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Exact controllability of fractional neutral
integro-differential systems with
state-dependent delay in Banach spaces
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Abstract

In this manuscript, we have a tendency to execute Banach
contraction fixed point theorem combined with resolvent operator to
analyze the exact controllability results for fractional neutral integro-
differential systems (FNIDS) with state-dependent delay (SDD) in
Banach spaces. An illustration is additionally offered to exhibit the
achieved hypotheses.

1 Introduction

The rise of fractional calculus emerge new inquiries in basic physics,
which gives awesome complicated enthusiasm to the mathematicians and
physicists in the principle of fractional calculus. The fractional differential
equations (FDE) have been viewed as to be the beneficial tool, which can
summarize dynamical behavior of real life phenomena more precisely. Case
in point, the nonlinear oscillation of earthquake can be effectively displayed
with fractional derivatives. We can locate the various uses of FDE in control
theory, nonlinear oscillation of earthquake, the fluid-dynamic traffic model,
aerodynamics and in nearly every discipline of science and engineering. For

Key Words: Controllability, fractional order differential equations, state-dependent
delay, Banach fixed point theorem, resolvent operators, semigroup theory.

2010 Mathematics Subject Classification: Primary 93B05, 34K30, 26A33; Secondary
35R10, 47D06.

Received: 1.07.2015.

Revised: 2.08.2015.

Accepted: 3.10.2015.

29



EXACT CONTROLLABILITY OF FRACTIONAL NEUTRAL INTEGRO-DIFFERENTIAL SYSTEMS
WITH STATE-DEPENDENT DELAY IN BANACH SPACES 30

fundamental certainties about fractional systems, one can make reference to
the books [1, 2], and the papers [3, 4, 5, 6, 7, 8, 9], and the references
cited therein. FDE with delay features happen in several areas such as
medical and physical with SDD or non-constant delay. These days, existence
and controllability results of mild solutions for such problems became very
attractive and several researchers working on it. As of late, few number of
papers have been released on the fractional order problems with SDD, see for
instance [10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

On the flip side, the idea of controllability has assumed a focal part all
through the historical backdrop of cutting edge control theory. This is the
qualitative property of control frameworks and is of specific significance in
control theory. Numerous dynamical frameworks are such that the control
does not influence the complete state of the dynamical framework yet just a
piece of it. Then again, frequently in real industrial procedures it is conceivable
to notice just a specific piece of the complete state of the dynamical framework.
In this way, it is essential to figure out if or not control of the complete state
of the dynamical framework is conceivable. In this way, here the idea of
complete controllability and approximate controllability emerges. Generally
discussing, controllability usually indicates that it is conceivable to steer
dynamical framework from a arbitrary beginning state to the coveted last
state utilizing the set of acceptable controls.

These days, the controllability for different sorts of fractional differential
and integro-differential frameworks in theoretical spaces have created
substantial passion among scientists, for instance, see [20, 22, 23, 24, 25, 26,
27, 28, 21]. As of late, Santos et al. [16, 22, 23] researched the existence of
solutions for FNIDE with unbounded or SDD delay in Banach spaces. Shu et
al. [24] looked into the existence results for FDE with nonlocal conditions
of order @ € (1,2). In [25, 26], the writers present sufficient conditions
for the existence and approximate controllability of fractional order neutral
differential and stochastic differential system with infinite delay. Kexue et al.
[27] assessed the controllability of nonlocal FDE of order « € (1,2]. Sakthivel
et al. [28] identified the approximate controllability of fractional dynamical
system by selecting appropriate fixed point theorem whereas Rajivgandhi et al.
[29] established the approximate controllability of fractional stochastic integro-
differential equations with infinite delay of order 1 < a < 2 by utilizing the
Banach contraction principle. Lately, in [17, 18, 19], the authors discussed
the approximate controllability results for FNIDS with SDD by utilizing the
suitable fixed point theorem. Having said that, exact controllability results
for FNIDS with SDD in %) phase space adages have not yet been entirely
inspected.

Roused by the exertion of the previously stated papers [14, 17, 19], the
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essential motivation driving this manuscript is to research the controllability
of mild solutions for an FNIDS with SDD of the model

t
Dy \x(t)+9 <t,a:g(t7wt),/ e1(t, s,mg(sws))ds)] = o x(t)
0

t t
+ / B(t — s)x(s)ds + F (t, :vg(mt)?/ ea(t, s, Ty(s,z,))ds
0 0

+Ceut), tes =10,T], (1.1)
xo =¢(t) € B, 2'(0)=0, te (—o0,0], (1.2)

where the unknown z(-) needs values in the Banach space X having norm
| - Il, D¢ is the Caputo fractional derivative of order a € (1,2), 97, (%(t))1>0
are closed linear operators described on a regular domain which is dense in
(X, || - ), the control function u(-) € L?(.#,U), a Banach space of admissible
control functions. Moreover, C is a bounded linear operator from U to X; and
D¢ o(t) symbolize the Caputo derivative of o > 0 characterized by

D?O(t) = /O ljn—a(t - 8)

where n > « and pg(t) := %,t >0,8>0. Further, 4,.% : 4 x %), x X —
Xiei 0 DxBp, —-X,i=1,292={(t,s) € FxF:0<s<t<T}o:
I X By, — (—o0,T] are apposite functions, and %, is a phase space recognized
in Preliminaries.

