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Abstract

The non-classical calculi such as g-calculus, fractional calculus and g-fractional
calculus have been hot topics in both applied and pure sciences. Then some new
linear and nonlinear models have appeared. This study mainly concentrates on the
analytical aspects, and the variational iteration method is extended in a new way to
solve an initial value problem.
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1 Introduction

Recently, g-fractional calculus has been paid much attention to [1-7], i.e., g-factional mod-
eling, linear g-fractional systems, g-special functions etc. As is well known, both fractional
calculus (FC) and g-calculus (QC) are not new as they appeared in 1695 and about 1920s,
respectively. Fractional g-calculus (FQC) serves as a bridge between FC and QC. The early
developments of g-fractional calculus can be found in [8-10]. Now, various g-fractional
initial value problems are proposed in [3, 11-16].

The variational iteration method (VIM) [17-20] has been one of the often used non-
linear methods in initial boundary value problems of differential equations. In this study,
the extension of the method into FQC is undertaken and the Caputo g-fractional initial
value problems are investigated. Our study is organized as follows. In Section 2, the basic
idea of the VIM is illustrated. In Section 3, the VIM is extended to g-difference equations,
and the Lagrange multipliers of the method are presented for the equations of high-order
q-derivatives. In Section 4, recent development of the method in fractional calculus is
introduced. Following Section 4, the application of the VIM in g-fractional calculus is

considered. Then the method is applied to the Caputo g-fractional initial value problem.

2 The VIM in ordinary calculus

We illustrate its basic idea through the following nonlinear system:

d"u
T + R[u] + N[u] = g(¢), @
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where u = u(¢), R is a linear operator, N is a nonlinear operator, g(¢) is a given continuous
function and d”u/dt™ is the term of the highest-order derivative.

Then we construct the following correction function for Eq. (1):

t d"u,
Upsl = Uy + / A(t,r)( p + R[u,] + N[u,] —g(r)) dr, (2)

m
0 T

where A = A(¢,7) is called the Lagrange multiplier which can be identified optimally by
variational calculus and u,, is the nth term approximate solution.
It is well known that Eq. (1) has the Lagrange multiplier [20]

ey

(m—1)! ®)

The interpretations and determination of various Lagrange multipliers can be found in
the review article [19, 20].

Following the above steps, we can design a Maple-program which contains three pa-
rameters: ICs, Eqs and n. ICs reads the value of initial points. Egs contains information of
the linear terms, the nonlinear terms and the interval functions. # means the approximate

solution’s truncated order.

Example 2.1 Consider the following Riccati equations [21]:

d

=1 2ut) -, u(0)=0. (4)
dt

We input ICs := [0, [0]], Egs := [[u(t) — -2 * u(t), u(t) — u*(t),t — 1]], n can be set as

1,2,...,10 and so on. We set n = 2 and n = 9, respectively. Since ug here is very tedious, we

only give the analytical approximate solutions u;, us, u3 and u, as follows:

Uy =t,
1
Uy =t+t>— =85,

1 1 1 1 2
us=t+t2+ -2 — —t' + 15— —>° - "t
37 63 9 15 3

71 4 1 1
Uy =t+t>+1/368 + —1t" + —1t°-3/5t> —1/3¢t* - 4+ 4
315 45 59,535 3,969

Mgy 1 27 g 62 g 62, 17 g
36,855 1890 1,925 4,725 945 420

The comparisons between u,, 19 and the exact solution are listed in Table 1.

Example 2.2 The second example is a system representing a nonlinear reaction [22]:

D2, v(0) =0, (5)
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Table 1 Comparisons between u3, ug and the exact solution

t VIM[u;] VIM[us] Exact solution
0 0 0 0

0.1 0.109666666667  0.110295196915  0.110295196918
0.2 0.237333333333  0.241976799617  0.241976799622
0.3 0.381000000000  0.395104848537  0.395104848660
04  0.538666666667 0567812165419  0.567812166292
0.5 0708333333333  0.756014390810  0.756014393428
0.6  0.888000000000  0.953566212412  0.953566216469
0.7 1.07566666667 1.15294896351 1.15294896698
0.8 1.26933333333 1.34636365376 1.34636365537
09 146700000000 1.52691131294 1.52691131327
1.0 1.66666666667 1.68949839169 1.68949839159

