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Key words: complex systems, diffusion equation, relaxation equation, 

local fractional derivative, Cantor set 

Introduction 

Fractional calculus has potential applications in physics and several studies ad-
dressed those topics during the last fifty years [1-4]. By means of several types of fractional 
derivatives (FD), namely, the Riemann-Liouville, Weyl, Riesz, Grunwald, and Caputo FD 
[5-9], the anomalous diffusion on different domains was adopted to characterize the mean 
square displacement with linear Brownian dependence on time [10-14]. The diffusion of frac-
tional order via the Riemann-Liouville fractional operator and its exact solution were present-
ed in [15]. The diffusive behaviors of fractional order in the perspective of the Caputo [16, 
17], Riesz and Weyl fractional operators [18], the relaxation phenomena of fractional order 
via the Caputo [16, 19], and the Riemann-Liouville [20] FD were also discussed. 

Fractal surfaces are a widely-studied field of modern physics in order to describe real 
world problems [21-23]. The connection between fractals and fractional operators emerged in 
some advanced results [24-28]. The fractal operator [29] and the fractional operator in non-integer 
dimensional space [30-33] deal with the phenomena of continuity and differentiability. However, 
in nature surfaces occur both with discontinuity and non-differentiability. The general Lebesgure 
outer measure in the interval [μ, η] is written in the form ([ , ]) ( )L ε

ε µ η η µ= −  [34, 35] 

–––––––––––––– 
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and the generalized Hausdorff measure (GHM) 
in the interval [μ, η]

 
is ( [ , ])ε µ ηΞ∩ =H  

( ) ,εη µ= − where ε  is the fractal dimension of 
the set Ξ [34-37]. Meanwhile, the fractal volume 
(FV) in the interval [μ, η] is written as 

([ , ]) ( ) / (1 ),V ε
ε µ η η µ ε= − Γ +  where (1 )εΓ +  

is the Gamma function [34, 35]. The version of 
fractional power (FP) expressed in natural co-or-
dinates in a fractional space is ( , )η µ =Q  
= (η – μ)ε/Γ(1 + ε) [38, 39]. The GHM [36, 37], 

( [0, ]) ,εε η η∩ =H F  the FV, ([0, ])ε η =V  
/ (1 ),εη ε= Γ +  and the FP, ( ,0)Q η =
/ (1 ),εη ε= Γ +  are shown in fig. 1 when μ = 0.  

For a brief review of the literature we can mention the following studies. The local 
fractional operators (LFO) of Kolwankar and Gangal [40-41], Carpinteri and Sapora [42], 
Carpinteri and Cornetti [43], Carpinteri et al. [44], Jumarie [45, 46], Roul [47], Chen [48], Chen 
et al. [49, 50], Balankin and Elizarraraz [51], Balankin [52, 53], He [54], He et al. [55], Uchai-
kin [56], and other authors [34, 35, 57-61] were proposed. A brief review of the literature re-
veals the recent progress in this area. The diffusion via local fractional derivative (LFD) was 
considered to describe the dynamics on Cantor sets [42]. The diffusion equation (DE) with 
Hausdorff measure derivative was addressed in [48, 49]. The relaxation equation (RE) with 
Hausdorff measure derivative was investigated in [50]. The relaxation [54] and diffusion [61] 
with the smallest measure were presented as a potential tool for engineering application. The 
diffusion [58] and relaxation [61] defined Cantor sets involving LFD were also discussed.  

In this manuscript, some applications of LFO to dimensionless DE and RE defined 
on Cantor sets are investigated.  

The investigations of LFO  

In this section, we present the main aspects of LFO and the differences between 
them are discussed.  

The LFD of the function ( )ηΠ  of order (0 1)ν ν< <  via the Riemann-Liouville FD, 
with the Kolwankar and Gangal’s view proposed in [40-44], is defined by: 

 
0

0

( ) 0

0

d [ ( ) ( )]d ( )( ) lim
d [d( )]

νν
ν

ζ ζν νµ µ

η ηηη
η η η=

→

Π −ΠΠ
Π = =

−
D  (1) 

where the term 0d [ ( )]/[d( )]ν νη η ηΠ −  is the Riemann-Liouville FD of order ν  of ( )ηΠ .  
From eq. (1) it follows that [27, 36, 41, 43]: 

 ( ) ( )( ) ( ) 1ν νη η= =D A D S  (2) 
and 
 ( ) ( ) 1( ) [ ( )] [ ( )]ν νη η η −= =n nD B D S n S  (3) 

where ,n∈  ( ) ( ) / (1 ),A S νη η η ν= Γ +  and ( ) [ ( )]nB Sη η=
 
are staircase functions defined 

on Cantor sets with fractal dimension .ν  Following eq. (2), the operator, eq. (1), gives the 
fractional measure defined on Cantor sets ( )1 (1) (0) 1/ (1 )D S Sν ν− = − = Γ +  [27, 43]. The nu-
merical method for LFD equation was discussed in [43] and, with more details, in [62-64].  