For almost any continuous function x characterized on (—oo, 7| and any
t > 0, we designate by x; the part of %), characterized by z:(f) = z(t + 6)
for @ < 0. Now z(-) speaks to the historical backdrop of the state from every
0 € (—00,0] likely the current time ¢.

We proceed ahead as comes after. Section 2 is fully committed to analysis
of some vital aspects that will be employed in this work to attain our principal
outcomes. In Section 3, we express and demonstrate the controllability
outcomes by implies of Banach fixed point theorem. In Section 4, as a final
point, a proper case is equipped to reveal the effectiveness of the abstract
techniques.

To the best of our understanding, there is no work gave a record of
the controllability results for FNIDS with SDD, which is conveyed in the
structure (1.1)—(1.2). To pack this crevice, in this manuscript, we mull over
this entrancing model.

n

ds™ 7

(s)ds,

2 Preliminaries

In this part, we present some primary components which are required to
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confirm the principal outcomes.
Let Z(X) symbolizes the Banach space of all bounded linear operators
from X into X endowed with the uniform operator topology, having its norm

recognized as || - || #(x)-
Let C(.#,X) symbolize the space of all continuous functions from .# into
X, having its norm recognized as || - ||c(s x). Moreover, B, (z,X) symbolizes

the closed ball in X with the middle at z and the distance r.

It needs to be outlined that, once the delay is infinite, then we should talk
about the theoretical phase space %), in a beneficial way. In this manuscript,
we deliberate phase spaces %), which are same as described in [30]. So, we
bypass the details.

We expect that the phase space (%, || - |2, ) is a semi-normed linear space
of functions mapping (—oo, 0] into X, and fulfilling the subsequent elementary
adages as a result of Hale and Kato ( see case in point in [31, 32]).

If 2 : (—00,T] = X, T > 0, is continuous on & and zy € %}, then for
every t € .# the accompanying conditions hold:

(P1) xy is in By;
(P2) [lz(®)lx < H|2t 2,

(P3) ||lwtlle, < Z1(t)sup{||z(s)|lx : 0 < s <t} + Da(t)||zol| s, , where H > 0
is a constant and Z;(-) : [0,400) — [0,+00) is continuous, Z»(-) :
[0, +00) — [0,400) is locally bounded, and 2;, %> are independent of
(P4) The function t — ¢; is well described and continuous from the set

R(e™) = {ols:) = (s,5) € [0,T] x Bn},

into &), and there is a continuous and bounded function J¢ : R(o~) —
(0,00) to ensure that |||z, < J°(t)|s]lz, for every t € R(o™).

Recognize the space
PBr ={x:(—00,T) = X : z| s is continuous and zy € %},

where x|y is the constraint of z to the real compact interval on .7.
The function || - ||, to be a seminorm in Ay, it is described by

2l = [Is|z, + sup{llz(s)llx : s € [0, T]}, = € Br.

Lemma 1. /33, Lemma 2.1] Let x : (—oo0,T] — X be a function in a way that
xo = ¢, and if (Py) hold, then

sl < (Z2 + J°)llsll, + 21 sup{[|z(0)[x : € [0, max{0, s}]},
seR(pT)U L,
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where J* = sup J°(t), D7 = sup 2 (s), P = sup D(s).
teR(e™) s€[0,T] s€[0,T]

To be able to acquire our outcomes, we believe that the subsequent FIDS

Deat) = /%t—s 5)ds, (2.1)
z(0)=¢ceX, 2'(0)=0, (2.2)

has an associated a-resolvent operator of bounded linear operators (Rq(%)):>0
on X.

Definition 2.1. [22, Definition 2.1] A one parameter family of bounded linear
operators (R (t))i>0 on X is called a a-resolvent operator of (2.1)-(2.2) if the
subsequent conditions are fulfilled.

(a) The function Ra(:) : [0,00) — ZL(X) is strongly continuous and
Ra(0)z =z for allz € X and o € (1,2).

(b) For x € D(&), Ro(-)r € C([0,00), [D(«)])NC(0,0),X), and for

every t > 0, we receive
t
DR, (t)x = ARy (t)x + / Bt — s)Ra(s)xds, (2.3)
0

DOR () = Ro(t)z + / "Rt — ) B(s)uds. (2.4)
0

The existence of a a-resolvent operator for the model (2.1)-(2.2) was
analyzed in [20]. To be able to research our model, we need to consider
the conditions (P1) — (P3) which are same as stated in [22], consequently
we preclude it.

In view of the conditions (P1) — (P3), we determine the operator family

(Ra(t))i=0 by

ﬁ/ eMGo(N)dN, t>0,
:Ra(t) == Fryg

I, t=0,

(2.5)

where
Pa(Ga) =N EC 1 Ga(N) = NN — of — B(N) ' € Z(X)}.