The information of the system (5) reads

ICs:= [0, [1], 0], [0]];

Egs:= [[(u, v, W) = u, (u,v,w) > 0,t — 0], [(u, Vv, W) — —u+ V2, (u,v,w) = 0,t — 0],
(

[ u, v, w) = 2, (u,v,w) > 0,¢ — O]];

The fourth-order approximation can be presented as

uy:=1—t+1/26% —1/6t> + 1/24¢%,

1, 1 1 1 5
vpimt— 2= B — ' —-1/9% + — 15+ !
27 6 126 60 24
_ 1 a5 _ I _ 1 13
59,535 7,938 29,484
13 5, 47 n_ 23 4 59
+ + - -
9,072 33,264 3,024 9,072
1 1 1 1 1
wyi= 2 — ——t +1/9t° — —1> - ~t* + I
37 126 60 4 59,535
. 1 A4, 1 13 _ 13 A2
7,938 29,484 9,072
A w28 a0, 59 e 5o
33,264 3,024 9,072 144

We can calculate [u100, V100, W100]> [#2005 V200, W200], [#300, V300, W300] €ven higher-order
approximation. Noting that u, tends to e for n — 00, we only compare [vy4, w4] and
[vs, wg] with the numerical results from the Runge-Kutta method (RKM) in Figure 1 and
Figure 2, respectively. Obviously, vs and wg have higher accuracies than v, and w,. With

symbolic computation, if the computer is excellent enough, higher accuracies can be ob-

tained.

3 The VIM in g-calculus

The g-derivative is a deformation of the classical derivative and it has played a crucial role

in statistical physics and quantum mechanics. Let us revisit some properties of g-calculus

[23-25].

9

=48
144’
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Figure 1 Comparisons between the RKM solution, v[4] and v[8].
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Figure 2 Comparisons between the RKM solution, w[4] and w[8].

Definition 3.1 (g-calculus) Let f(x) be a real continuous function. The g-derivative is

defined by

dg _flgx) —f(x)

@f(x)_—(q—l)x , x#0,0<qg<], (6)
and

ﬁf(x) = lim f(q") ;f(o)

dqx w0 " q
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The partial g-derivative is defined as

flgx;ys...)—f(xy;...)
(q-1x '

3q
aq—xf(x,y, .. .) =

Jackson’s g-integral [26, 27] is given as

x oo
f F@dgt=1-x Y ('), )
0 0
Property 3.2 g-Leibniz product law is

dq NS g
@[g(x)f(x)] = g(qx) i, @) +f0) dqxg(x). 8)

Property 3.3 g-integration by parts holds

b dq b b dq
fﬂ g(qt);qtf(t)dqh [Fg®]1 - / f(t);qtg(t)dqt- ©9)

The properties above are needed in the construction of the correction functional for
q-difference equations. For more results and properties in g-calculus, readers are referred
to monographs [23-25].

Lemma 3.4 ([28]) For the first-order q-difference equation,

dgx

17 +f(t,x) =0, (10)
q

one of the Lagrange multipliers is A(t, ) = —1.
Lemma 3.5 ([29]) For the q-difference equation of second order,

dix
28 =0 an

one of the Lagrange multipliers can be identified as
Mt 1) =q7 (T - tg).

Proof We revisit the proof in [29]. First, establish the correctional functional for Eq. (11)
as

2
dqx

t
KXpal = Xn +/0 k(t, th)(W +f(t,x,,)> dgt. 12)

. d2 . . -
We only use the leading term ﬁ, while other terms are restricted variations
q

2

t d-x,
Kpel = X + / k(t, qzt) (q— +f(t,x,,)) dgt. (13)
0 dql'z
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Through the integration by parts (9), we can have

LML, T)
)(an + At qT)|c=18%,, — q/ ———— S, dyT, (14)
T=t

9
Sxpe1 = (1 - g—L (¢,
Kl ( qat(f) o 0,0

q

[72]

where § is the variation operator and “” denotes the g-derivative with respect to . As a

result, the system of the Lagrange multiplier can be obtained:

A (t,T)

= 0’
0,7

the coefficient of §x,: 1 — g

7=t

the coefficient of 8x,(x, T): A(£,q7)|;= = 0,

ng(t, 7)
and the coefficient of 8x, in the g-integral: =55 = 0,
T
from which we can get
At 1) =g (r - tq). (15)

O

Furthermore, Kong [30] gave the Lagrange multiplier for the g-difference equations of
third order,

s (t—tq)(x - tq%)

At T)=—q 21!
4

, (16)

where [k],! denotes the g-factorial and [k],! =11+ q)(1+g+g?)---(L+q+--- + g for
the integer k.

