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Abstract: This paper integrates dispersive optical soli-
tons in special optical metamaterials with a time depen-
dent coefficient. We obtained some optical solitons of
the aforementioned equation. It is shown that the exam-
ined dependent coefficients are affected by the velocity
of the wave. The first integral method (FIM) and ansatz
method are applied to reach the optical soliton solutions
of the one-dimensional nonlinear Schrédinger’s equation
(NLSE) with time dependent coefficients.
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1 Introduction

The dynamics of optical solitons propagating through op-
tical fibers for trans-continental and trans-oceanic dis-
tances is governed by the nonlinear Schrodinger’s equa-
tion (NLSE). This NLSE is derived from Maxwell’s equation
in electromagnetic by the aid of multiple-scale perturba-
tion analysis. The NLSE appears, in the literature of optical
solitons, with several forms of nonlinearity that depends
on the context where it is studied. The best known mathe-
matical modeling of optical systems generally is expressed
by types of NLSE. The details of NLSE are given in the stud-
ies on nonlinear optics [1-8].

It is crucial to reach general solutions of these cor-
responding nonlinear equations. Thus, the general solu-
tions of these equations provide much information about
the character and the structure of the equations for re-
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searchers. Many effective methods have been improved to
provide much information for physicians and engineers.
Some of these methods are Tanh [9], G’/ G -expansion [10],
Jacobi elliptic function [11], functional variable [12], Hirota
bilinear [13], exp-function [14], and first integral methods
[15]. All of these methods are effective methods for acquir-
ing traveling wave solutions for NPDE.

The FIM initially has been presented to the literature
by solving the Burgers-KdV equation by Feng [15]. This
method has been successfully implemented to NPDE and
some fractional differential equations, which are a new
type of equations. In recent years, many studies on this
method have been made. Raslan [16] has used this method
for the Fisher equation. Tascan and Bekir [17] have used
this method for the Cahn-Allen equation. Abbasbandy
and Shirzadi [18] have investigated the Benjamin Bona-
Mohany equation by this method. Jafari et al. [19] and Hos-
seini et al. [20] have researched w.r.t. the Biswas—-Milovic
equation, the KP equation, and so on [21-24].

For this paper, we present the governing equation for
metamaterials in Section 2. The FIM is described and ap-
plied in Section 3. In order to construct the combined soli-
ton solutions, an ansatz approach is applied in Section 4.
Lastly, we give some conclusions in the last section.

2 Governing equation

Soliton pulse propagation properties in complex materials
with simultaneous negative real dielectric permittivity and
magnetic permeability, also known as double negative ma-
terials, have attracted much attention in recent research.
These types of materials are not found in nature, but rather
need to be fabricated through material processed engi-
neering. Therefore, these materials are called metamateri-
als [25]. In recent years, the model equation that describes
the propagation of solitons and other waves through these
metamaterial waveguides has been studied by many re-
searchers. One of these studies is by Ebadi and co-workers:
the tanh function method [26, 27]. We have used the afore-
mentioned equation with additional terms that account for
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the metamaterials as

ihe +a(t) hxx + b () |h)* h =

(ia () hy + A () (|h|2 h) Fip (D) (|h\2) e @
X X
+ (|h|2 h) + ¢ | hox + 3 h2Ry
XX
wherea, b, a, A, y and ¢; are the group velocity dispersion,
Kerr law nonlinearity, coefficient of intermodal dispersion,
coefficient of self-steepening, nonlinear dispersion, and

real-valued constants that account for specific metamate-
rials which were introduced earlier and reported in [26].

3 The first integral method

The principal structures of the FIM are as follows:
Step 1. Taking into account the usual NPDE as:

W(h, ht, hX; hX[y h[b hXXy-~-) =0 (2)

then Equation (2) transforms the ODE as

LH,H,H,H,..)=0 (3)

such that & = x F ctand H = 0H(&)/0¢.
Step 2. The following can be taken in ODE (3):

h(x, t) = h(§). %)
Step 3. A new independent variable is produced by

H(&) = h(§), G(£) = o0H(§)/0¢ )

which produces a new system of ODEs:

oH(§)/0§ = G(4), (6)
0F(§)/0& = P(H(4), G(4)).