Hereafter, we expect that the conditions (P1) — (P3) are fulfilled. Further,
we need to talk about the mild solution for the model (1.1)-(1.2). For this
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intent, it is necessary to discuss the subsequent non-homogeneous model

Dix(t) = x(t) + /t Bt — s)x(s)ds+ F(t), te .7, (2.6)
0
2(0) =z, 2(0) =0, (2.7)
where a € (1,2) and Z € L!(.7,X).

Definition 2.2 ([22, Definition 2.6]). Let oo € (1,2), we describe the family
(8a(t))iz0 by t
a(t)0 5= [ Faca(6 = 9)Rals)sds,
0
for each t > 0.

The properties and auxiliary results of (2.1)-(2.2) and (2.6)-(2.7) are
broadly examined in [20, 22]. To maintain a strategic distance from the
redundancy, here we discard it.

In the subsequent result, we signify by (—<)” the fractional power of the
operator —&7, (see [34] for details).

Lemma 2 ([22, Lemma 3.1]). Suppose that the conditions (P1)-(P3) are
satisfied. Let o € (1,2) and 9 € (0,1) such that o € (0,1), then there exists
positive number C such that

|(~) " Ra(t)]| < Cemt=, (2.8)
||(—J27)198a(t)|| < Certta(l—ﬂ)—l, (29)

for allt > 0. If v € [D((—/)?)], then
(=)’ Ra () = R () (— )z,  (—)?80(t)x = Su(t) (=) 2. (2.10)

Definition 2.3. Let xr(s;u) be the state value of the model (1.1)-(1.2) at
terminal time T corresponding to the control u and the initial value ¢ € By,.
Present the set Z(T,s) = {x7(s;u)(0) : u(-) € L2(#,U)}, which is known as
the reachable set of model (1.1)-(1.2) at terminal time T

Definition 2.4. The model (1.1)-(1.2) is said to be exactly controllable on &
if Z(T,s) = X.

Assume that the fractional differential control model

D%zx(t) = oz(t) + (Cu)(t), te .7, (2.11)
g =¢ E @h, (212)
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is exactly controllable. It is practical at this position to present the
controllability operator linked with (2.11)-(2.12) as

T
T — / So(T — 5)CC™S™ (T — s)ds,
0
where C* and 8} (t) denotes the adjoints of C and 8,(t), accordingly. It is

simple that the operator I'} is a linear bounded operator [35, Theorem 3.2].

Lemma 3. If the linear fractional model (2.11)-(2.12) is exactly controllable
if and only then for some v > 0 such that ([T z,x) > ~||z||%, for all x € X and
as a result ||(TE) 71| < %

Remark 2.1. Further, we assume that the linear fractional control system
(2.11)-(2.12) is exactly controllable.

3 Controllability Results
In this segment, we present and demonstrate the exact controllability

results for the structure (1.1)-(1.2) under Banach fixed point theorem.
Initially, we present the mild solution for the model (1.1)—(1.2).

Definition 3.1. [22, Definition 3.4] A function z : (—o0,T] — X, is called
a mild solution of (1.1)-(1.2) on [0,T], if zo = <; x|, € C([0,T] : X);

the function s — A8,(t — $)9 (s,xg(sxs),/ el(S,T,!’EQ(T@T))dT) and s —
0

( PB(s—T)8a(t —3)¥ (T, xQ(Tsz),/ e1(r, &, a?g(g,zg))d§> dr is integrable on
0 0
[0,t) for allt € (0,T) and fort € [0,T],

z(t) = Ra(t) [g(O) +9(0,5(0), 0)] -9 <t, zg(t7xt)7/o e1(t, s, xg(sws))ds)

/ A8, (t — 8)Y (s To(s,20)> / el(s,T,xQ(T@T))dT) ds
0

/ / PB(s—1)8 t—s)%( (”:T),/ 61(7,57339(5,355))655) drds
0

Presently, we itemizing the subsequent suppositions:
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(H1) The operator families R, (t) and 8,(t) are compact for all ¢ > 0,
and there exists a constant M in a way that [|Rq(t)]|2x) < M and
180 (t)|l.2x) <M for every t € .# and

[(=e7)?8,(t)||x < MteI=D=1 o<t <T.

(H2) The subsequent conditions are fulfilled.

(a) B(-)x € C(SF,X) for every x € [D((—=)' 7).
(b) There is a function u(-) € L'(#;RY), to ensure that

18(5)8a ()l 2((D((— o)y 50 < Mu(s)t*’~1, 0<s<t<T.

(H3) The function % : & x B, x X — X is continuous and we can find positive
constants Lz, Lz > 0 and L% > 0 in ways that for allt € ., z,y € X

| (t, %1, 2) — F(t, 2, 9)lx < Lzl — ¥l + Lzllz — ylix,

and
L = max | 7(£,0,0)]x.