More generally, one can derive the following Theorem 3.6.
Theorem 3.6 For the g-difference equation of mth order,

m

1 ftx)=0 17
dq7+f(’x)— ’ ( )

establish the correctional functional for Eq. (17) as

t df;’x,,
KXpal = Xy +/ k(t, q’”t)( +f(r,x,,)> d,t. (18)
0 dql'm
If f(z,x,) is considered as a restricted variation, one can derive a g-analogue Lagrange
multiplier
m(m-1) (—=1)"™ — L (m-1)
A7) = g2 D ) (19)
[m—1],!
or
(t—tq)" D
req"t) = ——F—, 20
(bae) == (20

where (t — @)™V = (t —a)(t — qa) - - - (t — ¢"'a) for the integer m1.
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Substituting (20) into (18), one can obtain a g-variational iteration formula

t(s_ (m-1) ar
KXnl = Xy _/ (t Tq) ( . Xn +f(T;xn)) dqf' (21)
0

[m—-1],! \dgz™

Here the initial iteration value can be determined via the g-Taylor series [23].

Example 3.7 Consider the simple linear g-difference equation of second order [29]

subject to the initial conditions

dgu(0) _

#(0)=1 and ayt

The iteration formula and the initial iteration can be determined as

¢ d2uy(t)
Uniy =ty + 3 Jo (@7 - g [ —un(0)] g,

u0:1+ﬁq!.

The successive solution can be given as

up=1+—,
(114!
t 2 £

u1:1+m+[2—]q!+[3—]q!,

2n+1

tk
MnZZ[k—]q!.

k=0

Recall that the limit # = lim,_, o, u, = ¢,(¢) is an exact solution of (22). Here ¢,(¢) is one
of the g-exponential functions.

4 The VIM in fractional calculus
Let u(t) be a real-valued function defined on a closed interval [, b].

Definition 4.1 The R-L integration of worder is defined as

ol u(t) = %a) ft(t— )% lu(r)dr, 0<t0<a. (23)

Definition 4.2 The left Caputo derivative is defined by

1 4 1 d"u(t)
CDDt — d , 0 ,0 , = 1. 24
oD u(t) Tom—a) /0 TR T <t,0<oa,m=[a]+ (24)

Page 7 of 16
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Definition 4.3 The ath Riemann-Liouville (R-L) derivative of a function u(¢) is defined
by

1 " [t 1
RL o, _ _
o Diu= 7[‘(;41 o PT ‘/0 7“ oy u(t)dr, 0<t,0<oa,m=[a]+1. (25)

More results and properties can be found in [31, 32].

In Sections 2 and 3, we note that the integration by parts plays an important role and is
often used in the derivation of the Lagrange multipliers in ordinary calculus. But in FC,
the similar integration by parts cannot hold. That’s the main reason why the applications
of the VIM were not very successful for fractional differential equations (FDEs). The pop-

ular iteration formulae of the VIM directly employed the so-called Lagrange multiplier
A(t, ) = —1. For the generalized FDE

D% + R[u] + Nu] =£(2),

the variational iteration formula was suggested

Upsl = Uy + /t(—l)(gD‘;‘u,, + R[u,] + N{u,] - f (1)) dr. (26)
0

One can check the formula (26) results in a poor convergence even for a linear FDE.
Such difficulty can be overcome by the Laplace transform [31-33]. The following iteration

formula is initially proposed in [34, 35]. Let us revisit the proof.
Theorem 4.4 For the generalized FDE, one can have the variational iteration formula
t

Upsl = Up + /0 At r)(gD‘;un +R[u,] + Nu,] —f(r)) dt, 0O<a, (27)
where the function A(t, ) = (<1)%(t — )*Y/T'(«t) is a Lagrange multiplier for any order a.
Proof We can construct a correction functional through the R-L integration

Ups1 = Uy + oI} A2, r)[gD‘;‘u,, + R[u,] + N{u,] —f(t)]. (28)

Take the Laplace transform L to both sides of (28)

i1 () = W (5) + L[oZ7 (8, ) (§ DSt + Rluty) + Nua] - f(1))], (29)

where iz,(s) = L{u,(t)].

