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Background

As you know, fractional dynamical systems be used in modeling of some real pro-
cesses and there are many published works about the existence of solutions for many
fractional differential equations (see for example Baleanu et al. 2013a, b, ¢; Chai 2013
and the references therein) and inclusions (see for example, Benchohra and Hamidi
2010; Agarwal et al. 2013; Ahmad et al. 2013; Nieto et al. 2013; Ouahab 2008; Phung
and Truong 2013; Bragdi et al. 2013 and the references therein). For finding more
details about elementary notions and definitions of fractional differential equations
and inclusions one can study well-known books (see for example Aubin and Ceuina
1984; Deimling 1992; Kilbas et al. 2006; Kisielewicz 1991; Podlubny 1999). Recently,
it has been published many useful works about modeling of fractional differential
equations via providing different applications in some fields (see for example Atan-
gana 2016; Atangana and Alkahtani 2016; Atangana and Koca 20164, b). In this arti-
cle, we first review the existence solution for the fractional hybrid derivative inclusion

‘D (g(s,y(s),["‘lﬁg,..‘,lany(s))) € G(s,y(s),]ﬂly(s),...,Iﬂky(s)) with boundary conditions
y(0) = ypand y(1) = y;, wherel <o <2, 01,...,0, > 0,B1,..., Bk > 0, 90,71 € R, D%
denotes Caputo fractional derivative of order o, g : / x R” — R — {0} is continuous and
G :J x Rk - P(R) is a multifunction via some properties. Also, we review existence

and dimension of the solution set of fractional derivative inclusion

D%y(s) € G(s,5(5), (@Y)(8), (W) (5), “DPry(s), ..., DPry(s), I y(s), ..., I"*y(s))

with  boundary  condition  y(0) + Zf:l cDPiy(1) + fo:l IMiy(1) =0,  where
O<Bi<a<land O<y,<1lfori=1,...,k G:JxR**3  PR) is a multifunc-
tion via some properties, y,4:J x J] — [0,00) are two mappings with the properties
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supses | Jo A(s, £)ds| < 0o and supy; | [y ¥ (s, £)ds| < 0o and the functions ¢ and ¥ are
defined by (¢y)(s) = [ (s, £)y(t)dt and (Yy)(s) = [o A(s, £)y(£)dt.

Preliminaries

Suppose that (X, d) be a metric space. Denote by P(X) and 2 the class of all sub-
sets and the class of all nonempty subsets of X" respectively. Here, P (&X), Ppy(X),
Pev(X) and P,y (X) denote the class of all closed, bounded, convex and com-
pact subsets of X’ respectively. A mapping Q: X — 2% is called a multifunction
on X and x € X is called a fixed point of Q@ whenever x € Ox (Deimling 1992). A
multifunction Q : X — P(X) is called lower semi-continuous whenever the set
Q7 1A):={xe X:QxNA # @} is open for each open subset A of X (Kisielewicz
1991). If the set {x € X : Qx C A} is open for each open set A of X, then we say that
Q is upper semi-continuous (Kisielewicz 1991). A multifunction Q : X — P(X) is

called compact whenever Q(S) is a compact for each bounded subsets S of X' (Aubin
and Ceuina 1984). A multifunction @ :J — P, (R) is said to be measurable when-
ever the function s — d(y, Q(s)) = inf{|y — z| : z € Q(s)} is measurable for all y € R
and s e/ =1[0,1] (Deimling 1992). The Pompeiu—Hausdorff metric H = H; on
2% x 2% into [0,00) is defined by H(A,B) = max{sup,. 4 d(a,B),sup,.;d(A, b))},
where d(A,b) = infyc 4 d(a; b) (Berinde and Pacurar 2013). Then (Ppy(X), H) is a
metric space and (P (X), H) is a generalized metric space (Berinde and Pacurar 2013).
A multifunction @ : X — P, (X)is called a contraction whenever there exists y € (0, 1)
such that H;(Q(x), Q(¥»)) < yd(x,y) for all x,y € X (Covitz and Nadler 1970). Covitz
and Nadler (1970) proved that each closed valued contractive multifunction on a com-
plete metric space has a fixed point. We say that Q : J x R¥ — 2R is a Caratheodory
multifunction whenever s — Q(s,x1,%2,...,%;) is measurable for all x1,x7,...,x, € R
and (x1, %9, . ..,x%) > Q(s,%x1,%2, . . .,x) is an upper semi-continuous map for almost all
s € ] (see Aubin and Ceuina 1984; Deimling 1992; Kisielewicz 1991). Also, a Caratheo-
dory multifunction Q : J x RK — 2R is called L!-Caratheodory whenever for each p > 0
there exists ¢, € L1 (J,RT) such that

” Q(SlxlerI- . '!xk) ”: Sup{|V| ve Q(S,x1,x2, .- ~rxk)} =< ¢p(s)

for all |x1], |x2],. .., |xx| < p and for almost all s € J (see Aubin and Ceuina 1984; Deim-
ling 1992; Kisielewicz 1991).

