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Abstract: In this paper, the extended tanhandhirotameth-
ods are used to construct soliton solutions for the Wu-
Zhang (WZ) system. Singular solitary wave, periodic and
multi soliton solutions of the WZ system are obtained.
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1 Introduction
The mathematical modeling of scienti�c systems is gen-
erally expressed by nonlinear evolution equations. There-
fore, it is crucial to �nd general solutions of these corre-
sponding nonlinear equations. The general solutions of
these equations can provide valuable information about
the character and the physical structure of the equations.
These are very important for physicians and engineers.
Solitons are of general physical interest since the soli-
ton approach is universal in di�erent �elds of modern
non-linear science. Solitons are de�ned as localizedwaves
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that propagate without change of their shape and velocity
properties. they are also stable against mutual collisions
[1]. There are various solutions to solitons that are ob-
tained by incorporating techniques of integrability. Most
of these methods use the wave variable transformation to
reduce the nonlinear partial di�erential equation (NPDE)
to an ordinary di�erential equation (ODE) in order to ac-
quire the soliton solution. Some of thesemethods are G′/G
-expansion [2], Jacobi elliptic function [3], inverse scatter-
ing [4], Hirota bilinear [5], exp-function [6], and the �rst
integral [7] methods. There are also e�ective studies for ac-
quiring travelingwave solutions of NPDE’s [8–17]. It is very
important to determine the propagation behaviour of trav-
eling waves and the wave’s stability in the presence of per-
turbations to comprehend the complex dynamics under-
lying coupled NLPDEs . In recent years, one of these cou-
pled NLPDEs the WZ system has been studied by many re-
searchers. These studies include the �rst integral method
[18] and the ansatz method [19]. WZ systems with time de-
pendent ce�cients has been studied by Baleanu et al. [20].
We have used the WZ system as

pt + ppx + qx = 0, (1)

qt + (pq)x +
1
3pxxx = 0, (2)

where q is the elevation of the water and p is the surface
velocity of water. The system of Equation (1) and Equa-
tion (2) is indeed completely integrable because they have
Lax pairs [21].

For simplicity,rearrange the WZ system, by using a
Miura type transformation, in single form. Take p = wx
and hence q = −wt − 1

2w
2
x . Therefore the single form of the

WZ system is

wtt + 2wxwxt + wtwxx +
3
2w

2
xwxx −

1
3wxxxx = 0. (3)

The organization of the manuscript is given as follow:
In the �rst section, we have presented the introduc-

tion. In second section, we providemathematical formula-
tion of the generalized extended tanhmethod and acquire
somenewoptical soliton solutions of theWZ system. In the
third section, we apply the Hirota method to acquire multi
soliton solutions of the WZ system. In the last section, we
present some conclusions about obtained solutions.
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2 The generalized extended tanh
method

Sirendaoreji [22] presented an algebraic method to deter-
mine di�erent forms of solitary wave solutions of PDE’s.
Then Xueqin [23] extended Sirendaoreji’s method and ob-
taineddi�erent explicit andexact solutions from theSiren-
daoreji’s method with the aid of an auxiliary ordinary
equation: (

∂φ
∂ξ

)2
= Aφ2 + Bφ3 + Cφ4, (4)

where A, B and C are constants. It has the following solu-
tions,

φ1 (ξ ) =
2A sech

[√
Aξ
]

√
∆ − B sech

[√
Aξ
] . (5)

∆ = B2 − 4AC > 0, A > 0.

φ2 (ξ ) = −
2A csc h

[√
Aξ
]

√
−∆ + B sech

[√
Aξ
] . (6)

∆ < 0, A > 0.

φ3 (ξ ) = −
2A sech

[√
Aξ
]

B sech
[√
Aξ
]
+
√
4A2 − ∆ tanh

[√
Aξ
]
− 2A

,

(7)
∆ − 4A2 < 0, A > 0.

φ4 (ξ ) = −
2A csch

[√
Aξ
]

B csch
[√
Aξ
]
−
√
∆ − 4A2 coth

[√
Aξ
]
+ 2A

,

(8)
∆ − 4A2 < 0, A > 0.