Assuming the terms R[u,] and N[u,] are restricted variations, respectively, we only need

to consider the term

1 t
LA Dy = —— / (¢ = 1)t 0)C D up(z) . (30)
[(e) Jo
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Setting the Lagrange multiplier A(¢, 7) = A(X)|x=—:, Eq. (30) can be considered as a con-
volution of the function a(¢) = A(£)t*'/T' () and the term OCD‘;‘ u, ().

Making the correction functional of Eq. (29) stationary, we can get
m-1
Sikys1(s) = 8ity(s) + 8 |:Zz(s)s°’b_t,,(s) = u®(0)s K } = (1 + a(s)s”)8in(s). (31)
k=0

From Eq. (16), with the inverse Laplace transform L™}, we can have

o—1

a(t) = L [a(s)] = -ﬁ, 0<a. (32)

For a(t) = A(t)t*1/T' (), the Lagrange multiplier can be explicitly identified as
At T) = -1 (33)
As a result, the iteration formula is given as
Uni1 = Uy — oIy [§ Dty + Rluy] + Nlu,] - f(1)], 0<ar. (34)
This completes the proof. g
We only derive the simplest Lagrange multiplier A(, t) = -1 here. In fact, more explicit

Lagrange multipliers can be identified if more terms in R[u,] (if they exist) are used. For

example, we can derive a variational iteration formula
t
Upsl = Uy — / (t- f)y_lEy—ﬂ,y (_(t - T)V_ﬂ)
0
x [§DYuy + §DPuy + f(r,u,)]dr, 0<B<y (35)
for a multi-order FDE
SD/u+SDPu+f(t,u)=0, 0<t,0<B<y. (36)

Fory=1,8=0and y =2, 8 =0, Eq. (35) reduces to the formulae (see the iteration
formulae (19a) and (21a) in [20])

Uner = Uy + [y M T) (W), + g + (T, u,)) dr,

37
Mt ) ==t =) T Ey g, (<t = 7))y 1 pog = —e ) (87)

and

Uer = Uy + [3 (D)W + uy + f(T,u,)) d,

(38)
A=—(t—1)"E, 4, (~(t—1)"P)|, 2,80 = sin(t — £).

Page9of 16


http://www.advancesindifferenceequations.com/content/2013/1/21

Wu and Baleanu Advances in Difference Equations 2013, 2013:21
http://www.advancesindifferenceequations.com/content/2013/1/21

We conclude the following useful Lagrange multipliers for FDEs

cryY Cnb
Diu+f(t,;Dyu,u)=0, 0<pB<y,
L oDru+f(t,5D; ) 14 (39a)

_1) (r—f)V1
Mo ) = e

CD'u+SDPu+flt,bu)=0, 0<B<y,
g JoPruroDiusfbu) Py (39b)
MeT) == -T) T E, g, (-t - T)P),

RLpY u+ f(t,SDPu,u) =0, 0<B<y,

At 7) = COTer

( (39¢)
(y=D)!

III.

and

R 4y v SDPu v F(b,u) =0, 0<B <y,
v, o Trm o flew ey (39d)
A7) = ~(t =) Eyop, (=t - T)77F).

Example 4.5 Let us consider the linear fractional Schrodinger equation [36]

19%u

iSDu + ke 0, u(x, 0) = ™. (40)

The variational iteration formula for (40) reads

) 19%u
U1 = Uy — oI” (; $D%u, + 5 axz”). (41)

Starting from the initial iteration u = u(x, 0) = €, the successive approximate solutions

can be given as

. . it*
u=e*+e*————,
T (1 +a)
) , it* . t*
uz — elx + elx X

l+a) © 4T(+a)

n (it)ka
A L
— 2k (1 + ka)

u, =e”

For n — 00, u, tends to e*E,(it*/2) which is an exact solution of (41).

Example 4.6 Asthesecond example, consider the nonlinear fractional Schrodinger equa-
tion [36]

d ,
igD‘t"u+ _TZ +|ulPu =0, u(x,0) = ™. (42)

The corresponding iteration formula reads

9%u,
+ |un|2un .