 
Figure 1. Comparison of the GHM, FV,  
and FP for μ = 0 
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The LFD equation with eq. (1) can be formulated: 

 ( ) ( ) ( )D ν η ηΘ = Θ  (4) 

The model leads to the non-differentiable stretched solution: 

 ( ) exp[ ( )]η ηΘ = S  (5) 

which is a Lebesgue-Canto-like function. When 1,ν =  we get back to the typical solution 
( ) exp( ).η ηΘ =   

The LFD of the function of order (0 1),χ χ< <  with the view proposed in [45-47], 
is defined by: 

 
0

( )

0

d ( ) ( )( ) lim
d h

D
h

χ χ
χ

µ µχ χ
φ µ φ µφ µ
µ =

→

D
= =  (6) 

where  

 
0

( ) ( 1) [ ( ) ]k

k
k h

k
χ χ
φ µ φ µ χ

∞

=

 
D = − + − 

 
∑  (7) 

In view of eq. (5), we present [45, 46]: 

 ( ) ( )( ) 1
(1 )

D C D
χ

χ χ µµ
χ

= =
Γ +

 (8) 

and 

 
1

( ) ( )( )
(2 )

D D D
χ

χ χ µµ µ
χ

−

= =
Γ −

 (9) 

where ( ) /[ (1 )]C χµ µ χ= Γ +  and ( ) .D µ µ=   
Adopting eq. (6), the LFD equation is [46]: 

 ( ) ( ) ( )D χ φ µ φ µ=  (10) 

This expression leads to a stretched Mittag-Leffler solution: 

 ( ) ( )E χ
χφ µ µ=  (11) 

which is in agreement with the one in sense of Caputo FD, see [16, 50].  
The LFD of the function ( )τΦ  of order (0 1),κ κ< <  with the Chen’s view pro-

posed in [48-50], is defined by:  

 
0

0

( ) 0

0

( ) ( )d ( )( ) lim
d

κ
κ

τ τκ κ κτ τ

τ τττ
τ τ τ=

→

Φ −ΦΦ
Φ = =

−
D  (12) 

where κµ  is a fractal measure.  
With eq. (12), the LFD equation can be written: 

 ( ) ( ) ( )D κ τ τΦ = Φ , (13) 
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This expression leads to a stretched exponential solution [50]: 

 ( ) exp( )κτ τΦ =  (14) 

which is compared with the one in sense of Caputo FD, see [50].  
From eq. (14), it follows that: 

 ( ) 1D κ κτ =  (15) 

 ( ) 2 2D κ κ κτ τ=  (16) 

 ( ) ( )1 , ( 1)nnD n nκ κκτ τ −= > . (17) 

Making use of eq. (17), we easily obtain eq. (14). Here, the operator (12) may be de-
fined on the Hausdorff measure and follows that there is: 

 2 1 1 2( [0, ]) ( [0, ]) ( [ , ])H H Hε ε εη η η ηΞ∩ − Ξ∩ = Ξ∩  

The LFD of the function ( )µΩ of order (0 1),< <l l  with the view proposed in  
[54-56], is defined by:  

 ( )
0

0 0

( ) ( )d ( ) d ( )( ) lim
dd

l B A
l lD µ µ µ µ

µ µµ µµ
σµ η=

D →

Ω −ΩΩ Ω
Ω = = =

ϒ
 (18) 

where 0d lσ η= ϒ  with geometrical parameter ϒ and measure scale η0.  
Equation (18) leads to the LFD equation: 

 ( ) ( ) ( )lD µ µΩ = Ω  (19) 

This expression leads to a stretched exponential solution [54]: 

 1
0( ) exp( )lµ µ η −Ω = ϒ  (20) 

Following eq. (18), we easily obtain: 

 ( ) 1
0[ ] 1l lD µ η −ϒ =  (21) 