Lemma 1 (Deimling 1992) IfG : X — P ()) is upper semi-continuous, then Gr(G) is
a closed subset of X x Y. If G is completely continuous and has a closed graph, then it is
upper semi-continuous.

Lemma 2 (Lasota and Opial 1965) Suppose that X is a Banach space,
G:] x X = Pypo(X)an L'-Caratheodory multivalued and © a linear continuous map-
ping from L1(J, X) to C(J, X). Then the mapping ©oSg : C(J, X) — PepovC(J, X) defined
by (B0oSg)(x) = O(Sgx) is a closed graph mapping in C(J, X) x C(J, X).

Theorem 3 (Dhage 2006) Suppose that X is a Banach algebra space, S € Ppg ci,cv(X)
and A : S — P eypd(X)and B : S — Py o (X) two multifunctions satisfying the follow-
ing conditions
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1. A is Lipschitz with a Lipschitz constant k,

2. B is upper semi-continuous and compact,

3. AxBx is a convex subset S for all x € S,

4. Mk < 1, where M = || B(S)|| = sup{||Bx| : x € S}.
Then, there exists y € S such that y € AyBy.

Lemma 4 (Agarwal et al. 2013) Suppose that G : [0,1] = Pep,ev(R) is a measurable
map such that the Lebesgue measure 1 of the set {s : dim G(s) < 1} is zero. Then there are
arbitrarily many linearly independent measurable selections x1(.), . .., %, (.) of G.

Theorem 5 (Agarwal et al. 2013) Suppose that C is a nonempty closed convex subset of
Banach space X. Let G : C — Py (C) b a y-contraction. If diim G(x) > m for all x € C,
then dim Fix(G) > m.

Main results
First, we review the fractional hybrid differential inclusion

y(s) >
CD"‘( € G(s,y(5),1P1y(s), ..., 1P y(s) 1

2y Ty, ey ) € Gyt o) W
with the boundary conditions y(0) = yp and y(1) = y;, wherel <« <2, a1,...,05 > 0,
Bir-- Bk >0, y9,y1 € R, °D¥ denotes Caputo fractional derivative of order o,
g:] xR" — R — {0} is continuous and G : ] X RK — P(R) is a multifunction via some

properties.

Lemma 6 Suppose that x € C(J,R), o € (1,2]and a3, .. .,0, > 0. The unique solution

of the fractional differential problem °D* ( ROI0) 1,,1;8 ..... I"‘ny(s))) = x(s) with the bound-

ary value conditions y(0) = yo and y(1) = y1 is given by

y($) = g(s,5(), 1% y(s), ..., I"y(s))

(1 -390 a1
£(0,9(0),0,...,0) (1, yD),I[%y(1),...,I%y(1))

n

x | I%x(s) + —sl%x(1) .

(s)

Proof The general solution of the equation®D“ (g(s,y(s),]“li)/ (s),.‘.,ID‘”y(s))> =x(s) is

Y(s) = g(s,y(5), [“1y(s), ..., I%y(s))[I*x(s) + co + c18], where cp,c; € R are arbitrary

constants (see Kilbas et al. 2006; Podlubny 1999). By using the boundary conditions,

we get y(0) =g(0,9(0),0,...,0)0co =y and y(1) =g(1,y1),[*y(),...,I%y(1))

~ _ ’ _ ) _ 9
([#%(1) +¢o +c1) =y Hence, co = oo ——0; and 1 = sy en @, mym)
—1%x(1) — yioo) This completes the proof. O

2000, ..,
——

n
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y € Y = C(J,R) is solution for the problem (1) whenever it satisfies the boundary con-

ditions and there exists a function v € Sgy such that
y(s) = g(s,5(), 11 y(s), ..., I y(s))
(1 —s)y0 Y1
0,9(0),0,...,0 1, y(1),I%y(1),...,I%y(1
8(0,y(0) ) S Ly, 1My(1) y()

n

x | I%v(s) + —sI*v(1)|.

where S, = {v € LY0,1] : v(s) € G(s,y(s),]ﬂly(s), ... ,Iﬂky(s)) for almost alls € J}.

