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Abstract From the difference equations on discrete time scales, this paper numerically investigates

one discrete fractional difference equation in the Caputo delta’s sense which has an explicit solution

in form of the discrete Mittag-Leffler function. The exact numerical values of the solutions are given

in comparison with the truncated Mittag-Leffler function.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The fractional calculus has become as an efficient tool in var-
ious applied areas. For example, due to the beautiful memory
effects, it often appears in diffusion in the porous media

(Benson et al., 2000; Berkowitz et al., 2002; Bhrawya and
Zaky, 2015; Liu et al., 2004; Sun et al., 2009; Yang et al.,
2013), the material’s properties (Bagley and Torvik, 1983;
Carpinteri and Cornetti, 2002; Mainardi, 2010; Rossikhin

and Shitikova, 1997), biological population (Atangana, 2014)
and control systems (Baleanu et al., 2011; Li and Chen,
2004; Machado, 1997) et al.

In the applications of the mentioned topic, one frequently

comes across the discrete Mittag-Leffler function (DMLF)
(Abdeljawad, 2011; Acar and Atici, 2013; Atici and Eloe,
2007; Pillai and Jayakumar, 1995; Nagai, 2003; Liu et al.,

2014). Due to the functions’ infinity series’ expression, the
truncated form is often approximately used. However, the
function leads to truncated errors in fractional modelling

and explicit analytical calculus for real-world applications.
As a result, much effort has been dedicated to numerical
approximations of the Mittag-Leffler functions (Garrappa
and Popolizio, 2013; Moret and Novati, 2011; Podlubny,

2005; Valerio and Machado, 2014).
Very recently, the discrete fractional calculus is developed

as a discrete fractional modelling tool (Abdeljawad, 2011;
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Atici and Eloe, 2009, 2011; Chen et al., 2011). In this paper, we
consider exact numerical values of the DMLF (Abdeljawad,
2011; Abdeljawad et al., 2012; Acar and Atici, 2013) which

was given in a limit

Emðk; tÞ ¼ lim
k!1

Xk

i¼0
ki ðtþ iðm� 1ÞÞðimÞ

Cð1þ imÞ ; ð1Þ

where tðmÞ is the falling factorial function as

tðmÞ ¼ Cðtþ 1Þ
Cðtþ 1� mÞ :

The numerical formula of one fractional difference equa-

tion is given by the discrete fractional difference in this paper.
It is organised as follows. In Section 2, some preliminaries of
the fractional calculus are introduced and the numerical for-

mula is given by the DFC. In Section 3, the DMLF is illus-
trated through the solution of the discrete fractional
difference equation. In Section 4, we conclude our work.

2. Preliminaries

Let’s revisit basics of the fractional sum and difference in the

following.

Definition 2.1 (See Atici and Eloe, 2009, 2011). Let
/ðtÞ : Na ¼ fa; aþ 1; aþ 2; . . . ; g ! R and 0 < m. Then, the
fractional m order sum is defined by
Figure 1 Exact numerical solution for k ¼ 0:1; m ¼ 0:8 and

y0 ¼ 1.
aD
�m
t /ðtÞ ¼ 1

CðmÞ
Xt�m

s¼a
ðt� s� 1Þðm�1Þ/ðsÞ; t 2 ðNÞaþm; ð2Þ

where a 2 R.

Definition 2.2 (See Abdeljawad, 2011). For m� 1 < m 6 m,
and /ðtÞ defined on Na, the left Caputo-like delta difference
is defined by

a
CDm

t/ðtÞ ¼
1

Cðm� mÞ
Xt�ðm�mÞ

s¼a
ðt� s� 1Þðm�1�mÞDm/ðsÞ;

t 2 Naþðm�mÞ: ð3Þ

Within this definition, existence results of fractional
difference equation are investigated in Chen et al. (2011)

C
a Dm

t uðtÞ ¼ fðuðtþ m� 1Þ; tþ m� 1Þ;
t 2 Naþ1�m; uðaÞ ¼ X; 0 < m � 1; ð4Þ

among which a discrete equivalent form was given as

uðtÞ ¼ Xþ 1

CðmÞ
Xt�m

s¼aþ1�m

ðt� s� 1Þðm�1Þfðuðsþ m� 1Þ; sþ m� 1Þ;

t 2 Naþ1: ð5Þ

We can have a numerical formula as

uðaþ nÞ ¼ uðaÞ þ 1

CðmÞ
Xn

j¼1

Cðn� jþ mÞ
Cðn� jþ 1Þ fðuðaþ j� 1Þ;

aþ j� 1Þ; uðaÞ ¼ X: ð6Þ

Different from fractional differential equations or differential
ones, the iteration solution from (6) is an exact one of the
difference equation. In this way, the discrete fractional maps

have been proposed as well as the chaotic behaviours and dif-
fusion discussed (Wu and Baleanu, 2014a,b; Wu et al., 2015).
3. Discrete fractional difference equation

Let us consider one example about the DMLF. The following

fractional difference equation

C
a Dm

t yðtÞ ¼ kyðtþ m� 1Þ; yðaÞ ¼ y0; t 2 Naþ1�m;

a ¼ 0; 0 < m 6 1 ð7Þ

has an exact solution,

yðtÞ ¼ y0Eaðk; tÞ; t 2 N0: ð8Þ

Considering the existence results (Chen et al., 2011), one
can have the sufficient condition

� 1

1þ m
< k <

1

1þ m
: ð9Þ

From the fractional sum (6), we can have

yðnÞ ¼ y0 þ
k

CðmÞ
Xn

j¼1

Cðn� jþ mÞ
Cðn� jþ 1Þ yðj� 1Þ; y0 ¼ 1 ð10Þ

with which we plot a numerical solution for m ¼ 0:8 in Fig. 1.

In Fig. 2, we compare the exact numerical solution with the
truncated DMLFs

y3 ¼
X3

i¼0
ki ðtþ iðm� 1ÞÞðimÞ

Cð1þ imÞ ð11Þ

and

y4 ¼
X4

i¼0
ki ðtþ iðm� 1ÞÞðimÞ

Cð1þ imÞ ; t 2 N0: ð12Þ

We can conclude that for i!1; yi tends to Eaðk; tÞ.
From the above comparison, we suggest that we can

directly use the fractional difference equation in fitting



Figure 2 Exact numerical solution versus truncated DMLF

solutions for k ¼ 0:1; m ¼ 0:8 and y0 ¼ 1.
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experimental data or other data. One can directly substitute

the experimental data into the iteration equation to generate
a system with respect to m. We can use the least square method
to determine the fractional order. Considering the continuous
MLF (Podlubny, 2005) for fractional differential equation,

there is no tedious numerical calculation.
Besides, we also can consider a direct fractional finite

difference method for the DFC equation as

a
CDm

t yðtþ 1� mÞ ¼ kyðtÞ; yðaÞ ¼ y0; t 2 Na; a ¼ 0;

0 < m 6 1; ð13Þ

with which we can obtain the same solution.

4. Conclusions

In this paper, we revisit the explicit expression of the DMLF.
With the existence condition of solutions, the corresponding

fractional difference equation on time scales is considered to
investigate the function. From the equivalent fractional sum,
we derive a numerical formula which leads to the exact numer-

ical solution. We suggest the application to the discrete frac-
tional modelling and experimental fitting. This also shows
that the fractional difference equation or map provides a
promising tool for discrete systems.
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