 ( ) 1 1 1
0 0[ ] [ ] , 1l l n l nD n nµ η µ η− − −ϒ = ϒ >  (22) 

Adopting eq. (22) yields a stretched exponential solution eq. (20).  
The LFD of the function ( )τΘ  of order (0 1),ι ι< < with the view proposed in  

[51-53], is defined by: 

 ( ) ( )
1

1

0
( ) 1 ( )D D

L

ι
ι ττ τ

−
 

Θ = + Θ 
 

 (23) 

With eq. (23), we have the LFD equation: 

 ( ) ( ) ( )D ι τ τΦ = Φ  (24) 
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that yields a stretched exponential solution [65]: 

 0

0
( ) exp 1

ι
ττ

ι

   Θ = + 
   

L
L

 (25) 

Similarly, from eq. (23) we have that: 

 ( )
1

0

0
1 1

LD
L

ι
ι τ

ι

−   + = 
   

 (26) 

 ( )
1

0 0

0 0
1 1 , 1

ι ι
ι τ τ

ι ι

−           + = + >    
           

n n
L LD n n

L L
 (27) 

Equation (27) leads to a stretched exponential solution eq. (25).  
The LFD of the function ( )ψ η of order (0 1),ε ε< <  with the view proposed in [34, 

35, 57-61, 65], is defined by:  

 ( )
0

0

0

0

[ ( ) ( )]d ( )( ) lim
d ( )

D
εε

ε
η ηε εη η

ψ η ψ ηψ ηψ η
η η η=

→

D −
= =

−
 (28) 

where  

 0 0[ ( ) ( )] (1 ) [ ( ) ( )]ε ψ η ψ η ε ψ η ψ ηD − ≅ Γ + D −  (29) 

For each ξ > 0 there exists for δ > 0 such that [34, 35, 57-61]: 

 0( ) ( ) εψ η ψ η ξ− <  (30)  

whenever 00 .η η δ< − <   
Equation (29) was derived from fractal geometry [34, 35].  
In order to interpret eq. (30), we recall the new series expansion [61]: 

 ( ) ( )

0 0
( ) k i k ik i i

i i

k k
i i

ε εε ε εε ε
ϕ φ ϕ φ ϕ φ

ε ε

∞ ∞
− −

= =

   
+ = =   

   
∑ ∑  (31) 

where  

 (1 )
(1 ) [1 ( ) ]

ε ε
ε ε ε

  Γ +
=  Γ + Γ + − 

k k
i i k i

 (32) 

for ,  k i∈  and 0 1.ε< <   
The characteristics of the series expansion are [61]: 

(M1)  ( ) 1,kεϕ φ+ =  when k = 0;  

(M2)  ( ) ,kε ε εϕ φ ϕ φ+ = +  when k = 1;  
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(M3)  ( ) (2 ) (2 ) ,ε ε εϕ φ φ ϕ+ = =  when φ = ϕ.  

With the help of eq. (31), the non-differential difference (30) takes the form: 

 0 0 0[ ( ) ( )] (1 ) ( ) (1 )[ ( ) ( )]ε εψ η ψ η ε ψ η ε ψ η ψ ηD − = Γ + D ≅ Γ + −  (33) 

where  

 0
0

( ) ( 1) ( )i

i
i

i
ε ε
ψ η ψ η ρ

ε

∞

=

 
D = − − 

 
∑  (34) 

with 0ρ η η= − .  

In this case, we present two examples:  

 
0

d 1 (1 )[( ) ]lim 1
(1 ) (1 )d ( )

ε ε ε ε

ε εµ

η ε η η η
ε εη ηD →

Γ + + D −
= =

Γ + Γ + D
 (35) 

( )

( )

0

1

0

1

0

d (1 ) ( )lim
(1 ) (1 )d ( )

(1 ) ( ) ..
(1 ) (1 ) [1 ( 1) ]lim
(1 ) ( )

(1 ) (
(1 ) (1 ) [1 ( 1) ]lim
(1 )

ε γε γε γε

ε εη

γ εγε ε γε

εη

γ ε

η

η ε η η η
γε γεη η

γεη η η η
ε ε γ ε
γε η

γε η
ε ε γ ε
γε

D →

−

D →

−

D →

 Γ + + D − =  
Γ + Γ + D  

Γ + + D + + − Γ + Γ + Γ + − =  
Γ + D 

  
Γ +

Γ + Γ + Γ + −=
Γ +

( )1

)

( )

[1 ( 1) ]

ε

ε

γ ε

η

η

η
γ ε

−

 D  
 

D 
  

=
Γ + −

 (36) 

The integration functions in eqs. (35) and (36) are staircase functions defined on 
Cantor sets with fractal dimension ε. 