Theorem 7 Let G:J x R¥t1 Pepev(R) be a Caratheodory multifunction,
g:J] xR — R — (0} is a continuous and bounded function with bound K and there
exist continuous functions p,m : ] — (0,00) such that ||G(s,y1,¥2, ..., yi)ll < m(s) and
18671725+ Yna1) — €81, %2, - . Xns )| < p(8) N1 i — il for all s € J. If

U > 2l mlloo %
M'a;+1) IM'ag +1) Moy, +1) MNa+1) £(0,9(0),0,...,0)
N———

n

||19Hoc<1+

J1

<1,
gL, y(1),I41y(1),...,I%y(1))

+|
then the problem (1) has a solution.

Proof DefineS ={ye )Y :|y| <L}, where

2|lmll oo Y0 n 42
F'a+1) |g0,%0),0,...,0) g1, y(), I4y(1), ..., [y(1))

n

clearly S is a closed, bounded and convex subset of the Banach algebra space ). Now,
consider the multivalued operators A, 5 : S — P()) by

Ay(s) = {g(s,5(5), I y(s), ..., 1*"y(s)) }

and

(I —s)y0
£(0,5(0),0,...,0)

n

By(s) = {ue): there exists v € Sg, such that u(s) = I“v(s) +

)1

+ g(1,y(1),I*1y(1),...,I%y(1)) —sI"v(1) for allse]

Thus, the problem (1) is tantamount to the problem y € A(y)B(y). We prove that the
multifunctions A and B well-defined the conditions of Theorem 3. Note that, the opera-
tor B = 6 o Sg, where 6 is the continuous linear operator on LY(J,R) into Y defined by

Page 4 of 15
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(I —9)y0 sy
£(0,5(0),0,...,0)  g(1,y(1),[%y(1),...,I1%y(1))

n

Ov(s) = I%v(s) + —sI*v(1).

Lety € Sbearbitraryand{v,}asequenceinSg,. Then,v,(s) € G(s,%(s), IP1y(s), ..., 1P y(s))
for almost s € /. Because G(s, y(s), IP1y(s), . . ., IPky(s)) is compact for all s € J, there exists
a convergent subsequence of {v,(s)} (we show it again {v,(s)}) to some v € Sg,. Since 0
is continuous, 6v,(s) — 0v(s) pointwise on J. Because we will show that the convergence
is uniform, we have to prove that{0v,} is an equi-continuous sequence. Suppose that

T < s €].So,we have

10va(s) — Ovn(r)] < W T ) 0
MNo+1) £(0,9(0),0,...,0)
——

n

— I, ().

+ J1
gL, y(1),IMy(1),...,I1%y(1))

Hence the right hand of above inequalities tends to 0 as s — 7 and so the sequence {0v,,}
is equi-continuous. By using the Arzela—Ascoli theorem, it has a uniformly convergent
subsequence. Thus, there is a subsequence of {v,} (we show it again by {v,}) such that
0v, — 6v. Hence, Ov € 6(Sg,). Thus, B = 6(Sg,) is compact for all y € S. Now, we show
that By is convex forall y € S. Let y € Sand u, ' € By. Choose v,v' € Sg, such that

1—
MO =IOt G ((0) o 5 * Frm O
g )y yUye ey g 7y ) y P )/
n
1—
=IO o Ry
g ’y AN g Y ) y P y
n
for almost all s € J. Let 0 < A < 1. Then, we have
(1 =)o

/ _ L : _ pnoa—1 _ /
Au(s) + (1 — Du'(s) = T /0 (=" [Av®) + A — AV ()]ds + 20,90),0,...,0)

+ Sy1
gL, y(), I*1y(1),...,I%y(1))

1
- F(Sa) /0 (1= w() + (1 — )V (©))dt.