(H4) e; : Zx %) — Xis continuous and we can find constants L, > 0, LY. >0
to ensure that for all (¢,s) € 2, (¢,) € Bz, i =1,2;

Hei(t787g) - ei(t7571/})HX S Lei

§_¢”9—é’h7
and

L* frd ’it7 7O 5 .:172.
. = max|lei(t,5,0)llx, 1

€

(H5) The function 4(-) is (—«)?-valued, & : & x B}, x X — [D((—=)~?)]
is continuous and there exist positive constants L, Ly > 0 and L > 0
such that for all (t,¢;) € & x Bp,j =1,2;z,y € X,

I(=)"% (t,51,2) = ()G (t,52,9) |x < L1 — 2]l 2, + Ll = wllx,
()9 (t,<.0)lx < Ly|i<|lz, + Ly,

where
Ly = —a)? .
= ma |(~)*9 (2,0, 0)]1x

(H6) The following inequalities holds:
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(i) Let
(}yM%\/E%T) |lzr| + <1 + iMQM%T)
+ (L*g + ZgTLzl) {MO + MaTgﬁ <1 + /OT,u(T)dT> }
+MT (L} + ngLzz) (D + )

{MO + MT;? (1 n /OT u(T)dT) } (Lg n EgTLel>

for some r > 0.
(ii) Let

MMoLy| S|z, +MMoLy

MT(Lg + LzTL,,)

E

A= (1 + 1M2M%T) 74
Y

MTaﬂ T _
+ < Mo + oD 1 +/ /L(T)dT (Lg + LgTLel)
0

be such that 0 < A < 1.

MT (Lg +L gTLE2)

<1

Theorem 3.1. Assume that the conditions (H1)-(H6) hold. Then the control
system (1.1)-(1.2) is exactly controllable on & .

Proof. Utilizing the hypothesis, for an arbitrary function x(-), choose the
feedback control function as follows:

U, (t) = €*83(T —t)(Tg) ™" le — Ra(T)[s(0) +9(0,5(0),0)]
T
+9 (T,ICQ(TJT),/ el(T,s,xQ(st))ds)

/ A8,(T — 8)9 (s Tp(s,z, ),/ e1(8, T, Ty(r.2, ))dT) ds
/ / PB(s—1)84(T — s)

(x) <T, Z gt o) /O er(r. 6. €m)dg) drds (3.2)
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T s
_ / 8a(T — 8).F <s,x0(s,ms),/ ea(s, T, xg(mgr))m-) ds] .
0 0

Presently, we determine the operator Y : B — ZBr by

Ra () [s(0) + 9( 0,5(0)

< ot,ze)s ei(t,s s T (s, 15))ds>
0

/ A8 (t — 8)Y ( Tp(s,z,) /OS el(s,T,xg(TymT))dT> ds
(o)1) = //@577 (t-9

( g (T € o(T,x+)» (T §, o(&,z¢) )df) drds

0

S
/S t—s)F <s7x9(syms),/ 62(8,T,$9(77zT))dT> ds
0

/S (t — s)Cuy(s)ds, te L.

Observe that the control (3.2) transfers the system (1.1)-(1.2) from the initial
state ¢ to the final state zp provided that the operator Y has a fixed point.
To confirm the exact controllability outcome, it is adequate to demonstrate
that the operator T has a fixed point in %r.

We express the function y(-) : (—o0,T] — X by

Ra(t)s(0), te .z,
then yo = ¢. For every function z € C(#,R) with z(0) = 0, we allocate as z
is characterized by
0 t <0;
Zt)=<¢" 7
2(t), te.s.

If «(-) fulfills (3.1), we are able to split it as z(t) = y(t) + 2(t), t € £, which
suggests x; = y; + 2¢, for each ¢t € & and also the function z(-) fulfills

Z(t) = iRoz (t)g(ov S, 0) - g(ta Zg(t,zt—&-yt) + yg(t,zt—i-y,,)a

t
/0 61(t7 85 %Z0(s,25+ys) + yg(s,zsﬂ;s))ds)
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_ /Ot A8 (t — s)g<s, Zo(s,24ys) T Yo(s,2s4ys)s
/Os €1(8,7, Zo(r,2rtyr) + yQ(T,Z#yT))dT) ds

[ [ #6795 99 (52t + vt
/O a7, £ 2t ne v Yo(t, e +e) € ) drds

+ / 8t = 517 (5,2 ) + Yot
/05 €a(s, T Zo(r, 2 4y,) T yQ(T,ZHryT))dT) ds

t
—|—/ Sa(t — 5)Cuyty(s)ds,
0

where
C*8: (T —t)(TT) L |or — R (T)¥(0,5,0)
+4 (T’ Ro(T,zr+yT) + Yo(T,zr+yr)>
T
/ e1(T, 8, Zg(s,2,4y,) + yQ(S,ZSerS))ds)
O

+ / %SQ(T — S)g (S, Zo(s,zs+ys) T Yols,zetys)s

Uz (t) = €1(8, Ty Zg(r,2-+-) T Yolr, zr+yf))d7> ds

/ / % S - T S)g (7—7 2o(T 2 4+yr) + Yo(r,2++y+)s

o e1(7-7 ga Zo(&,ze+ye) + yg(&szryg))df) drds

- Sa(T — S)ﬁ(& Zo(s.zstys) T Yols,zetys)
0
S

/0 62(S7T7zg(f7zf+yr)+3/9(T,zr+y7))d7'>d5 .