Here, our aim is to transform the WZ system to the form of
Equation (3) and obtain the di�erent solutions of the WZ
system from the obtained ones in literature with the solu-
tions (5)-(8). Equation (3) transforms to the following ODE
by using the wave variable transformation ξ = k (x + λt):

λ2wξξ + 3kλwξwξξ +
3
2 k

2w2
ξwξξ −

1
3 k

2wξξξξ = 0. (9)

By integrating Equation (9) and using the transformation
W = wξ we have:

λ2W + 3
2 kλW

2 + 1
2 k

2W3 − 1
3 k

2Wξξ = 0. (10)

If we subtract Equation (10) with the respect to Wξ and
then integrate once again, it reduces to the desired form
of Equation (4)

(
Wξ
)2 = 3λ2

k2 W
2 + 3λ

k W
3 + 3

8W
4. (11)

With the aid of the solutions of (5)-(8),the following solu-
tions of Equation (11) arise:

W1 =
6λ2
k2 sech

[√
3
∣∣ λ
k
∣∣ ξ]

3
√
2

2
∣∣ λ
k
∣∣ − 3λ

k sech
[√

3
∣∣ λ
k
∣∣ ξ] , λ2 > 0, λ

2

k2 > 0. (12)

W2 =
− 6λ2
k2 csch

[√
3
∣∣ λ
k
∣∣ ξ]

3
√
2

2
∣∣ −λ
k
∣∣ + 3λ

k sech
[√

3
∣∣ λ
k
∣∣ ξ] , λ2 < 0, λ

2

k2 > 0. (13)

W3 =
− 6λ2
k2 sech

[√
3
∣∣ λ
k
∣∣ ξ]

3λ
k sech

[√
3
∣∣ λ
k
∣∣ ξ] + ∣∣ λk ∣∣√ 15

2 tanh
[√

3
∣∣ λ
k
∣∣ ξ] − 6λ2

k2

,

(14)

−15λ
2

2k2 < 0, λ
2

k2 > 0.

W4 =
− 6λ2
k2 csch

[√
3
∣∣ λ
k
∣∣ ξ]

3λ
k csch

[√
3
∣∣ λ
k
∣∣ ξ] − i ∣∣ λk ∣∣√ 15

2 coth
[√

3
∣∣ λ
k
∣∣ ξ] + 6λ2

k2

,

(15)

−15λ
2

2k2 < 0, λ
2

k2 > 0.

Several transformations were used to reach the solutions
(12)-(15). For solution (12), we use the transformation W =
wξ , and thus we have:

w = −4
√

2
3 arctanh

[
2λ +

√
2k
∣∣ λ
k
∣∣

√
2k
∣∣ λ
k
∣∣ tanh

[√
3
2

∣∣∣∣ λk
∣∣∣∣ ξ]
]
.

(16)
Then from the transformations p = wx, q = −wt − 1

2w
2
x and

ξ = k (x + λt) respectively, the solutions of the WZ system
are as follows

p =
2λ
(
2λ +

√
2k
∣∣ λ
k
∣∣) sech 2

[√
3
2
∣∣ λ
k
∣∣ k (x + λt)]

−λ +
(
3λ + 2

√
2k
∣∣ λ
k
∣∣) tanh2 [√3

2
∣∣ λ
k
∣∣ k (x + λt)] , (17)

q = −
2λ3(4λ+3

√
2k| λk |) cosh

[√
3

2 | λk |k(x+λt)
]

(
[λ−(3λ+2

√
2k| λk |)] tanh2

[√
3

2 | λk |k(x+λt)
])2

sech 4
[√

3
2
∣∣ λ
k
∣∣ k (x + λt)] .

(18)

In the same manner, similar calculations can be done for
the other solutions (13), (14) and (15).
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3 Hirota method
In this section, we illustrate the Hirota method [24] to ac-
quire another type of solutions-multi soliton solutions of
the WZ system. Firstly, we have to apply the following
Miura type transformation to obtain the WZ system’s re-
duced form’s operator form

w(x, t) = 2∂ ln f (x, t)∂x = 2 fxf . (19)

When the transformation (19) is applied to theWZ system,
the following partial derivatives of the reduced form of the
WZ system are generated.

wx = 2
(
fxx f − f 2x
f 2

)
, wt = 2

(
fxt f − f x ft

f 2

)
,

wtt = 2
(
fxtt
f − 2 fxt ftf 2 − fx fttf 2 + 2 fx f

2
t

f 3

)
,

wxt = 2
(
fxxt f − f xx ft

f 2 − 2 fx fxtf 2 + 2 f
2
x ft
f 3

)
,

wxx = 2
(
fxxx
f − 3 fx fxxf 2 + 2 f

3
x
f 3

)
,

wxxxx = 2
(
f5x
f − 5

fy f4x
f 2 − 10 f2x f3xf 2 + 20 f

2
x f3x
f 3

+30 fx f
2
2x
f 3 − 60

f 3x f2x
f 4 + 24 f

5
x
f 5

)
.

(20)

If we substitute the expressions in (20) into the Equa-
tion (3), we obtain the bilinear form of the WZ system in
the operator form.