It follows that: 

( )1

0 1 0

d d( ) ( )
(1 ) [1 ( 1) ] (1 )d d

γ εε ε γε γε
ε ε

ε εε ε
γ γ γ

η η ηη η
γε γ ε γεη η

−∞ ∞ ∞

= = =
= = = =

Γ + Γ + − Γ +∑ ∑ ∑E E  (37) 

where  

 
0

( )
(1 )

E
γε

ε
ε

γ

ηη
γε

∞

=
=

Γ +∑  

is the Mittag-Leffler function of Lebesgue-Canto-like type.  
Hence, the LFD equation [34, 35, 61] is given by: 

 ( ) ( ) ( )D ε ψ η ψ η=  (38) 
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This model leads to a stretched solution in the term of Mittag-Leffler function of 
Lebesgue-Cantor-like type: 

 ( ) ( )E ε
εψ η η=  (39) 

which is not in agreement with eq. (11) because the latter is a Mittag-Leffler function defined 
on Cantor sets. When ε= 1, we get back to the typical solution of eq. (1). 

The LFD of a constant, with different LFO, is zero. So, for the stretched solutions of 
the LFD equation, we have:  
– (T1) with eqs. (1) and (28) are Lebesgue-Cantor-like functions of exponential and Mittag- 

-Leffler defined on Cantor sets, respectively;  
– (T2) with eqs. (6) and (12) are Mittag-Leffler and exponential functions of power func-

tions which are continuous functions;  
– (T3) with eqs. (18) and (23) are exponential functions related to fractal geometry.  

Remark that we can easily write the equation of a generalized Cantor set Ξ with 
Hausdorff measure ε in the form [66]: 

 
1

1ε∞

=
Θ =∑ i

i
 (40) 

From eq. (31), it yields: 

 
1 1

( [0,1]) 1ε
ε

∞ ∞

= =
Θ = Ξ∩ =∑ ∑i

i i
H  (41) 

where ( )i iΘ ∈  represents the contraction ratios.  
Equation (41) shows that a generalized Cantor set is defined on the interval [0, 1] 

when its diameter is equal to 1. In this case, (M2) can be used to interpolation of 
( ) ,ε ε εϕ φ ϕ φ+ = +  see [65].   

Diffusions defined on Cantor sets  

In this section, the exact solutions for the DE defined on Cantor sets with LFD are 
investigated.  

We start with the dimensionless DE defined on Cantor sets with eq. (1) [42]: 

 
2

2
( , ) ( , )ν

ν
η σ η σ
σ η

∂Θ ∂ Θ
=

∂ ∂
 (42) 

subject to initial condition: 

 ( , 0) ( )η σ δ ηΘ = =  (43) 

According to the view of the evolution-semigroup [40], we easily observe that: 

 
2

2( , ) exp ( , 0)
ν

νη σ η σ
η

 ∂
Θ = Θ =  ∂ 

 (44) 

Using the Fourier transform, eq. (44) leads to: 

 
21 ( )( , ) exp

π
ηη σ
σσ

 
Θ = − 

 

S  (45) 
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This solution of eq. (42) is written in the form: 

 
2 21 ( ) 1( , ) exp exp

π π

νη ηη σ
σ σσ σ

   
Θ = − −    

   


S  (46) 

This solution is an exponential function of Lebesgue-Cantor-like type.  
We consider the dimensionless DE defined on Cantor sets with (28) [42]: 

 
2

2
( , ) ( , )ε ε

ε ε
ψ η σ ψ η σ
σ η

∂ ∂
=

∂ ∂
 (47) 

subject to initial condition: 

 ( , 0) ( )εψ η σ δ η= =  (48) 

With the result [58], we have the solution of non-differentiability: 

 
2

0( , )
(4 )

ε
βε

ε ε
ηψ η σ ψ σ
σ

 
= − 

 
E  (49) 

where β is a unknown constant, and ψ0 – an initial value.  
It follows that: 

 
2

00
( , 0) lim

(4 )

ε
βε

ε εσ

ηψ η σ ψ σ
σ→

 
= = − 

 
E  (50) 