1
o :C o
Up = Uy — ol (LODTM,,+ 2 922

Page 10 of 16
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As a result, the approximate solutions can be obtained

Up =€,
, 1
u = e*ll1-— )
2T(1+a)
, 1t 5 3 T(1+2a)t®

X
—e*(1- 2 _2
h=e ( 2T(+a)  4T(+2x) 4T2(1+a)l(1+3a)

I'(1 + 3a) 4 )

1
.=
831 +a)I'(1+4a)

Remarks Our simplest iteration formula (34) can reduce to the Volterra integral equa-
tion. See the analysis of the convergence and existence in [37] and the references therein.
However, regarding Eq. (36), the VIM transforms it into a more general Volterra integral
equation from which one can obtain approximate solutions of higher accuracies.

FDEs have been proven to be a useful tool to describe the nonlocal behaviors or
long range interactions of dynamical systems. The previous applications of the VIM just
‘guessed’ the Lagrange multipliers or directly used the one in ordinary differential equa-
tions. In this study, various Lagrange multipliers are identified more explicitly and the
variational approach for FDEs is systematically developed now.

5 The Caputo g-fractional initial value problem
We employ some notations of the g-fractional derivative and integral in [38]. For 0 < g < 1,
let T, be the time scale

T, = {qm:mGZ}U{O}, (43)
where Z is the set of integers.

Definition 5.1 More generally, if o is a nonnegative real number, then we define the time
scale as follows:

T;‘ = {qm“" cm e Z} U {0}. (44)

The g-fractional derivative and integral have been defined in earlier work [8-10].
Definition 5.2 The g-fractional integral of « order is defined by

1
Fq(a)

() = fo (t—q)* f(x)dgr, teT? (45)

and the left Caputo g-fractional derivative is defined as

m

d
qCD‘gu(t) = ) dr—mu(r)dt, O<a,m=[a]+1,te Tq"‘. (46)

1 ¢ 1
I'(m—-a) /0 (£ — 7)la—m+l
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When v is not a positive integer, the g-factorial function is defined by

00 q"'t

1_4*
) _ y4v t
(t - T) =t l—[ 1 gt (47)

n=0 t

The fractional g-derivative of the g-factorial function with respect to ¢ is

r,(v+1)
C ) q (v—a)
D%(t—a —(t—a 48
(i = ) (48)

and

r,(v+1)
1%t — ) _ q _ (a+v)’ L, 49
ala(t=a) Cyla+v+1) @) as (49)

where o € R* and v € (-1, 00).
Now, we introduce the g-Laplace transform and some properties.

Definition 5.3 The g-Laplace transform was defined by Hahn [39] in 1949 as follows:

1/s
L [n(®)] = Lq h(t)enq(gst) dt, (50)
0

where e, 4(2) = [0 (1 — g"t), €2,4(0) = 1.

Lemma 5.4 ([38]) Let g(t) be an analytic function and assume g(t) = t'* on T,\ {0}, where
veR\{...,-2,-1,0}. Then the following convolution theorem can hold:

Lg[h(t) % g(8)] = Lo[h()|Lq[g®)], (51a)

where the convolution is defined as

N

(hxg)(s) = ﬁ h(t)gls —grld,t and gls—qr]=(s— qr)("_l). (51b)
-qJo

Lemma 5.5 For the Caputo q-derivative of g(t), the following Laplace transform holds:

mld’g(o) a-i-1
L,[SDie()] - ( elale Z e (ls S O<wm=lalsl  (52)

and

Ly[4l58(®)](s) = Ly[g®] (). (52b)

1-¢9)"
Sll
Lemma 5.6 ([38]) (t—17)#*) =(t-1)P(t -4 0)V), B,y €R.

