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We apply generalized operators of fractional integration involving Appell’s function F;(-) due to Marichev-Saigo-Maeda, to the
product of the generalized Bessel function of the first kind due to Baricz. The results are expressed in terms of the multivariable
generalized Lauricella functions. Corresponding assertions in terms of Saigo, Erdélyi-Kober, Riemann-Liouville, and Weyl type of
fractional integrals are also presented. Some interesting special cases of our two main results are presented. We also point out that
the results presented here, being of general character, are easily reducible to yield many diverse new and known integral formulas

involving simpler functions.

1. Introduction, Definitions, and Preliminaries

The fractional calculus is nowadays one of the most rapidly
growing subject of mathematical analysis. It is a field of
applied mathematics that deals with derivatives and integrals
of arbitrary orders. The fractional integral operator involving
various special functions has found significant importance
and applications in various subfields of applicable mathemat-
ical analysis. Many applications of fractional calculus can be
found in turbulence and fluid dynamics, stochastic dynamical
system, plasma physics and controlled thermonuclear fusion,
nonlinear control theory, image processing, nonlinear biolog-
ical systems, astrophysics, and in quantum mechanics. Since
last four decades, a number of workers like Love [1], McBride
[2], Kalla [3, 4], Kalla and Saxena [5], Saigo [6, 7], Kilbas
[8], Kilbas and Sebastian [9], Kiryakova [10, 11], Baleanu [12],
Baleanu and Mustafa [13], Baleanu et al. [14], Baleanu et al.
[15], Purohit and Kalla [16], Purohit [17], Agarwal [18-20]
and Agarwal and Jain [21], and so forth have studied, in
depth, the properties, applications, and different extensions

of various operators of fractional calculus. A detailed account
of fractional calculus operators along with their properties
and applications can be found in the research monographs
by Miller and Ross [22], Kiryakova [10], and so forth.

The computation of fractional derivatives (and fractional
integrals) of special functions of one and more variables is
important from the point of view of the usefulness of these
results in the evaluation of generalized integrals and the
solution of differential and integral equations. Motivated by
these avenues of applications, a remarkably large number
of fractional integral formulas involving a variety of spe-
cial functions have been developed by many authors (see,
e.g., [23-27]). Fractional integration formulae for the Bessel
function and generalized Bessel functions are given recently
by Kilbas and Sebastian [9], Saxena et al. [28], Malik et al.
[29] and Purohit et al. [27]. A useful generalization of the
Bessel function w,(z) has been introduced and studied in
[30-34]. Here we aim at presenting composition formula of
Marichev-Saigo-Maeda fractional integral operators and the
product of generalized Bessel function, which are expressed



in terms of the multivariable generalized Lauricella functions.
Some interesting special cases of our main results are also
considered.

For our purpose, we begin by recalling some known func-
tions and earlier works. This paper deals with two integral
transforms defined for x > 0 and o, &', 3, 8,y € C by

(522075 )

1

1—; 1—?>dx,

(R(y)>0),

(0‘“ ﬁﬁ Yf)(x)
_L‘x’ o0 _ y-1,—« ! I

“TO) L (t-x)""t F3<oc,oc,ﬁ,[3,y, o)

1—— 1——>dx,

(R(y)>0).

These operators (integral transforms) were introduced by
Marichev [35] as Mellin type convolution operators with a
special function F;(-) in the kernel. These operators were
rediscovered and studied by Saigo in [36] as generalization
of the so-called Saigo fractional integral operators (see [37]).
Such further properties as, for example, their relations with
the Mellin transform and with the hypergeometric operators
(or the Saigo fractional integral operators), together with
their decompositional, operational and other properties in
the McBride space Fpy (see [38]) were studied by Saigo and
Maeda [39].

In (1) and (2) the symbol F;(-) denotes so-called 3rd
Appell function (known also as Horn function) (see [40, page
413]):

Fy (o o3 B, B3 y)
Z ((X) ( )(ﬂ)m(ﬂ )nxmy“ (3)

(1), !

m,n=0
x (max {|x[,|y|} < 1).

The properties of this function are discussed in [40, pages
412-415]. In particular, its relation to the Gauss hypergeomet-
ric function is presented as follows:

Fy(an—as B — i x5 ) W
=B (. Bsmx+y—xy).