D is the characteristic linear operator of the Hirota
method and f (x, t) is the auxiliary function. The Hirota bi-
linear form of Equation (3) is as follows:

P(D){f .f} =
(
DxD2

t +
1
3D

5
x

)
{f .f} = 0. (21)

For the Hirota method, the auxiliary function f (x, t) in (21)
has a perturbation expansion. Its perturbation expansion
is given by:

f (x, t) = 1 +
∞∑
n=1

εn fn(x, t), (22)

such that ε is a small parameter.
To reach the multi soliton solution or N-soliton solu-

tion we have,

f1 =
N∑
i=1

exp(Φi), (23)

such that
Φi = kix + li t. (24)

We �nd the dispersion as

li1 = ±
1√
3
ik2j , (25)

and substituting the dispersion relation term (25) into (24)
yields:

Φi = kix ±
1√
3
ik2j t, (26)

where
f1 = exp(Φ1) = exp(k1x +

1√
3
ik21t). (27)

Therefore, we have the following auxiliary function f (x, t)
for N = 1 in (23)

f = 1 + exp(Φ1) = 1 + exp(k1x +
1√
3
ik21t). (28)

Consequently, 1-soliton solution of the WZ system is ob-
tained as

w(x, t) = 2k1ek1x+
1√
3 ik

2
1 t

1 + ek1x+
1√
3 ik

2
1 t
. (29)

So, from the transformations p = wx, q = −wt − 1
2w

2
x , the

1-soliton solutions of the WZ system are:

p = 2k21e
k1x+ 1√

3 ik
2
1 t(

1 + ek1x+
1√
3 ik

2
1 t
)2 , (30)

q = k41e
2k1x+ 2√

3 ik
2
1 t(

1 + ek1x+
1√
3 ik

2
1 t
)4 . (31)

If we take N = 2 in Equation (22) for the 2- soliton solution
of the WZ system, then we have the following expression:

f1 = exp(Φ1) + exp(Φ2), (32)

and it is achieved such that

f2 =
∑

1≤i<j≤N
A(i, j) exp(Φi + Φj), (33)

where the generalized phase shift A(i, j) is de�ned by

A(i, j) = −P(ki − kj)
2

P(ki + kj)2
, 1 ≤ i < j ≤ 2. (34)

Thus, from the Equations (32)-(34) it is acquired as

f = 1 + ek1x+
1√
3 ik

2
1 t + ek2x+

1√
3 ik

2
2 t−

(k1 − k2)(l1 − l2)2 + 1
3 (k1 − k2)

5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

e(k1+k2)x +
1√
3 i(k

2
1+k

2
2)t ,

(35)
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such that

f = 1 + exp(Φ1) + exp(Φ2) + A(1, 2) exp(Φ1 + Φ2), (36)

A(1, 2) = −
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

. (37)

It can thus be seen that the phase shifts depends on all the
parameters. If we put (35) into (19), then 2-soliton solution
of the WZ system is obtained as

w = 2

k1ek1x+
1√
3 ik

2
1 t + k2ek2x+

1√
3 ik

2
2 t − (k1 + k2)

(k1−k2)(l1−l2)2+ 1
3 (k1−k2)

5

(k1+k2)(l1+l2)2+ 1
3 (k1+k2)

5 e
(k1+k2)x + 1√

3 i(k
2
1
+k22 )t

1 + ek1x+
1√
3 ik

2
1
t + ek2x+

1√
3 ik

2
2
t

− (k1−k2)(l1−l2)2+ 1
3 (k1−k2)

5

(k1+k2)(l1+l2)2+ 1
3 (k1+k2)

5 e
(k1+k2)x + 1√

3 i(k
2
1
+k22 )t

. (38)

In the samemanner for N = 2, we have the following solu-
tion for N = 3:

f (x, t) = 1 + exp(Φ1) + exp(Φ2) + exp(Φ3)
+A(1, 2) exp(Φ1 + Φ2) + A(2, 3) exp(Φ2 + Φ3)
+A(1, 3) exp(Φ1 + Φ3) + f3(x, t),

(39)

such that

f1 = exp(Φ1) + exp(Φ2) + exp(Φ3), (40)

f2 = A(1, 2) exp(Φ1 + Φ2) + A(2, 3) exp(Φ2 + Φ3)
+A(1, 3) exp(Φ1 + Φ3),

(41)

f3 = B(1, 2, 3) exp(Φ1 + Φ2 + Φ3). (42)

So, the 3-soliton solution for 1 < i < j < 3 is given as

f (x, t) = 1 + ek1x+
1√
3 ik

2
1 t + ek2x+

1√
3 ik

2
2 t + ek3x+

1√
3 ik

2
3 t

− (k1−k2)(l1−l2)2+ 1
3 (k1−k2)

