d,b), 0<r <2
Then the solution y = y(.,1,1lo,11,l2,p0, p1,w) is continuous of all its variables.

Proof The proof follows from Eq. (1.6) and Theorem 2.7 in [4]. O

Theorem 4.2. Let A = Aw) be an eigenvalue of (1.1) and (3.2). Then X\ is continuous at wgy € A.

Proof For w € A, consider the following:
G(Wa )‘> = det {B - y2(a7 ba m,po,P1,W, )‘)A} .

If O(w,\) =0, then A(w) becomes an eigenvalue of (1.1) and (3.2). Let ©(wp, 1) = 0. Then O(wq, A) is

not constant in A because © is an entire function in A. Therefore, for
Ae{AeC:|A\=y| =0}, 0>0,

O(wo, A) # 0. Therefore, the result follows from the well-known theorem on continuity of roots of an equation

as a function of parameters [3]: O

Remark 4.3. According to Theorem 4.2 one may infer for any fired eigenvalue p with w = wy that
there exists a continuous eigenvalue branch Aw) such that A(wo) = p. However, this result does not imply
that the nth eigenvalue \,(w) for fixed n is always continuous in w. Therefore, we will consider that each

eigenvalue A\(w) of (1.1) and (3.2) for w € A is embedded in a continuous branch.

Lemma 4.4. Let A = A(w) be an eigenvalue of (1.1), (5.2) and wy € A. Then:
(¢) If A= Mwo) is simple for some wy € A and u(.,wq) is the normalized eigenfunction of A(wq), then
there exist normalized eigenfunctions u(.,w) of A(w) for w € A such that
u[j](.,w) — um(.,wo) asw—wpin A, 7=0,1,2,

both uniformly on any compact subintervals of (a’,V').
(#) If A = Mwo) s double for some wy € A and u(.,wp) is the normalized eigenfunction of A(wp), then

there exist normalized eigenfunctions u(.,w) of AMw) for w € A such that
um(.,w) — um(.,wo) asw —wpin A, j=0,1,2
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both uniformly on any compact subintervals of (a’,b"). In this case, given two linearly independent normalized
eigenfunctions u; of M wo) there exist a pair of linearly independent normalized eigenfunctions of Mw), one
of which converges to uy and the other to us as w — wg in A.

(#i) If A= Nwo) is triple for some wo € A and u(.,wy) is the normalized eigenfunction of A(wo), then

there exist normalized eigenfunctions u(.,w) of Aw) for w € A such that

u[j](.,w) — um(.,wo) asw—wpin A, 7=0,1,2,

both uniformly on any compact subintervals of (a’,b'). In this case, given three linearly independent normalized
eigenfunctions w; of A wp) there exist a triple of linearly independent normalized eigenfunctions of A(w), one

of which converges to uy, the other to us, and the last to uz as w — wg in A.

Proof The proof can be given similarly as in [4], pp. 11-12, with the aid of Lemma 4.1 and Theorem 4.2. O

5. Derivatives of eigenvalues
In this section we introduce the derivatives of eigenvalues with respect to some elements of data.
We shall recall that a map A from a Banach space K into another Banach space K is differentiable at

x € K if there exists a bounded linear operator dA, : K — K such that for h € K

|[A(z + h) — A(x) — dA.(h)|| = o(h) as h — 0.
Then we may introduce the following theorem.
Theorem 5.1. Let A = Aw) be a simple, double, or triple eigenvalue in some neighborhood of w in A and let
u=u(.,w) be a normalized eigenfunction of A(w).

(i) For A=\ a) and v =u(.,«a) we have

X(a) = = [u(a)| - [u®(a)|.

(i) For A= X(B) and u=u(.,) we have

(#i1) For A= A(vy) and u=u(.,y) we have

X () = pypz ([P 0)] + [u(®) ) -

(iv) For A= X(01) and u=u(.,0;) we have

N(0,) = —2Im (u(a)m) .

(v) For A= MA(02) and u = u(.,02) we have
X(8,) = — [ul ()
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(vi) For A= X(m) and u=u(.,n1) we have

N(n,) = —2det MIm (u(c+)u[2] (c+)> :
(vii) For A= A(n2) and u = u(.,n2) we have

2
N(n,) = —det M‘um (c+)’ :

(viii) For A= X(K) and u=u(., K) we have
[ == @ g u(a)
dA\k (H) u(a) ul?l(a) ]H EK[ u2(a) |’

where H € M3 2(R) such that K + H € SLy(R).
(iz) For A=A(M) and v =u(.,M) we have

o= o 57, |

where M € M 2(R) and det(M + H) = det M.
(x) For A= A(po) and u=u(.,pg) we have

() = —/|u’|2h—detM/|u’|2h, he LYa,b).

(i) For A= X(p1) and uw=u(.,p1) we have

iy, () :/|u’|2h—|—detM/|u’|2h, he LY(a,b).

(xii) For A = AMw) and u = u(.,w) we have

dw(h) = A /|u|2h+detM/\u|2h , he L' (a,b).

Proof We should stress that we want to mean by A\(w) a continuous eigenvalue branch. Moreover, a normalized

eigenfunction u(.,w) should be understood as a uniformly convergent normalized eigenfunction branch.

For the proofs of (i)—(v), (viii), and (z)—(xii) we refer to [8]. However, the other assertions need to be

explained in detail.

(vi) Consider that A = A(m) and u = wu(.,m), and fix all the other elements of the data. Setting
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v=u(.,m +h), h >0, we get

(t(u),v) = (u, £(v)) = (A(m) = Alm + b)) (u,v) = [u, v] &+ det Mu, ] |2,

_ [ B(c—) vl(c-) ]E[ Z[(QC]() } detM[ o2 () }E[ u[(;]z:;)ju) }

B [ B(cet) v (ct) ] e~ {mth) A M et (* N ] o
e e 5[5,

= = baent [ wer) e £ | T |

Dividing by h of the second and the last expressions of (5.1) and passing to the limit as h — 0, we obtain the
result.

(vii) Consider that A = A(n2) and u = u(.,72), and fix all the other elements of the data. Setting
v=mu(.,m2 + h), h >0, we obtain

iul (c=)vl(c=) — i det MulM (c4)vlH (c4)
idet M (em2e= it — 1) ull(c4)ol(c+)
=idet M (e=™" — 1) ulll(c+)vll(c+).

(l(u),v) = (u, £(v)) = (A(n2) — A( + 1)) {u,v) = [u,7] |57 +det M[u, 7] |2,
[—1 (5.2)

Now a similar discussion that has been shared for (vii) implies for (5.2) the result.

(iz) Consider that A = A(M) and u = u(., M), and fix all the other elements of the data. Setting
v =u(.,M + H) we obtain

(€(w),v) = (u, £(v)) = (MM) = MM + H)) (u,v) = [u,7] |57 +det Mlu, 7] |2,

- [ B(e=) vB(c—) ]E[ Z[(f](_c)_) } det M [ Blet) vB(ct) }E{ Z[(;]—(’_C)_’_) }
= | Blet) vBl(et) | (M +H) EM { }
—det M [ (et) oBl(ct) | B [ Z[(;](EL) }
——[uen) W) Jmrma | U5
where M € M 2(R) and det(M + H) = det M. The result follows from the last equation. O
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