Step 4. In accordance with the qualitative theory of ODEs
[28], if it is possible to find the integrals for system (6), the
solutions of system (6) can be obtained immediately. On
account of the particular independent plane system, there
does not exist any approximation that can guide how to
reach its first integrals. The Division Theorem (DT) [29] pre-
sented us an idea how to reach the first integrals.

3.1 Application

Equation (1) turns into the following ODEs by using the
wave variable h = H (&) el where & = B(x - vt). The
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real and imaginary parts yield the following pair of rela-
tions

(Bv +2aPx + af) Hy + BAB + 2By - 2Bx (3¢1

@
+¢2 — ¢3)) H H = 0,
af?Hg - (w+ ax® + ax) H+
(b= Ak + K% (p1 + P2 + ¢3)) H> - (8
—B> (3¢ + ¢2 + ¢p3) H* Hye - 6B° 1 HH; = 0.
If we differentiate (7) once by ¢, we get
Heo — - [ GAB+ 2B - 2Bk 31 + § ~ ¢3))
& (Bv + 2aBx + aB) ’
)
(H?Hg + 2HHY) .
Then by equating the right side of (9) to

B2 (3¢p1 + o + ¢p3) H*Hye — 6871 HH? in (8), we have
the following constraint:

¢2 = —¢3, ﬁd)]/: O, 3/1 - 6K¢1 + 4K¢3 + 2],l/= 0, (10)

31 -3aB*p1 - 6k — 6aB*kpy + bkeps + 2u
V= .
321
In (10) and (11), H can be replaced in (8) instead of
—B> (3¢1 + ¢ + ¢p3) H* Hyz - 6B°p1 HH; . Then we have

1)

(1+ap?) Hg - (w+ax® + ax) H

(12)
+ (b= Ak + K (1 + 2 + ¢3)) H> = 0.
Then with another transformation H ¢ = G, we have
H¢ =G,
G- (W + ax® + ax)

3 (1 + aﬁz) (13)

_(b-Ak+ K% (p1 + ¢ +(j>3))H3

(1+ap?) )

In accordance with the FIM, it is supposed that H(&)
and G(&) are non-trivial solutions of Equation (13) and

r
F(H, G) = Zai(H)Gi is an irreducible function in the do-
i=0
main C[H, G] such that

F(H($), G(£) = > ai(H)G' =0,

i=0

(14)



DE GRUYTER OPEN

where a;(H), (i = 0,1, 2,...,r)are polynomials of H and
ar(Hy= 0. Equation (12) is the first integral for system (13),
owing to the DT, there exists g(H) + f(H)G in C[H, G] as:

dF dH dF dG
dF/df—ﬁd—$+d—Gd—$ (15)
= [g(H) + f(H)GIY _ai(H)G'.
i=0
Here, we only consider r = 1 in Equation (15).
If we equate the coefficients of Gi(i = 0, 1, 2,...,r) of
Equation (15) for r = 1, we have
a,1(H) = a;(H)g(H) (16)
ao(H) = a1(H)g(H) + h(H)ao(H) (17)
_ (w + ax® + ax)
ao(H)g(H) = a1(H) |:(1+0(ﬁz)
(18)

~ (b-Ax+ K2 (1 + Py + (])3)) Hﬂ
(1+ap?)

Since a;(H)(i = 0, 1) is a polynomial of H, a;(H) is a con-
stant and h(H) = 0 from (16). For convenience, let a,(H) =
1, and equalizing the degrees of g(H) and aq(H) we con-
clude the degree of g(H) is equal to one. Then, we assume
that g(H) = A1 + 2A,H, and we obtain the following from
Equations (17) and (18):

ao(H) = A,H? + A1 H + A,. (19)

Replacing ao(H), a1(H) and g(H) in Equation (18), to sepa-
rate the common factors of the same terms, then equating
the coefficients of H' to zero, we have the following case:

Ak —b— K2
= [ R
Ao (w + ax? + ax)
ST V2@ B Ak bk (1 + $2 + B3)
Putting (20) into (14), we have
o (w + ax? + ax) 1
&= +