Since G is convex valued, Au + (1 — 2)u’ € By. Cleary, A is bounded, closed and convex
valued. We prove that AyBy is a convex subset of S for all y € S. Suppose that y € S and
u,u’ € AyBy. Choosev,v' € S, such that
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u(s) = g(8,5(8), 14 y(s), ..., 1% y(s)) [ Iv(s) + {1 = $)30 ! —sI*v(1) |,
£00,y(0),0,...,0)  g(1,y(1),I*1y(1),...,I[%y(1))
——
W' (s) = g(s,5(), I y(s), ..., I y(s)) | I*V'(s) + (1= )0 2 —sI*V (1)
20,50),0,...,0) g1, s(1), I5(1), ..., [ony(1))
——

for almost all s € J. Hence, we get

1 S
u(s) + (1 — A)u/(s) =g(s,y(s),1°‘1y(s), ... ,I"‘”y(s)) [% /0 (s = M@ + (1 = )V () |dt

(1 —9)yo 1
0,%(0),0,...,0 1,y(1), 1% y(1),. .., [%y(1
£(0,y(0) ) g(L,y(1),I*1y(1) y(1))

n

1
/ Q=% ) + A — )V (@)dt.
0

__5
')

Since G is convex valued, Au + (1 — 1)’ € AyBy. So, AyBy is convex subset of ) for all
y € ). But, we have

(1 —9)yo sy1
£(0,5(0),0,...,0)  g(1,y(1),I*1y(1),...,I1%y(1))
N——

n

()| = |g(s,9(8), I ¥(s), .. ., 1 ¥(s)) [I*V(s) +

o 2|mlloo Jo )1 _
—sI*v(D]| <K + + =L
Fa+1) |g(0,90),0,...,0) gy, I41y(1), ..., I%y(1))
N——

n

for all s € J. So, u € S and AyBy is a convex subset of S for all y € S. Here, We show
that operator B is compact. For showing this, it is enough to prove that B(S) is uni-
formly bounded and equi-continuous. Let u € B(S). Choose v € Sg, such that

17
u(s) = g(s,y(s), 14y(s), ..., [%y(s)) | I*v(s) + g(O,y(E)),Os,).y(? 0 + g(l,y(l),]“l;ﬁ),...,]“”y(l)) — sI%v(1)
——

n

for some y € S. Hence,

2|lm| oo Yo + 1
MNa+1) 2(0,%(0),0,...,0) g(Ly(1),IY1y(1),...,I%y(1))

n

lu(s)] <

2||mll oo + | Jo | + | J1 |
I(a+1) 2(0(0),0,...,0) g(Ly(1),I1*1y(1),....[%y(1))
N—_——

n

In this part, prove that 5B maps S to equi-continuous subsets of ). Sup-

and so [|u]lcc = maxgey |u(s)| <

pose that s,r €] with 7 <s, yeS and u € By. Choose ve Sg, such that

_Ja (1-5)y0 )1
u(s) =IvE) + 6 00,.. 50 T 2T, -y
~——

n

— sI*v(1). Then, we have

Page 6 of 15
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Yo
0,9(0),0,...,0
£0,50,0,..,0)

n

700 (s* — %)
C(a+1)

lu(s) — u(t)| < ( > +(—1)

+ B! B
gL, y(D), I*1y(1), ..., I%y(1))

So the right side of inequality towards to 0 as s — 7. Hence by using the Arzela—Ascoli

Iv(1)|.

theorem, B is compact. Here, we show that 5 has a closed graph. Suppose that y, € S
and u,, € By, for all n such that y,, — ¥ and u,, — u’. We show that #’ € By'. For each
natural number 7, choose v, € Sg,y, such that

(I —s)yo Y1 B
£0,5(0),0,...,0) ~ g(L,y(1),I*1y(1), ..., I*ny(1))

n

un(s) = 1"vy(s) +

sI%v, (1)

for all s € J. Again, consider the continuous linear operator 6 : LY(J,R) — Y such that

(I —9)y0 1
£(0,9(0),0,...,0)  g(1,y(1),I*1y(1),...,I1%y(1))

n

O(W)(s) = u(s) = I%v(s) + —sI%v(1).

By using Lemma 2, 60Sg is a closed graph operator. Since y, — y and u,, € 6(Sg,,) for
all n, there is v' € Sg, such that

(1 =90 521
£(0,5(0),0,...,00  g(1,y(1),[*1y(1),...,I1%y(1))

n

u'(s) = I (s) + —sI*V'(1).

Hence, &’ € By'. This implies that, B has a closed graph and thus the operator B is upper
semi-continuous. Now, we show that A is a contractive multifunction. Note that,

H(Ay, Ax) = Ay = Axl| = max |g(5, (), 1*155), ., 19(5)) = (5,55, 112(6), .., 1%(5)|

1 1 1
< ns'lealxﬂp(S)HJ’(S) —x(s)]) (1 + T+ 1) + Ty + 1) +-+ m)

1 1 1
= 1+ + o |y —=
||P||oo( F(e1 +1)  T(aa+1) Ty + 1)>”J’ lloo

for all v,y € V. So, A and B satisfy the conditions of Theorem 3 and thus the operator
inclusions ¥ € Ay.Ay has a solution in S. Therefore, the problem (1) has a solution. (]
To illustrate our main results, we present the following example:

Example 1 Here, we investigation the problem

1 y(s)

60 Siny(s) + LHIV2y(s)|

€ |-1,s2 sin y(s) + cos([iy(s)) +1 (%)
+3

with the boundary conditions y(0) =73 and y(1) =0. Put a:%, a1 = /2,

2
Br=13 n=k=1, Y =7 1 =0, gsy,%) = St siny + H'fcllx‘ +3,
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G(s,y,x) = [—1,s2 siny 4 cosx + 1], m(s) = s2 4+ 2 and pls) = % for s € [0,1]. Note
that, [|G(s,y,%)|| <s*+2,

(s + 1)2
(ly

0 — ¥+ x—«)

|g(s,y,20) —g(s,5, %) <

1 2[mlloo — s
and ”P”°°<1 + r<a1+1)> <r(«rxn+1) +gmyoo | | gmsme |> = 08784698182 < 1. By using
the Theorem 7, the problem (x) has a solution.

Now, we review existence and dimension of the solution set of the fractional differen-
tial inclusion problem

Dy(s) € G(5,5(5), ($9)(5), W3)(),*DP1y(s), ..., “D¥y(s), " y(s), ..., 1"y(s)) (2)

with boundary condition y(0) + Zf;l °DPiy(1) + Zle I"iy(1) = 0, where0 < 8 <a <1
and0 < y; < 1fori = 1,...,k G : JxR?*+3 5 P(R)is a multifunction via some properties,
Y4 ] xJ — [0,00) are two mappings with the properties sup;; | fos A(s, t)ds| < oo and
SUpPges | fos Y (s,t)ds| < ooand the functions ¢ and Y are defined by (¢y) (s) = fg y (s, £)y(t)dt
and (¥)(s) = [ A(s, yy(dt.

Lemma 8 Suppose that v e C(J,R), « € (0,1] and B;, y; € (0,1) with o — B; > 0 for
1 <i < k. Then solution of the problem ‘D*y(s) = v(s) with the boundary condition
y(0) + K <DPiy(1) + XK 1iy(1) = 0iis

s k 1
— ; _ pa-—1 -1 1 _ pa—pi—1
y(s) = F@ /0 (s =) v(t)dt + T35 % T § (F(a —ﬂi)/o 1-1 v(t)dt

i=1 TpFD =1

1 ! a+yi—1

Proof The general solution of the problem *D*y(s) = v(s) is formed by
1 S
y(s) =I%v(s) +co = —— / (s — ) Yw(t)dt + co,
() Jo
where ¢ is arbitrary constant and ¢ € J (Podlubny 1999). Thus, we obtain

“DPiy(s) = 1*Piy(s) = m/S(S—t)“ Pirlvt)de

and

cos”i _ 1 /S(S B t)O‘JFVi*IV(t)dt n cosYi
Fyi+1) T+ Jo Ly +1)

for all1 < i < k. By using the boundary condition, we get

Iy(s) = 1""iv(s) +

k

-1
— o= ,3171
co = E ( (Ol—ﬁl)/ 1—1¢) v(t)dt

1+Zl 1 r(y,+1) i—1

_ patyi—1
+ F(Ol ) /0 1-1 V(t)dt) .
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Hence,

s k 1
— i _ pna-1 -1 1 _ pa—pi—1
y(s) = r@) /0 (s =) v(t)dt + - Ek i E (F(a ~ 5 /0 1-0 v(t)dt

i=1 T(+D) i=1

1 1
1— a+y;i—1 .
+ T+ 77) '/0 ( t) v(t)dt>

This completes the proof. O
An element y € C(J,R) is a solution for the problem (2) whenever it satisfies the
boundary condition and there is a function v € L' (J) such that

v(s) € G(s,9(5), (9)(s), (W) (s), “DPry(s), ..., DPry(s), " y(s), . ..., I y(s))

for almost all s € J and

_i ’ _po-l —1 1 ! _ pa—pi—1
y(s)_r(a)/o(s £) v(t)dt+1+ - - Z(F(a—ﬂi)/o(l £) v(t)dt

i=1 T(y+D) i=1

1 ! at+yi—1

Put) = {y:y,°DPiy e C(J,R) foreachi € {1,...,k}} with the norm

k
Iyl = sup ly(s)| + > sup |°DPiy(s)|.
S€E,

i=1 ¢/
(Y, 111D is a Banach space (Su 2009). Define selection set of G at y € ) by

Sey: = {v e L' 0L R): v(5) € G(5,3(9), 995, W), DI y(s), ... DPiys),

1My(s), ..., I%y(s)) for almostall s € /}.