It is known that the 3rd Appell function cannot be expressed
as a product of two , F, functions that satisfy pairs of linear
partial differential equations of the second order.
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We investigate compositions of integral transforms (1)
and (2) with the product of generalized Bessel function of the
firstkind, w, (z), which is defined for z € C\{0} and b,¢c,v € C
with R(v) > -1 by the following series (see, e.g., [30, page 10,
equation (1.15)]; for a very recent work, see also [31-33], [34,
page 182, equation (2.2)], and [29, page 2, equation (8)]):

L8 (k)
w, (z) = ];k!r(v+k+ (1+b)/2)

(5)

where C denotes the set of complex numbers and I'(z) is the
familiar Gamma function (see [41, Section 1.1]).

Then we show that the composition is expressed in terms
of the multivariable generalized Lauricella functions due to
Srivastava and Daoust (see, [42, page 454]) is a generalization
of the Wright function ‘P in several variables and defined

by (see e.g., [43, page 107])
sprt | [y + (). ()] [(€),,
[ Op)): [0 (8).
[w')q,@;n;.-.;

()]
(8]
[+ (8)]5210--002,]

o) n z;"j
= A(m ,...,mn) —t
ml,Agnn—O ' gml'
(6)
where
lel"(aj +Z;il mkocf)
A(my,....m,) = — - 2
LT (b + X, myBY)
) (7)
n K
XH Jlr(CJ+mkyJ) '
[1%,1 (d + my %)
The coeflicients oc? (G=1...,p) ,Bf G=1L...,9 y;.‘
(G=1...,pc)s and(S;f (j=1,....q), forallk = 1,...,n, are

real and positive and (a,) means the array of p-parameters
ps .o 3 with similar interpretations for (bp), (Vzln)’ ((x;l),
and so forth, and where (a), is the Pochhammer symbol
defined (for a € C) by (see [41, page 2 and pages 4-6])

(@), = 1 (n=0),
DnFla@e ) (@arn-1), meN:={1,23..1
_T'(a+n) _
= T (aeC\Z,),

(8)

and Z denotes the set of nonpositive integers.

The paper is organized as follows. The composition for-
mula of Marichev-Saigo-Maeda fractional integral operators
(1) and (2) with the product of generalized Bessel function of
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the first kind (5) is proved in terms of the multivariable gen-
eralized Lauricella functions (6) in Sections 2 and 3, respec-
tively. The corresponding results for the corresponding asser-
tions in terms of Saigo, Erdélyi-Kober, Riemann-Liouville
and Weyl type of fractional integrals are also presented in
Sections 2 and 3. Special cases giving compositions of frac-
tional integrals with the product of trigonometric functions
and concluding remarks are considered in Section 4.

2. Left-Side Fractional Integration of
Generalized Bessel Functions

Our results in this Section are based on the preliminary asser-
tions giving composition formula of fractional integral (1)
with a power function.

Lemma 1 (Saigo and Maeda [39, Lemma 1]). Let «, o, B, /3',
y € Candif R(y) > 0, R(p) > max{0, 9{(oc+oc'+ﬁ—y), R(a' -
B}, then

( Igc’f',ﬁ,ﬁ',y fo) (x)

_ TP (pry-a-o -pT(p+p -a')
T(p+p)T(p+y-—a-ao)l(p+y-o -p)

!
><Xp+y a—a 1.

The Marichev-Saigo-Maeda fractional integration (1) of
product of generalized Bessel functions (5) and Binomial
function is given by the following result.

Theorem 2. Leta, o, 3, ', 0, A, y, V), pj» b, ¢ € C and satisfy-
ing the inequalities

- b +1
R (0 + Zvjpj>
=

>maX[O,m(oc+oc'+,B—y),§R(oc’—,B’)],
(10)

R (o) >0,

then for x > 0, lax/b| < 1, one has

i1

! : v
+y—a—a -1 n P 2.2
P (ajx j ) J —— [A,C,E:G; asx Pn
1

Tt g\ 2 0| B,D,F: H; 4
aZx2p " ax
bl 4 b b b

where A, B, C, D, E, F, G, and H are given by the following

<G+Z%%> 2p1), ,@%%04) (12)

a+zwg+ﬁ>:QmL””Q%Lu4, (13)

[ (T+Z7/]p]+)/ B-a- oc):(Zpl),...,

(14)
@%%01,
D= [<U+Z”jf’j+)’ a—a > 2p1)s---s
j=1
: (15)

E- Kmivwﬁ'—a'):<zpl),...,(zpn>,<1>],

=
(16)
F= |:<G+Zvjpj+y—oc'—/3>:(2p1),...,
j=1
: 17)
@m%04,
G=—..5—[A:1], (18)

H= [h+l%ék4p“{m+l%9w4;a (19)

Proof. For sake of convenience, let the left-hand side of the
(11) be denoted by .7. Using definition (5) and the binomial

expansion, namely,
/\ Z (A)k < at ) at

(b-at)™ = ;