5

(k1+k2)(l1+l2)2+ 1
3 (k1+k2)5

e(k1+k2)x +
1√
3 i(k

2
1+k

2
2 )t

−
(k1 − k3)(l1 − l3)2 + 1

3 (k1 − k3)
5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

e(k1+k3)x +
1√
3 i(k

2
1+k

2
3)t

−
(k2 − k3)(l2 − l3)2 + 1

3 (k2 − k3)
5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k2+k3)x +
1√
3 i(k

2
2+k

2
3 )t

−
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

(k1 − k3)(l1 − l3)2 + 1
3 (k1 − k3)

5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

(k2 − k3)(l2 − l3)2 + 1
3 (k2 − k3)

5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k1+k2+k3)x +
1√
3 i(k

2
1+k

2
2+k

2
3)t

(43)

since

B(1, 2, 3) = A(1, 2)A(1, 3)A(2, 3)

B(1, 2, 3) = − (k1 − k2)(l1 − l2)
2 − (k1 − k2)5

(k1 + k2)(l1 + l2) − (k1 + k2)5

− (k1 − k3)(l1 − l3)
2 − (k1 − k3)5

(k1 + k3)(l1 + l3) − (k1 + k3)5

− (k2 − k3)(l2 − l3)
2 − (k2 − k3)5

(k2 + k3)(l2 + l3) − (k2 + k3)5
.

(44)

If we replace the expression (43) in (19), then 3-soliton so-
lution of the WZ system has been obtained

w = 2

k1ek1x+
1√
3 ik

2
1 t + k2

ek2x+
1√
3 ik

2
2 t + k3ek3x+

1√
3 ik

2
3 t

−(k1 + k2)
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

e(k1+k2)x +
1√
3 i(k

2
1+k

2
2)t

−(k1 + k3)
(k1 − k3)(l1 − l3)2 + 1

3 (k1 − k3)
5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

e(k1+k3)x +
1√
3 i(k

2
1+k

2
3 )t

−(k2 + k3)
(k2 − k3)(l2 − l3)2 + 1

3 (k2 − k3)
5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k2+k3)x+
1√
3 i (k

2
2+k

2
3)t

−(k1 + k2 + k3)
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

(k1 − k3)(l1 − l3)2 + 1
3 (k1 − k3)

5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

(k2 − k3)(l2 − l3)2 + 1
3 (k2 − k3)

5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k1+k2+k3)x+
1√
3 i (k

2
1+k

2
2+k

2
3)t

1 + ek1x+
1√
3 ik

2
1 t + ek2x+

1√
3 ik

2
2 t + ek3x+

1√
3 ik

2
3 t

−
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

e(k1+k2)x +
1√
3 i(k

2
1+k

2
2 )t

(45)
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−
(k1 − k3)(l1 − l3)2 + 1

3 (k1 − k3)
5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

e(k1+k3)x +
1√
3 i(k

2
1+k

2
3)t

−
(k2 − k3)(l2 − l3)2 + 1

3 (k2 − k3)
5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k2+k3)x +
1√
3 i(k

2
2
+k23 )t

−
(k1 − k2)(l1 − l2)2 + 1

3 (k1 − k2)
5

(k1 + k2)(l1 + l2)2 + 1
3 (k1 + k2)5

(k1 − k3)(l1 − l3)2 + 1
3 (k1 − k3)

5

(k1 + k3)(l1 + l3)2 + 1
3 (k1 + k3)5

(k2 − k3)(l2 − l3)2 + 1
3 (k2 − k3)

5

(k2 + k3)(l2 + l3)2 + 1
3 (k2 + k3)5

e(k1+k2+k3)x +
1√
3 i(k

2
1+k

2
2+k

2
3)t

then in the same manner, from the transformations p =
wx, q = −wt − 1

2w
2
x , the solutions of the WZ system are ob-

tained.
The higher level soliton solutions, for N ≥ 4 can be

obtained in a parallel manner. This con�rms the fact that
the WZ system is completely integrable and gives rise to
multiple soliton solutions of any order.

4 Conclusion
In this work we studied the WZ system. We used the gen-
eralized extended tanh and Hirota methods to construct
new exact soliton solutions of the WZ system. Some of the
solutions are singular solitary wave and periodic solutions
types. Furthermore,multi soliton solutions are obtained as
well. Based on this study, it could be said that the gener-
alized extended tanh method has some advantages about
the variety of the solution types over the Hirota method.
On the other hand Hirota method has advantages about
the more general solution (solutions can be obtained dep-

ending on N). These two models are presented together in
this work for the �rst time. These methods can be applied
to nonlinear evolution equations. For the next study, we
will discuss the WZ system for integral motions with the
aid of He’s variational principle.
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