Theorem 9 Suppose thatm € L' (J,R"), [ = (A1 + Zf;l Ab) < 1, where

k
1 1 1 1 1
A =|mli|1+20+y + — || =+ + ,
< ; Fi+D )\  14+3%%, ﬁ Z Cl@—8) T+

i=1

Aé:||m||1(1+/10+y0+2f=1m)ﬁ for i=1,...,k, F:]xR*™*

— Pev,ep(R) is a multifunction such that the map s = G(8,¥1,¥2, . . . ,2k+3 ) is measurable,
||G(S;y1;y2; e e e22k+3 )” = Sup{|V| LV E G(s:yl;yZ: e e e92k+3 )} =< m(s)

and H(G($, 91, Y2, - - - » Y2k+3)), G(S, X1, X2, . . ., X2k +3)) < m(s) Z,’ZSFS(D’L‘ — x;|) for almost

all s € J and € x1,%2, ..., %443, Y1, Y2, - - - » Yok+3 € R. Then the inclusion problem (2) has

a solution.

Proof Note that, the multivalued map
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sk G(s,y(s), (@) (s), (V) (s), CD’Sly(s), e ,CDﬁky(s),Iyly(s), .. ,Ika(s))

is measurable and closed valued for all y € ). Hence, it has a measurable selection and
so the set Sg,y is nonempty. Now, consider the operator Y : J — 2 defined by

Ty = {S € X : thereis v e Sgy : £(s) =v(s) forall s e]},

where

L ) a—1 -1 1 1 ——
F(a)/o(s_t) v(t)dt+1+ T T Z(F(a—ﬁi)/o 1-12 v(t)dt

i=1 T 4D i=1

1 ! a+yi—1

for all s € J. Here, we prove that Y (y) is a closed subset of ) for each y € J. Let y €

v(s) =

and {u,},>1be a sequence in Y (y) with u,, — u. For each n, choose v,, € Sg such that

k 1

1 a—pi—1
- Z( — '/(l—t) i—1y, (H)dt
1+ 55, ok S \T@ =50 Jo

1 ! a+yi—1
* r(a+m>/o -9 V”“””)

for almost all s € J. because G has compact values, {v, },>1 has a subsequence which con-

_ 1 s _ pna-1
Mn(s)—@/(; (s =D va(d)dt +

verges to av € L1(J,R). We write it again by {v,},>1. Clearly v € Sg,, and

s . k 1
U, (s) = u(s) = ﬁ /0 (s — O v()dt + - ! Z <F(a1—;3v) /0 1 =P Ly@)dt

1
=1 T(y+1) i=1
1 ' +yi—1
_— 1— )i y(t)dt
* (o +y) ./o( ) Vo

for all s € J. This implies that # € Y (x). Thus, the multifunction T has closed values. Now,

we show that Y is a contractive multifunction with constant [ = (A; + Zf;l Aé) <1
Suppose that x,y € Y and /11 € Y (x). Consider v; € Sg,x such that

" k "1
1 a—1 -1 1 / a—pBi—1
— —t tydt + 11— b t)dt
r@ /O (s =" - > (F(a—ﬂ,») A 1-2 vi(t)

1
i=1 T(y+1) i=1

1 ! a+yi—1
+7F(a 0 /0 (1 — )y vl(t)dt>

for almost all s € J. Since

hi(s) =

H (G(w(s), (@9)(5), Wy)(s),“DPy(s), ..., “DPry(s), I y(s), .. ., I"*(s)),

G (s,%(5), (9x)(5), (Yx)(s), DPIx(s), ..., DPrx(s), " x(s), . . ., 17%x(s)))
< m(®)(ly(s) — %) + 1(¢3)(5) = (¢x) ()] + [(¥y)(s) — (Yx)(5)]

k k
+Y |°DPiy(s) = “DPixis)| + ) |I7y(s) - 1”x<s>|>

i=1 i=1
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for almost all s € J, there is

e (G(s,9(5), (y)(5), (Wy)(s), “DPry(s), ..., DPry(s), I y(s), . .., 1% y(s)))
such that

[vi(s) —v| < m(s) (IJ/(S) — x|+ 1(@y)(s) = (px) ()] + [(y)(s) — (Yx)(s)]

k k
+ 3 [DPiy(s) — DFixis)| + > |IMiy(s) — I"x(s) !)