Let #% = {2 € B%: 2z =0¢€ B}. Let || - | o, be the seminorm in i
described by

20l = sup [l2(8)[1x + l|20ll, = sup [l2(t)]x, =2 € 27,
tes tey
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as a result (%%, - || ) is a Banach space. We delimit the operator
T : 8% — B2 by

3%; (t)%(0,¢,0) =% (t Zo(tzity) T Yot zetye)
/0 e1(t, 8, Zo(s,2u4y,) T yQ(S,Zs+ys))dS>
t

_/o A8 (t — S)g(& Zo(s,z5+ys) T Yols,zatys)

05 e1(S, Ty 2g(r,zrtyr) T ya(ﬂzr+yr))d7—> ds

t s

(YT2)(t) = _Z) /0 PB(s —7)8a(t — S)g(T’ Zo(rzr+yr) T Yol(r,204y0)

| 16 s o(e, e +ue) )€ ) drds
+/0 Salt — 5)9(37 Zo(s,za+ys) T Yo(s,zatya)

! €2(8, Ty Zo(r,2,+y,) T+ ya(T,zT+yT))dT> ds

0
¢
—|—/ Sa(t — s)Cuziy(s)ds.
0

Remark 3.1. Let B, = {z € X : ||z|| < r} for some r > 0. From the above
discussion, we have the subsequent estimates:

()

HZQ(S,ZSHJS) + Yo(s,zs+ys) H«@h

< Nlzo(s,20+30)
<7} suwp
0<7<s

B, + Hyg(s,zs-&-ys)H@h
12(T)|lx + (25 + J°)|zo0ll 2, + 271y (s)| + (25 + T*)|lyol| .,

<1 sup |2(7)llx + 27 [ Ra(®) L2 s 0)] + (Z2 + J°) Il 2,

0<7<s

<71 s |27l + ZiMH]lcls, + (75 + ) sll5,

< I s |27l + (P MH + 5 + ) sl

In the event that ||z||x <, r > 0, then

Hzp(s,szrys) + Yp(s,zatys) 1 2n < Dir + cn,

where ¢, = (DTMH + 25 + J)|s|| =, -
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(i) From suppositions (H1) and (H5), we sustain
[Ra(0)]l.2x) 10, ¢, 0)[lx < MM {L%||<||@h + L%:|7

where ||(—27)7?|| = M.
(iii)
t
Hg (tv Zo(t,ztye) T y@(tvzt+yt)’/0 ex1(t, 8, Zg(s zaty.) + yQ(szs‘f‘ys))ds) H
X
< li(=a) ") [H(—MW (t: 2ettec ) + Yttt
! 9
/ 61(t7 S, ZQ('S,ZSJI‘:US) + yQ(S:ZsJFys))dS) - (_JZ{) g(t’ 0? O) HX

0

+ ” (_”Q{)ﬁg(t’ Ov O) ||X

< Mo {L(g Ilzp(t,2t+yt) + Yp(t,ze+ye) H'%,h

+zg

t
/ 61(t7 S ZQ(57Zs+ys) + yQ(57zs+ys))dS
0

+ L;;}
X
. t
S M()Lg(@ikr + Cn) + M()Lg / Hel(ta S, Zg(s,zs+ys) + yg(s,zs+ys))
0

= ealty5,0)||, + llea(t, 5,0)x [ ds + MoLj

< MOL%(@fT + Cn) + MOL;’ =+ MOE%T[LPJ ”Zp(t,zt-i-yt) + Yp(t,ze4+ye) ”@h
+ L]
< MoLg (D57 + ¢) + MoLy + MoLygTLe, (257 + ¢0) + MoLyTLY,,

and

t
Hg(tv Zo(t,zetye) T y@(t,Zﬁyt)’/o e1(t, S, 2g(s,25+y) y@(syzsws))ds)

t
-9 (tvze(tzﬁ-yz) + y@(tyzt+yf,)7/0 e1(t,5,Zg(s,20+ys) T y@(syzs+ys))d8)
X
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< (=)l

9
‘(_d) g(tv Zo(t,ze4ye) T Yo(t,ze4ye)s

t
/0 ei(t, s, Zo(s,zs4ys) T y9(5,25+y5))d8) - (_‘Q{)ﬁg (t’EQ(t,2t+yt) t Yolt,ze+v:) s

¢
/0 e1(t, 8, Zo(s,254ys) T yg(s,zs+ys)>d5)
X

< Mo [L%H/Zg(t,zﬁyt) = Zo(t,zitun) 12 + LoTLey | Zo(t,20+40) — Zo(t,zitu) II%}
< Mo [Ly + g TLe, |12 — 21l

since

||Zg(8,zs+ys) = Zo(s,zs+ys) |1,

< Z112(9)[ + (23 + ) 20llz, — Z11Z(s)| = (25 + T°)|IZ0] 2,
< D7l2(s) = Z(s)Ix

< D11z — 2 my.-

(i)

t
/0 A8 (t —8)9 (Sa Zo(s,2s+ys) T Yo(s,2a+ys)>

/ 61(87 Ty Zo(r,27+yr) + yg(-,—7zr+y7_))d’7') ds
X

0
! [ [
< [ M) 8alt = 9l 1) (5. 2000 + itz
/ 61(3,7’, Ro(Tyzr4yr) =+ yQ(T,ZT+yT))dT) - (_"Q{)ﬁg(saovo)nx
0