<1,  (20)

we find
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_ | e BB
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X < i (-D" (" (a " /Z)WZkl > <t <a +p —a +k+ i”jpj + Zi”jkf))

kT (0 + Ky + (0 +1)/2) i i

N ( i (_1)kn(C)kn(“ntp"/Z)vn+2kn)>:|> (x). X <F <0 typ-—a-o +k+ ivjpj + Zji;”jkf)

kn:okn!r (v, + K, + (b +1)/2) =1

(21) n n -1
x F<0+y—oc’ —/3+k+Zvjpj+ZZvjkj>>
=

Following the convergence condition of Theorem 2, for =

any k € N,
y 1
; ; T(v, +k;+(b+1)/2)--T(v, +k,+(b+1)/2)
2R<a+k+2vjpj+22vjkj> . .
a =t (aha)” (a,x*/4)"  (ax/b)*
) o) k! k! K
29{<G+Zvjpj> (24)
=1
This, in accordance with (6), gives the required result (11).
> max [0, R (oc +o +B- y) R (oc' - ﬁ')] This completed the proof of the Theorem 2. O
and then changing the order of integration and summation, )
we obtain On setting «' = 0 in Theorem 2, we get the following
Saigo hypergeometric fractional image of the product of gen-
N i ( A)k(—l)kl ( c)kl (a, /2)v1+2k1 ark eralized Bessel function of the first formula kind w, (z).
g
ki oK () + Ky + (B +1) /2)\ b Corollary 3. If &, B, 8,0, A,,v;, pjsb,c € Cand x > 0,

lax/b| < 1
(1)) (a,/2)" ™
o kT (v, +k,+ @B +1)/2)

(' ,B'y)
x (IO,+

- b+1
0, 0, A+ — 0,
R (y) > R (0) > m(j_zlvj+ 5 >>

n
% {to+k+vlpl+--~+vnpn+2v1k1+---+21/,,kn—1} ) (X) ) R <O' + Zvjpj> >0,
23 7
(23) (25)
Now on applying Lemma 1 and using (9) with p replaced by
(0 +k+vpy + -+ V,p, +2v,k; + -+ +2v,k,), we obtain then there hold the results:
7 ( B 1 A .
0=y~ - - i
IO?; 14 t° (b -at) val, (ajtpf) (x)
xa+y—o¢—oc’—1 j=1
r(\)ou B KOyl n (aijj )Vj 2001 |: AC:G; afx%h
2;15..5150 . . >
n <ajxf’j )Vf (Lo j=1 2 D.F: H; 4
X
Jj=1 2 aflxzpn ax
(o) n n - 4 , b ,
X z <I‘(A+k)1‘<o+k+2vjpj+ZZvjkj>> (26)
Jeky e =0 i1 =

1 where A, C, D, F, G, and H are given by (12), (14), (15), (17),
) ; 7 18), and (19), respectively.
><<F<a+/3l+k+2vjpj+22vjkj>> (18), and (19), respectively.
j=1

,-=1 Again, on letting &' = 0 and & = 0 in Theorem 2, we get

the Riemann-Liouville fractional image of the product of

o <F <0 iy—a—o —Brk+ Z v+ ZZ y, kj> generalized Bgssel function of the first formula kind; asserted
a s by the following corollary.
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Corollary 4. Let ,3',0, 1,7y, vjppbic € Cand x > 0,
lax/b| < 1, and

R(y) >0, R (0) >0, 2R<Zvj+b+l>>0,
j=1

2
R <a + Zvjpj> > 0.
j=1

(27)
Then, one has
W | o1 AT
Iy, |t (b—at) vaj (a]-tpf) (x)
=1
_ xo+y—1 n (ajxpj )vjsl;o;,..;o;l[ A:G; B a%x2pl
Tyt i\ "2 ) et | DoHy T
aisz" ax
b 4 bl b b
(28)

where A, D, G, and H are given by (12), (15), (18), and (19),
respectively.

3. Right-Side Fractional Integration of
Generalized Bessel Functions

In the sequel, we use the following results.

Lemma 5 (Saigo and Maeda [39, Lemma 2]). Let o, o/, B [5',
y € Cand if R(y) > 0, R(p) < 1 + min{R(-p), R(x + ' -
p), Rl + ﬁ' — M}, then

(1) ()
=(T(1-p-Pr(1-p-y+a+a)
xT(1-p+a+p -y)) (29)
x(T(1-p)T(1-p+a+a’ +p -y)
xT(1=p+a=p)) xreet,

The Marichev-Saigo-Maeda fractional integration (2) of
product of generalized Bessel functions (5) and Binomial
function is given by the following result.