i=1 i=1

for almost all s € J. Define the multifunction A : J] — 28 by
A(s) = {v eER:vi(s) — v < WI(S)<|J/(S) —x(8)| + [(@y)(s) — (dx) ()| + [(Fy)(s) — (Yx)(s)]

k k
+ Z |CD’3"y(s) - CDﬁ"x(s)| —+ Z |1Vl'y(s) — Iyix(s)> for almost all s € ]}.

i=1 i=1

The multifunction
A (G50, @), (), “DPry(), DP2y(), ..., DPey(), I y(), 1y(), . .., I y()))
is measurable. Thus, we can choose v € Sg,, such that

[vi(s) —va(s)| < m(s) <|y(S) — xS+ [(@y)(5) = (@) ()] + |(¥y)(s) — (Yx) ()]

k k
+ > |°DPiy(s) — “Dix(s)| + Y |IMy(s) — 1 ij(s)\)

i=1 i=1

for almost all s € J. Now, define s; € Y (y) by

k 1
Z 1
(F(a - B /0 =0T 0t

1
Zz 1 T+ i=1

1 a+yi—1
+F(a+yi)/0 (1 -2y vz(t)dt).

ha(s) = @ )/(s—t)o‘ 1V2(t)dt+

So
1 () = o ()] < m / (s — 0% Ui (0) — va(0)\dt
1 k 1 1
+ / (1= 0P oy (6) — va(0)\dt
1+ 50 1F(y+1) ;<F(a_ﬁi) 0

_ petvi—1 _ _
+F(a+y,-)/0(1 t) [vi(2) Vz(t)ldt>§1\1||y x||

and |*DPihy(s) — “DPiy(s)| < raigy 7 Jo s =iy () — va ()] < Ablx — ylland so
we get |1 — ha|| < (A1 + Z 2)||x — y|| = I||x — y|. This implies that the multifunc-
tion N is a contraction via Closed values. By using the well-known theorem of Covitz and
Nadler, N has a fixed point which is a solution for the inclusion problem (2). O



Baleanu et al. SpringerPlus (2016) 5:882 Page 12 of 15

Lemma 10 Suppose that m € L'(J,R1), G : ] x R2k+3 Pev,epR) is a multifunction
such that the map s = G(8,91,¥2, - . ., Yax+3) is measurable,

GG y1,92 -5 Yar+3) | = sup{|v| : v € G(s,y1,¥2, - - - Yok+3)} < m(s)
foralmostall s € ] and € y1,y2,...,Y2%+3 € Rand Y : Y — P()) is defined by
Y(y) = {g € ) : thereis v e Sgy : £(s) =v(s) forall s e]},

where

k 1
= — ol -1 1 / _ pa—pi—-1
v(s) = e ) / (s —t)* v(t)dt + 5k 1 E (F(a 5 /s 1 -1 v(t)dt

i=1 T 7D i=1
+ _r /1(1 — i Ly dt
T@+ Jo Vo)
Then, Y (y) € Pepov(D) forally € Y.

Proof Note that the operator T = 6 o Sg, where 0 is the continuous linear operator on
L'(J,R) into Y which is defined by

-1

k 1 1

Zk 1
=1 T(y+1) i=1

1 ! a+yi—1

Suppose that y € V and {v,} is a sequence in Sg,. so,

va(s) € G(s5,5(5), (#3)(s), (¥y)(s), “DPy(s), ..., DPry(s), 1" y(s), ..., I y(s))

Ov(s) = N )/(s—t)“ Ly@)dt +

for almost s € J. Since
G(5,7(5), (91)(5), Wy)(s),“DPry(s), ..., DPry(s), 1" y(s), . .. A70y(s))

is compact for all s € J, there exists a convergent subsequence of {v,(s)} (we show it
again by {v,(s)}) which converges to some v € Sg . Since 6 is continuous, 0v,(s) — 6v(s)
pointwise on J. Because we show that the convergence is uniform, we must prove that
{6v,} is an equi-continuous sequence. Let T < s € /. Then

1 S
19V (5) — Bvn(D)] = ‘F(a) /0 (6= 0 a0t 1o / (t — 1) lv,q(t)dt‘

L i _ po—1 a—1 b a1
F(a)/o (=" " =@ -1 )Vn()dtl—i-lr( )/(s £) vn(t)dt’