The existence and uniqueness of the solutions of the Caputo g-initial value problems
have been discussed in [40].
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Lemma 5.7 Counsidering the initial value problems of the Caputo q-fractional equations,

d
cDyu(t) +f(t,u) =0, d—qtui(O)zai, m=[al+1,i=0,...,m—1, (53)
q

we construct a q-fractional correction functional

Up1 = Uy + oIy A(E, r)[ngun +f(r,un)]. (54)
One of the Lagrange multipliers can be identified as \(t,t) = -1.
Proof Take the Laplace transform of both sides of (54)

t qr)a 1)

1
L,lu ]=L[u]+(1—q)L[ / ME)
T e 1a-9Jo Ty
X [ngun +f(z, M,,)]:| d,t. (55)
From Lemma 5.6, we set A(£,7) = Yoo ai[t — q*7]®), where B; > 0. Then the Lagrange
multiplier is ‘good” enough so that the product of (t_qf)f:)il) and (¢, 7) is similar as the
function g[s — gt] in (51b) and — 1 3 fo (= lﬁ’; A(t r)[CD0 u, + f(t,u,)] becomes a convo-

lution (51b).
Then we get the following equation:

Lylta) = Lylues] + (1= q)a(5)< Ll
m-1 dl ge-i-1
—Z d : (1—qyw SL[f, u,,)]>, (56)

where a(s) is the Laplace transform of some function.
Considering L, [f (£, u,)] as a restricted variation so that after taking the classical varia-
tional derivative to both sides of (56), we can obtain
o

SLylttnr] = 8L [uy] + a<s>(lfW6Lq[un1, (57)

from which we can derive

ats) - - 1= 59)
s
The inverse Laplace transform of af(s) is
po-1
a(t) = —m. (59)

As aresult, we can get

A7) = —1. (60)
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Substituting A(t, 7) = —1 into (54), the variational iteration formula is determined as

Uil = Uy — g1 [qCD%‘un +f(t,u,)], O<a.

(61)
O

Example 5.8 Now consider the application in the initial value problems of the Caputo

q-fractional difference equations [12],
C _ _ o
qDZu_a)u+f(t), u@=c, tel;,0<a<l

We have the following variational iteration formula:

t (t— q.’:)(a—l) c
Upel = Uy — ———(; DSuy — wu, —f(1)) dyt
! / rq(“) (q / ) 1

Starting from the initial iteration
ug = ula) =,

the successive solutions can be given as

_ )@
c[1+“’(t( %) ] + LF (D),
q

|: ot —a)®  (t-a)®
uy=c|l+ +
[yl +1) g2 +1)

:| + 40 f() + a)qltf“f(t),

- ot (t — q7)*)
_ a-1)
Uy =c E: q(ka 1) / (t - qr) [ (ko + ) }/(f)dﬂ'

For n — o0, u,, tends to the exact solution

u=c,Eq(w,(t - a)) + /t(t —q0) @ Eyo(o,t - q"T)f (v) d,T,

where ,E, g(w, (t — q“7)) is the discrete Mittag-Leffler function defined by [12]

s wk(t_qat)(ka)
Egp(ot—q"1) =) ————
obap(@t=4'7) £ Ty (ka + B)

and

dEai(w, (t = a)) = jEo(w, £ - a).

(62)

(64)

(65)

Readers are referred to the recent development in the application of the VIM for solving

fuzzy equations [41-43] and the calculus of variations on time scales [44—48]. Since this

study only concentrates on the applications of the VIM, other numerical methods in FC

can be found in [49-51].
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6 Conclusions
We aim at some new applications of the VIM from differential equations to g-fractional
difference equations, and the following main contributions of this study are obtained:

(a) Designing a maple program of the VIM for differential equations. Now, there is no
need for one to obtain approximate solutions of high order by hand. The efficiency
and accuracy are improved;

(b) Correcting the popularly used variational iteration formulae in FC and explicitly
identifying some new Lagrange multipliers from the Laplace transform. The FDEs
are transformed into generalized Volterra integral equations;

(c) Applying the VIM in g-difference equations and identifying a Lagrange multiplier of
q-difference equations of mth order;

(d) Extending the VIM to FQC and investigating the initial value problems analytically.
The obtained variational iteration formula in FQC can reduce to those in FC and
QC.

Due to the rapid development of advanced applied sciences, non-classical tools of cal-
culus, i.e., fractional calculus, g-calculus, etc., have been becoming more active and have
been found useful in describing important physical phenomena. This study discusses
some new applications of the VIM and provides a potential tool to analytically investi-
gate such models. There is still some other work needed to consider, i.e., maple-packages
or the symbolic computation of the VIM in FC even in FQC, other numerical methods
based on the VIM, etc. The authors believe, in not far future, the VIM can play the same
crucial role as that in ordinary calculus.
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