+ ||(_~Q7)ﬁg(5,070)”x ds

t
S / M(t S)Cl'ﬂ—l
0

Lyl zo(s,20+y0) + Yols,z4us) |0

S
Ly /O [lex(s,7 Zo(r,20 +0) + Yotrze ) — €1(5,7,0)

+llea(s, T, 0)||X] dr + L%, | ds
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MToa? . .
< 0 Ly (Z{r + cn) + LgTLe, (277 + cn) + LyTL,, + Ly
- MTaﬁ MTozﬂ MTon?

(Zir+ cn) { Ly + LyTLe, } + LyTL;, + =L,

- o

and
t
H /0 %Sa(t o S)g (S’ Zo(s,zs+ys) + Yo(s,zs+ys)>
/0 e1(8, T, Zo(r,zrtyr) T+ yQ(T,zT_‘_yT))dT) ds
t
_ / %Sa(t - 8)%(8,29(5,354»?!5) T Yo(s,za+y.)
0
/ 61(8, T, EQ(T,ZTerT) + yQ(TVZTijT))dT) dSHX
0
t
< ; (=) 080 (t — 8)|lx lH(—d)ﬂg (s, Zo(s.zuts) + Vols.zo )
/ €1 (87 T ZQ(Tva+yT) + yQ(T,ZT—i—yT))dT)
0

- (7%)19%(,9,?9(3,23_’_%) + yQ(Sazs+ys)7

/ 61(87 T, Zo(r,2,+ys) T yQ(T’ZT”T))dT) Hx} ds

0
t
S M(t _ 8)0”9_1 2,
0

Ly ||Zg(8,zs+ys) = Zo(s,254Ys)

+ LyTLe, HZQ(S,szrys) = Zo(s,254Ys) 33;11 ds

MT?
<
- v

P (Lo + Ly TLe, |12~ 2.y

(v)

t s
/0 /0 B(s = 7)8a(t — 5)¥ (77 Zo(rzrtyr) T Yo(rzn+yr)s

/0 e1(r,§, Zo(€,ze+ye) T y@(f%a‘*‘ya))dg) drds

X
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i s
< /0 /0 N(S — T)M(t — s)aﬂ_l [||(_ﬂ)ﬂg<T, Zo(T,2r+yr) + Yo(1,2:4y-)>
/O e1(T: &, Zo(e ze+ve) +ye<5,Zg+yg))d£> — l(==)"9(7,0,0)||x

+ |[(==)?%(7,0,0)||x | drds

MTOA? T
< ( oD /0 ,U(T)d7—> ng||Zg(T,zT+y7) + yQ(T,zTerT)”@h

t
+ Lg/ [Hel(t’ 8, Zg(s,2atys) T Yo(s,zatus)) — €1(t 8, 0)[|x
0

+ llex(t,5,0) x| ds + Ly

MTm? T _ _
< 3 / pw(r)dr | (277 + cu){Ly + LgTLe, } + LgTL; + L |,
0

and

t s
| [ #6=71800 =99 (.2 + ot

/O e1(r,§, Zo(&,zet+ye) T y0(§725+y£))d§) drds

t s
= [ ] A= m8att= 09 (2 Etr ) + ot

/ 61(7—7 3 EQ(E,Z§+y£) + yg(§7z§+y5))d€) drds
X

0
t s o o

< o /0 /J(S - T)M(t - s)a - ”(_d) g(’ra Ro(T,z2r+yr) + Yo(r,2-+yr)>
/0 e1(7,¢, Zo(&,ze+ye) T y@(&%eﬂ/s))dg)

— (=)' (7 Zotr, 4 + Vot b

/0 el(r, &, Z (¢, 2c+ve) T y@(wﬁys))dg) |X1 drds
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Ly ||ZQ(t72t+yt) = Zo(t,ze+vs) ”@h

mre?
< d
< ( | ;47>T>
+ LyTLe, ”Zg(t,zt-&-yt) = Zo(t,zetyr) H@h

MTaﬁ T i ~
< ( — / W)m) 7 [Lg + Ly TLe, |12 2y,
0

(vi)

t
/ Sa(t - S)j(S, ZQ(saszl‘ys) + yQ(S,zs-i-ys)?
0

/ €2(8, T, Zo(r,2: 4y, ) T yQ(T,ZT—i-y.,))dT) ds
0

X

t
< /0 [8a(t — S)HX(X) l9<8, Zo(s,25+vs) T Yols,zs4vs)

S
/0 €2(8, T, Zo(r,2 4y, ) + y9(77z7+y7))d7>

- Z(s,0,0)[x + |9(8»070)IIX1 ds

t
gM/
0

S
L [ lealos utrer ) + Yotrsr ) — eals Ol
0

Lz 1Zo(s,20+ys) + Yo(s,20+v0) |24

+ lea(s, 7, O)HX} dr + L% |ds

<MT

)