Theorem 6. Let a, o, 3, 8,0, A, y, Vjpjbc € Candx > 0,
la/bx| < 1 such that

R(y)>0, R(0)>0, m( v].+b+71>>o,
=

R (0 + Zvjp])
j=1

<1+min{§R(—ﬁ),§R(o¢+(x'—y),iR((x+ﬁ'—y)}.
(30)

Then, one has

, , A n a:
[l BBy tﬂfl(b - E) W, <—J) (x)
) t i 7\ tFi
E

o+y-a-a'-1 _n N 1Al
L (i) i o0 |ALCLE G ag
r (A,) b)L 2xPi 3;15..5150 —

j=1

where A', B',C', D', E', and F' are given by the following:

Al = <1—0—[5+ivjpj> : (2pl),...,(2pn),(l)] ,
j=1

(32)

B = <1—G+Zvjpj> : (2p1),...,(2pn),(1)], (33)

j=1

-

c = <1—a—y+cx+tx'+2vjpj>:(2p1),...,

=1
- (34)
(an),(l) :I >
D' = (1—0+oc—ﬂ+z7’jpj> : (2P1))---’(2Pn)’(1)]>
=
(35)
E = l:(l—o—y+oc+ﬁ’+2vjpj> :(2p1) 5. es
=1
J (36)
(an),(l) } >
F' = |:<1—O'—]/+(X+06,+ﬁ,+ivjpj> 1(2p)5--0
=
(2/)7,)>(1) ] 4
(37)

and G, H are given by (18) and (19), respectively.

Proof. For convenience, let the left-hand side of the (31) be
denoted by 7. Applying definition (5) and the binomial



expansion for (b — at) ™ and then changing the order of inte-
gration and summation, we find

S (A=DR ()R (a/2)"

=p?
d k,klgk kKT (v, + Ky + (b +1)/2)

ayk (DR (o) (a,/2)
8 (E) kT (v, + K, + (b+1)/2)

(aa .B'y)
X (IO,+

x {ta—k—vlpl—---— npn—Zvlkl—m—Zvnkn—l} ) (x) )

(38)

Following the convergence condition of Theorem 6, for any
keN,

<1+min{2R(—[3),2R(oc+(x'—y),iR(oc+/3'—y)}.
(39)

Now, on making use of Lemma 5 and (9), we obtain

S

xU+Y*OL*(X, -1

TV

n a.: vj
J
* g( 2xPi )

X i <F(A+k)r<1—a—ﬁ+k+ivjpj
=0

KKy st

+ Zivjkj>>
j=1

><<1“<1—a—y+oc+oc'+ﬁ'+k
n n -1
+Z”ﬂ’j+zzvjkf>>
j=1 j=1
><<1“<1—a—y+oc+(x'+k

+ ZVjpj + ZZvjkj)
j=1 j=1
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><1“<1—a—y+oc+ﬁ'+k
+ Z”jpj +22vjkj>)
j=1 =1

X <F<1 -o+k+ Vip;j +22vjkj>
j=1 =1

-1
X F(l —o+a-PB+k+ Zvjpj +22vjkj>>
j=1

j=1

y 1
T(vy +ky+ b+ 1)/2)---T(v, +k, +(b+1)/2)

(aa) (@ /a) (o)t

k! k,! k!

(40)

This, in accordance with (6), gives the required result (31).
This completed the proof of Theorem 6. O

On taking &' = 0 in Theorem 6, we get the right-sided
Saigo hypergeometric fractional image of the product of gen-
eralized Bessel function of the first formula kind, w,(z) as
follows.

Corollary 7. Let o, 3, 8,0, A, 7, v ppbc € Candx > 0,
la/bx| < 1, and

< b+1
R 0, R 0, R it — 0,
(y) > (0) > (;v] = > >

R <a + i”j%’) > 0.
=1
] (41)

Then

(12;2‘%‘“ lt"‘l(b - ‘%)A ﬁww (%’)] > (x)

!
o+y-a—a -1 n N el 2
_x < 4, >J 2303..5051 [ A,C:G; &l

T)b* f\2xP) 2580 | BLD' H; o axe

&
Co4x2n bx |
(42)

where A', B', C', D', G and H are given by (32), (33), (34),
(35), (18), and (19), respectively.