Note that, the right side of the inequality towards to zero when 7 — s. So, the sequence
{6v,} is equi-continuous and so by using the Arzela—Ascoli theorem there is a uniformly
convergent subsequence. Thus, there exists a subsequence of {v,} (we show it again by
{vn}) such that 6v,, — 6v. This implies that v € 6(Sg ). Hence, Ty = 6(Sg,y) is compact
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for all y € ). Now, we prove that Yy is convex for each y € ). Let h, i’ € Ty. Choose
v,V € Sg,y such that

k 1
_ -l —1 1 / _ pa—Bi-1
h(s) = l"( ) / (s—0)* v(®)dt + - Zk T E <F(a 5 Jo 1-1) v(t)dt

=1 T(+D i=1
+ _ /1(1 — i ly@de
L@ +v) Jo

and

s k 1
/ _ 1 _ pa—1y -1 1 _ pa—Bi—1_y
H(s) = @) /0 (s =) V(®dt + . E (F(a — ) /0 1—10 vV (¢)dt

i=1 l"(y+1) i=1

1 ! a+yi—1 7/
+ 7”“ T /0 1-1 v (t)dt)

for almost alls € /. Let 0 < A < 1. Then, we have

Jh(s) + 1 — DK (s) = ﬁ / (s = * Lw(e) + (1 — )V (©))ds
JO

k

-1 / a—pBi—1
A =" v + A = )V (0))dt
1+Z; | TG ;< G

_ patyi—1 _ ’
+F(a+yi)/0(1 H*T T vt + (1 A)v(t))dt).

Since Sg,y is convex, A + (1 — )k’ € Yy. This completes the proof. O
One can check that the fixed point set of Y is equal to the set of all solutions of the
problem (2).

Theorem 11  Suppose thatm € L'(J,R),G : J x R2k+3 Pev,epR) is a multifunction
such that the map s = G(8, 91,92, - - ., Yax+3) is measurable,

2k+3

H(G($,91,Y2 - - Y2k+3), G(8, %1, %2, . . ., %2413)) < m(s) Z lyi — xil
i=1

and ||G(S,91,Y2, - - > Yok+3) | = sup{|v| : v € G(S,91,¥2, - - > Yok+3)} < m(s) for almost all
s € Jand x1,%2,...,%0%+3, Y1,Y2, Yok+3 € R. If Lebesgue measure of the set

{s s dim G(s, 91,92, - - - »Yokt3) < 1 for some y1,¥2,...,Y2%+3 € R}

is zero and | < 1, then the set of all solutions of the problem (2) is infinite dimensional,
where [ is defined in Theorem 9.

Proof Define the operator Y by

Ty = {S € Y there exists v € Sg, such that £(s) = v(s) forall s € ]},

Page 13 of 15
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where

s k 1
1 . -1 1 .
v(s) = % /0 (s — O* Yw(t)de + ek 1 E (F(a ) /0 1—-1¢) B Ly(t)dt

i=1 T(y+1) i=1
1 ! +yi—1
_— 1—0)*"  y()dt .
+F(a+m/0( Ly e)

By using Lemma 10, Tx € Py ey ()) for each y € V. Like to the Theorem 9, T is contrac-

tion. we show that dim Yy > m for each y € Yandm > 1. Let y € Y and

E(s) = G(5,5(5), (¢9)(5), (¥9)(5), “DPLy(s), “DP2y(s), . .., “DPry(s), I y(5), I"2x(s), . . ., I y(s))

for all s € /. By using Lemma 4, there exist linearly independent measurable selections
Vi,..., vy for F. Put

s k 1
, _ 1 _ a1 -1 1 _ pa—pi-1,.
W =t /O 6 =0 Ot + Z(F(a 3 /0 (1 =0 P lviode

i=1 T(y;+1) i=1
+; /1(1 — )iy (p)de
T +y) Jo '

for i=1,...,m. Assume that Y ", a;h;(s) = 0 for almost s € J. By using the Caputo

derivatives, we get > 1, a;vi(s) =0 for almost s € J. Hence, a; = ...,a, = 0. This
implies that hj,...,h, are linearly independent. Thus, dim Yy > m. Now by using
Theorem 5, the set of fixed points of Y is infinite dimensional. O
Conclusions

The existence of solution for fractional differential inclusions is an important task which
can be used successfully in solving real world problems from many fields of science and
engineering. Thus, in our paper we analyze firstly the existence of solution of a given
class of fractional hybrid differential inclusions. An example was give in order to show
the reported results Secondly we concentrate our attention on proving the existence and
dimension of the solution set for some fractional differential inclusions. These results are
useful for the numerical studies involving the investigated equations.
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