(Dir + cn){Lg n Zg-TL@} 4+ LsTL,, + L%

and

t
/0 Sa(t - S)y(s7 Zg(s,zs+ys) + yg(s,zs+ys)a

/O €2 (S, Ty Zo(t,27+yr) + yg(‘r,z,.—i—y,.))d'r) ds
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t
- / Salt — S)g\(‘g’zg(s,zﬁys) t Yo(s,z54ys)
0

/ 62(8, T, gg(r,z.,.jty.,.) + yg(-nzTerT))dT) ds

0 X

L?HZg(s,szrys) — Zo(s,254ys) | B

t
< / 18a(t — ) 2o

+ L(?TLQ ||Zg(s,zs+ys) - EQ(S,zs-~-?4.e) gé%;| ds
< MT@;‘{Lg + ngLez}llz —Z||z0.-
(vii)

1
1y ()] < (WMMG) lar] + MMoLlllz, + MMoL,

- MT? T
+ (L(}—i—LgTL’gl) {M0+ = <1+/0 u(ﬂm)}

+MT (L5 + LsTLL,) + (Zir + c2)

mre? r ~
+ {Mo = (1 +/0 u(ﬂm)} (Lg + LgTLel)

MT (L + LzTLe,)

)

and
||€Uz+y(5) - GUEer(S)H

< (1MM%) P
gl

MTaﬂ T _
+ {MO + i (1 +/ /J(T)dT) } (Ly + LyTLe,)
0

Therefore, we have

MT (Lg + fngLeZ)

[ P

/ Sa(t — 5)Custy(s)ds
0

< Cy + Cs,
X



EXACT CONTROLLABILITY OF FRACTIONAL NEUTRAL INTEGRO-DIFFERENTIAL SYSTEMS
WITH STATE-DEPENDENT DELAY IN BANACH SPACES 47

where

~ 1 202

Ci1 = ;M MET | [z,

~ 1 22

Co = | —M"MET
Y

MT(M? T -
+ <1+/0 u(T)dT> }+MT (L}+LgTL22>

MMo L |s|, + MMoLZ, + (L*g + EgTLZl) {MO

+(Zir + ) [MT(Lg + LzTL,,)

MT T ~
+ {Mo + = (1 +/O u(ﬂm)} (Lg + LgTLel)

)

and

/Ot Sa(t — s) [Guz+y(s) — Cuzqy (s)} ds

1
< <7M2M%T> 7

MT? T ~
+ < Mo + 3 1 +/ w(r)dr | 3 (Ly + LyTLe,)
0

Now, we enter the main proof of this theorem. Initially, we demonstrate
that T maps B,(0,4%) into B,.(0,%%). For any z(-) € %%, by employing
Remark 3.1, we sustain

X

MT (Lg + EyTLe2)

1z = Zll .-

I(T2)(®)1x < C1+ Cs
=,

where

— 1
Cs = <1 + 7M%@T)

MMoLeg|[s|| 2, + MMoL + (L*g + ZgTLZl) {MO

MTocﬂ T _
+ = <1+/0 M(T)d7> }+MT (L}+LgTL:2)
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+(ZFr + ) |[MT(Lg + LzTLe,)

+ {MO + Mzgﬂ <1 + /OT/L(T)dT> } (Lg + ZgTLel) 1

Therefore, T maps the ball B,.(0,%%) into itself. Finally, we show that T is
a contraction on B,.(0,%%). For this, let us consider 2,z € B,.(0, %Y%), then
from Remark 3.1, we sustain

I(C2)(t) — (T2)(8) 1

1
< (1 + 7Jvt%éT) 74

MTozﬂ T _
+ {Mo + od <1 + / M(T)dT) } (Lg + LgTLel)
0

< Allz — ).

MT (Lg n ZngLez)

From the assumption (H6) and in the perspective of the contraction
mapping principle, we understand that Y includes a unique fixed point z € B
Thus, the model (1.1)-(1.2) is exactly controllable on .#. The proof is now
completed. O

4 Applications

To exemplify our theoretical outcomes, we treat the FNIDS with SDD of
the model

DY u(t,x)-i-/t 20— s — er(s)ea(llu(s)ll), 2) ,

49

t s 2

- s (7 — er(Dealusn) | 8

+/0 sin(t — s) /_Ooe 36 drds axQU(t’x)
t _ 82

+ [ (t— s)‘se_“’(t_s)@u(s, x)ds + v(t,x)

el = el
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i T s u(T — ar(m)ea(llu(r)]]), )
—|—/0 sin(t — s) [me( ) 55 drds, (4.1)

u(t,0) =0=wu(t,7), tel0,T], (4.2)
u(t,z) =¢(t,xz), t<0, xz€]0,n], (4.3)
where Dy is Caputo’s fractional derivative of order o € (1,2),d and 7 are
positive numbers and ¢ € %),. We consider X = L?[0, 7] having the norm

| -|r2 and determine the operator & : D(#/) C X — X by &/w = w” with the
domain

D(&) = {w € X : w,w’ are absolutely continuous, w” € X, w(0) = w(n) = 0}.
Then -
dw = Zn2<w,wn>wn, w € D(),
n=1

in which w,(s) = \/%sin(ns), n = 1,2,...,. is the orthogonal set of
eigenvectors of 7. It is long familiar that &7 is the infinitesimal generator
of an analytic semigroup (7'(¢));>o in X and is provided by