Again, on setting «' = 0 and « = 0 in Theorem 6, we get
the following image formula for the product of generalized
Bessel function of the first kind involving Riemann-Liouville
type fractional integral operator.
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Corollary 8. Let 3,',0, 1,7y, vj,ppbic € Cand x > 0,
la/bx| < 1, and

< b+1
R 0, R 0, R it — 0,
(y) > (0) > (;v] + = > >

R <0 + Zvjpj> > 0.
=1

(43)
Then

n

W | o1 a\™ 4;
1| (- 1) H“’w(ﬁ) ()
i<
_ xo+y7tx7(x’71 n< a; )WSl;O;"';O;l C:G B
TA)Br j\2xPi ) sl B':H; 4x?’
E a]

U 4x2 by
(44)

where B, C', G, and H are given by (33), (34), (18), and (19),
respectively.

4. Consequence Results and Concluding
Remarks

In this section, we briefly consider another variation of the
results derived in the preceding sections. Bessel functions
are important special functions that appear widely in science
and engineering. Bessel functions of the first kind J,(z)
are oscillatory and may be regarded as generalizations of
trigonometric functions. Indeed, for large argument (z > 1)
the function /n1z/2],(z) is well approximated by the trigono-
metric function cos(z—nv/2-m/4). Similarly, modified Bessel
functions of the first kind I,(z), which are Bessel functions
of imaginary argument, may be regarded as generalization
of exponentials. Exponential functions have the unique and
special property that they are particularly easy to multiply and
to raise to powers: e2e?? = @Y% and (¢7)" = €. Further, it
can be easily seen that for ¢ = 1 and b = 1, the Generalized
Bessel function of the first kind (5) reduces to J, (z), and when
¢ = —1and b = 1 the function w,(z) becomes I,(z). Similarly,
when ¢ = 1 and b = 2, the function w,(z) reduces to 2j,/+/T,
while if ¢ = -1 and b = 2, then w,(z) becomes 2i,/+/7.
In the sequel from (5), we have w,(0) = 0. Therefore, the
results presented in this paper are easily converted in terms
of the various special Bessel functions after some suitable
parametric replacement.

For example, if we set v = —b/2, then the generalized
Bessel function w,(z) in (5) have following relation with
cosine function when c is replaced by ¢ (see, e.g., [29]):

2\*2coscz
Wy (2) = (;) . (45)

While if v = =b/2 and ¢ = —c?, w,(z) in (5) have relation
with hyperbolic cosine function as (see, e.g., [29])

2\2 cosh cz
wype (@) =(2) e (46)

In the sequel, if we set ¥ = 1 — b/2, then the generalized
Bessel function w,(z) in (5) have following relation with sine
function when c is replaced by ¢ (see, e.g., [29]):

(47)

w (2) = (%)b/z sincz
1-b/2,6 “\z N
Further, if we put v = 1 - b/2 and ¢ = —c% in (5), we
have the following relation with w,(z) and hyperbolic sine
function as (see, e.g., [29])

(48)

2\*?sinhcz
wl_b/z,_cz (Z) = ; \/E .

Now, by virtue of the relations (45) to (48), one can easily
derive the Marichev-Saigo-Maeda type fractional integrals
involving product of trigonometric functions. Therefore, we
omit the details of these results.

Further, it is interesting to observe that, if we set at &’ = 0,
the results given by Malik et al. [29, pages 5 and 8, Theorems
4.1and 5.1] follow as special cases of our main results. Again, if
weset A = 0and b = ¢ = 1, then our main results (11) and (31)
follow the kown results due to [28]. Finally, if we set A = 0,
n =b = ¢ = 1 and give some suitable parametric replacement
in the main results (11) and (31), we can arrive at the known
results due to Purohit et al. [27] in a slightly different notation.

Fractional integral formulas involving products of Bessel
functions have been developed and play an important role
in several physical problems. In fact, Bessel functions are
playing the important role in studying solutions of dif-
ferential equations, integral equations [44], and they are
associated with a wide range of problems in important areas
of mathematical physics, like problems of acoustics, radio-
physics, hydrodynamics, and atomic and nuclear physics.
These considerations have led various workers in the field of
special functions for exploring the possible extensions and
applications for the Bessel functions. Among many properties
of Bessel functions, they also have investigated some possible
extensions of the Bessel functions. The generalized Bessel
function defined by (5), possess the advantage that a number
of Bessel functions, trigonometric functions and hyperbolic
functions happen to be the particular cases of this function.
Therefore, we conclude this paper with the remark that,
the results deduced above are significant and can lead to
yield numerous other fractional integrals involving various
Bessel functions and trigonometric functions by the suitable
specializations of arbitrary parameters in the theorems. More
importantly, they are expected to find some applications to
the solutions of fractional differential and integral equations.
The results thus derived in this paper are general in character
and likely to find certain applications in the theory of special
functions.
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