According to [61], we have: 

 
2

0
2

1( ) lim
(4 )

(4π )
(1 )

ε

ε εε εσ

ηδ σ
µ

σ
ε

→

 
= − 

 

Γ +

E  (51) 

such that: 

 0
2

1

(4π)
(1 )

ε

ε

Φ =

Γ +

 (52) 

and 

 1
2

β = −  (53) 

Thus, we have: 

 
2

2

2

1( , )
(4 )

(4π)
(1 )

ε ε

εε ε
ηψ η σ σ
σ

ε

−  
= − 

 

Γ +

E  (54) 

This is exact solution of DE with eq. (28) and is a Lebesgue-Cantor-like function of 
Mittag-Leffler defined on Cantor sets.  
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When 1ν =  and 1,ε =  we get back to the typical solution: 

  
2

1/2
1( , ) exp

4(4π )
ηψ η σ
σσ

 
= −  

 
 (55) 

Relaxations defined on Cantor sets  

In this section, the exact solutions for the RE defined on Cantor sets are discussed.  
We begin with the RE defined on Cantor sets with: 

 ( ) ( ) 0
ν

ν
η ω η

η
∂ Θ

+ Θ =
∂

 (56) 

subject to initial condition: 
 ( 0) 1ηΘ = =  (57) 

We easily obtain: 
 ( ) exp[ ( )]η ω ηΘ = − Ωc  (58) 

where ( )c
νη ηΩ   is a Lebesgue-Cantor function. 

In the similar way, we consider the RE defined on Cantor sets with: 

 ( ) ( ) 0
ε

ε
ψ η ωψ η
η

∂
+ =

∂
 (59) 

subject to initial condition: 

 ( 0) 1ψ η = =  (60) 

We can see that: 

 ( ) ( )E ε
εψ η ωη= −  (61) 

which is a Lebesgue-Cantor-like function of Mittag-Leffler defined on Cantor sets. When 
1ν =  and 1,ε =  we get back to the typical solution.  

Discussion 

In this section, the comparisons between DE and RE within LFO are presented in 
details.  

The dimensionless DE with LFD [50, 61] is: 

 
2

2
( , ) ( , )κ κ

κ κ
µ τ µ τ
τ µ

∂ Φ ∂ Φ
=

∂ ∂
 (62) 

that has an exact solution in the form: 

 
21( , ) exp

44π

κ

κκ

σµ τ
τµ

 
Φ = −  

 
 (63) 

On the other hand, the RE within LFD: 
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 ( ) ( ) 0Dκ τ ω τΦ + Φ =  (64) 

has an exact solution [50, 61] given by: 

 ( ) exp( )κτ ωτΦ = −  (65) 

where the LFO is considered in sense of the view in [48-50].  
The solution of the dimensionless DE, with the view in [48-50], is in the perspective 

of differentiability while the dimensionless DE defined on Cantor sets are of non-
differentiability. Comparative results of DE with LFO are shown in fig. 2. Similarily, the so-
lution of the dimensionless RE, with the view proposed in [48-50], is of differentiability while 
the dimensionless DE defined on Cantor sets are of non-differentiability. Comparative results 
of REs with LFO are shown in fig. 3.  

Conclusions  

In the last decades the LFD were introduced mainly due to the need of developing 
more appropriate solutions of the DE and RE that occur in real world applications. This work 
addressed the LFO that are potential methods to describe complex systems governed by local 
fractional partial differential equation. The DE and RE with LFO are selected to better explain 
the complexity of dynamical system. The comparison of the exact solutions of the differentia-
bility and the non-differentiability with Mittag-Leffler and exponential decay were discussed. 
The Mittag-Leffler solution of non-differentiability of DE and RE with our view, the expo-
nential solution of non-differentiability of DE and RE, with the Kolwankar and Gangal's 
view, and the exponential solution of differentiability of DE and RE, with the Chen's view, 
are compared with the classical solutions. The results reveal the potential for the LFO in de-
scribing the complex dynamics defined on Cantor sets. 
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Figure 2. The exact solutions of DE with LFO 

 
Figure 3. The exact solutions of RE with LFO 



Yang, X.-J., et al.: On Local Fractional Operators View of Computational Complexity … 
THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S755-S767 S765 

Nomenclature 
μ – space co-ordinate, [m] κ – fractal dimension, [–] τ – time, [s] 
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