T{t)w= Z e_”zt(w, Wp)wy, forall weX, andevery t>0.
n=1

Hence (H1) is fulfilled. If we fix ¥ = £, then the operator (/)2 is given by

oo

(—,;zf)%w = Zn(w,wn)wn, w e (D(—)

N

);

in which (D(—#/)%) = qw(-) € X: > nfw,w,)w, € X p and ||(~/) 72| = L.
n=1

Therefore, &7 is sectorial of type and the properties (P1) hold. We also take

into account the operator %(t) : D(&/) C X — X, t > 0, B(t)x = t°e 'tox

for x € D(&7). In addition, it is simple to see that conditions (P2)-(P3)[for

more details, refer[22]] are fulfilled with b(t) = t°¢~7* and D = C5°([0, 7]),

where C§°([0, 7]) is the space of infinitely differentiable functions that vanish

at £ = 0 and x = 7. From the Lemma 2.4, it is simple to see that condition
(H2) is fulfills.
0

For the phase space, we choose h = €?*, s < 0, then [ = / h(s)ds =

— 00

<

N | =

oo, for ¢ < 0 and determine

0
I, = [ h(s) sup [5(®)]z2d.

0€(s,0]
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Hence, for (t,<) € [0,1] x %y, where ¢(0)(z) = ¢(0,2), (6,2) € (—o0,0] x
[0, 7]. Set

u(t)(z) =ult,z), oft,s) = er(t)e2(lI<(0)]]),

we have

0
G(t,s, 75)( / % : 5 s + (<) (@),

F(t,s, #5)(x /0 e gds + (K<) (2),

! S
/ sin(t — s / 2 2 drds,
o 36
g S
/ sin(t — s) / 2 >_drds.
o 25

Further, we define the operator € : U — X by Cu(t,z) = v(t,z),0 < x < m,u €
U, where v : [0,1] x [0, 7] — [0, 7], then using these configurations, the system
(4.1)-(4.3) is usually written in the theoretical form of design (1.1)-(1.2).

To treat this system we assume that g; : [0,00) — [0,00),7 = 1,2 are
continuous. Now, we can see that for ¢t € [0,1],¢,T € By, we have
()24 (¢, <, 74) |1x

" 0 S ¢ 0 c 2
< (/O (/0062<s) ‘4—9”(134—/0 || sin(t — s)|| /mezm ‘%Hdes) dx)
< /7r 1/0 62(3) sup||§ds+1/0 62(8) sllpH§Hds 2dx ’
T\ W 36 ) o

<\/>
=9 36

< Lyl + Lo lsll5,.,

where

[N

lslls, + 2= llsll,

where Ly + Eg = %, and

I(—) 3G (t,¢, 7<) — ()29 (1,5, 77) |x

< (/0”(/_00062@)

5~ s
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t 0 2
+/ Hsin(t—s)H/ ) des) dx
0 —00
™79 [0 1 /[0 2 B
< ( /O (49 / e sup s s + 5 | ooe2<s>sup|<—<|ds) dx)

< VT
— 4

_ T _
5 lls —<lla, + 36 s =<z,

51

1
2

36

< Ly|ls — 3l @, + Lylls — 3|2,
Similarly, we conclude

|7 (t, s, )] L2

1

2 2

( )ds—i—/ | sin(t — s) H/ e ‘drds) dm)
o . 2 3
([ / A suplelds + g [ supllas) e
o \9/) 25 J_o

NG

VT
< M2 7
9 Il + 9% sll <z,

2(5

< Lzll<llz, + Lzllsl .,

where L g +Egr = 332\?, and

|7 (t, <, <) — F(t,3, 773)| L2

™ 0
< / (/ £2(6)
~\Jo —c0
1
t 0 2 2
+/ ||sin(t—s)||/ e des) dx
0 —oo
1
us 1 0 1 0 2 2
< /0 <9 /_Oo ) sup || —3||ds + == 5% () sup||§—<||ds> dx

NG

_ N _
<M= Ml =2l
<5 lls —3lla, + o5 lls =3l e,

55l

S s
5 25

< LQHC - f||35h + ng:”( - fH%h

Therefore the conditions (H3) and (H5) are all fulfilled. Furthermore, we
assume that 7 = %73\/[0 =1M=1Me=1,7v=1,T=1,a = %,Lel =
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1
1,L., =1 and / w(7)dr = 1. Then
0

(1 + 1M2M%T> 7
Y

MT (Lg + ZngLez)

~ 0.58098 < 1.

MT(M? T -
+ {MO + od (1 + / /.L(T)dT) } (Lg + LgTLEl)
0

Thus the condition (H6) holds. Hence by Theorem 3.1, we realize that the

system (4.1)-(4.3) has a unique mild solution on [0, 1].
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