V21 +aB?) (Ak - b - k2 (1 + P2 + $3))

. Ak =b-K2(P1 + ¢a + ¢3))
‘\/ sarapy Q)
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If we solve the Equations (21), we have the following dark
soliton solution

W+ ax? + ax
H=- 22
\/AK—b—KZ(¢1+¢2+¢3) ( )
W+ ak? + ak
tanh [ 2(1+aﬁz)} ’
and the original solution of Equation (2) is
_\/ W+ ax? + ax
h(x, ) = i K22(¢1 2t P) e
W+ ak” + ax
tanh [mﬁ (x - vt)]
(23)

4 The Ansatz approach

We use an ansatz approach to seek other types of soliton
solutions of Equation (1).

First, Equation (12) will be integrated to reach the com-
bined bright-dark [30] soliton solution of Equation (1). So
we will seek a solution of the following form

H (&) = 6psech[&] - i6; tanh [¢], (24)

where 6y and 6, are amplitudes of the bright and dark soli-
tons, respectively.

By substituting (22) into (12) and setting the coeffi-
cients of each term of sech’ [¢]tanl’ [¢] (i,j = 0, 1, 2) to
zero we get the following relations:

00— 0 -+ 1+af?
O LTI 2(b - Ak + K2 (1 + P2 + 03))
1

-5 (1 +apf’+ 2ax + ixz) .

(25)

w

From (25) the combined bright-dark soliton solution of
Equation (1) is obtained:

. 1+ap?
h(x,t) = —\/2 (b - Ak + k2 (1 + P2 + P3))
(sech [B (x — vt)] - itanh [ (x - v1)])

(26)

ei[—Kx— 1 (1+ap+2ax+ix’)t] .
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Second, Equation (12) will be integrated to reach the
combined-dark soliton solution of Equation (1). So we will
seek a solution of the following form

H (&) = Op tanh [¢] - i6; sech [¢], 27)

where 6, and 6, (8o > 0, 0, > 0) are the amplitudes of the
dark and bright solitons, respectively.

By substituting (27) into (12) and setting the coeffi-
cients of each term of sech’ [¢]tank’ [¢] (i,j=0,1,2) to
zero we get the following relations:

0o = 0, =+ “1-ap
O TN 2 - Ak + 12 (1 + P2 + 93))

w=—% (1+a,82+2m<+a1<2>.

(28)

From (28) it is the combined-dark soliton solution of Equa-
tion (1) is obtained:

- + -1- aﬁz
h(x, t) = —\/2 (b - Ak + 12 (Pp1 + P2 + P3))
(tanh [B (x - vt)] - isech [B (x - vi)])

(29)
ei[—K -1(1+ap®+2ax+ax®)t] .

Third, Equation (12) will be integrated to reach the
combined-bright soliton solution of Equation (1). So we
will seek a solution of the following form

H (&) = O tanh [¢] + 16, sech [¢], (30)

where 6y and 6, (6 > 0, 8, > 0) are the amplitudes of the
dark and bright solitons respectively.

By substituting (30) into (12) and setting the coeffi-
cients of each term of sech’ [¢]tanl’ [¢] (i,j =0, 1, 2) to
zero we get the same relations as (28) and the combined-
bright soliton solution of Equation (1) is obtained:

. -1 - ap?
h(x, 0 = _\/2 (b - Ak + K2 (1 + P2 + P3))
(tanh [B (x — vt)] + isech [B (x — vt)])

€3

ei[—xx—%(1+a/32+2ax+ax2)t] .

5 Conclusion

We used the FIM and antsatz approaches for acquiring sev-
eral new exact solutions of the one-dimensional NLSE with
time dependent coefficients. We have acquired different
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types of exact solutions which are dark, combined-bright,
and combined-dark optical solitons. These obtained solu-
tions are new according to our research of the literature. It
has been shown that the velocity function w (¢) is related
to the group velocity term a (t) in (28). Consequently, the
FIM and ansatz approaches are crucial ones to construct
different types of the exact solutions of the NPDE and sys-
tems.
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