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Abstract

A new generalization of Struve function called generalized Galué type Struve function
(GTSF) is defined and the integral operators involving Appell’s functions, or Horn's func-
tion in the kernel is applied on it. The obtained results are expressed in terms of the
Fox-Wright function. As an application of newly defined generalized GTSF, we aim at
presenting solutions of certain general families of fractional kinetic equations associ-
ated with the Galué type generalization of Struve function. The generality of the GTSF
will help to find several familiar and novel fractional kinetic equations. The obtained
results are general in nature and it is useful to investigate many problems in applied
mathematical science.

Keywords: Fractional calculus, Generalized Struve function, Integral transforms,
Fractional kinetic equations, Laplace transforms
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Background

Fractional calculus has found many demonstrated applications in extensive areas of
applied science such as dynamical system in control theory, viscoelasticity, electrochem-
istry, signal processing and model of neurons in biology (Podlubny 1999; Hilfer 2000;
Adjabi et al. 2016; Baleanu et al. 2016; Kilbas et al. 2006; Glockle and Nonnenmacher
1991; Mathai et al. 2010). Recent studies observed that the solutions of fractional order
differential equations could model real-life situations better, particularly in reaction-
diffusion type problems. Due to the potential applicability to wide variety of problems,
fractional calculus is developed to large area of Mathematics physics and other engineer-
ing applications. Several researchers have investigated fractional kinetic equations as
its possible applications in diverse physical problems. In this connection, one can refer
to the monograph by various works (Saichev and Zaslavsky 1997; Haubold and Mathai
2000; Saxena et al. 2002, 2004, 2006; Saxena and Kalla 2008; Chaurasia and Pandey 2008;
Gupta and Sharma 2011; Chouhan and Sarswat 2012; Chouhan et al. 2013; Gupta and
Parihar 2014). Recently, many papers investigated the solutions of generalized fractional
kinetic equations (GFKE) involving various types of special functions. For instance, the
solutions of GFKE involving M-series (Chaurasia and Kumar 2010), generalized Bessel
function of the first kind (Kumar et al. 2015), Aleph function (Choi and Kumar 2015)
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and the generalized Struve function of the first kind (Nisar et al. 2016b). Here, in this
paper, we aim at presenting the integral transforms and the solutions of certain general
families of fractional kinetic equations associated with newly defined Galué type gener-
alization of Struve function.

Galué (2003) introduced a generalization of the Bessel function of order p given by

00 _1)k
aJp (%) ::ZF(ak(+—p)—|—l)k'(§)2k+p’ xeR,aeN={1,23,...} (1)
k=0 ’

Baricz (2010) investigated Galué-type generalization of modified Bessel function as:
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1 2k+p
I = (% , R,aeN
alp@) gr‘(ak+p+1)k!(2) remas (2)
The Struve function of order p given by
o0 k
(=1 2k+p+1

Hp(x):=) (3) ’ 3)

S Tk+3/2T (k+p+3)

is a particular solution of the non-homogeneous Bessel differential equation
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where I' is the classical gamma function whose Euler’s integral is given by (see, e.g., Sriv-
astava and Choi 2012, Section 1.1):

o0
[(z) = / e 't*"dt, Re(z) >0 (5)
0
The Struve function and its more generalizations are found in many papers (Bhow-

mick 1962, 1963; Kanth 1981; Singh 1974; Nisar and Atangana 2016; Singh 1985, 1988a,
b, 1989). The generalized Struve function given by Bhowmick (1962)
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and by Kanth (1981)
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Singh (1974) found another generalized form as
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The generalized Struve function of four parameters was given by Singh (1985) (also, see
Nisar and Atangana 2016) as:
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where 4 > 0, > 0 and p is an arbitrary parameter. Another generalization of Struve
function by Orhan and Yagmur (2014, 2013) is,

oo
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Motivated from (1), (3) and (10), here we define the following generalized form of
Struve function named as generalized Galué type Struve function (GTSF) as:

> (—o)¥ 2k+p+1
, — +p+
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where o > 0,£ > 0and p is an arbitrary parameter and studied fractional integral repre-
sentations of generalized GTSF.

The generalized integral transforms defined for x > 0 and 4,0,9 € C with R(1) > 0
are given in Saigo (1977), (also, see Samko et al. 1987) respectively as

o0 A A 9. ¢
(57" )@ = 0 /O(x ) 2F1(1+o~, 9; 41 x)f(t)dt (12)

and
X 1 [e ¢} 4
(Iﬁ’g’ﬁf) (%) = o / (t —x) W F ()L +o, =541 — %)f(t)dt’ (13)

where I'(1) is the familiar Gamma function (see, e.g, Srivastava and Choi
2012, Section 1.1) and ,F is the generalized hypergeometric series defined by (see, e.g.,
Rainville 1960, p. 73):
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(4)n being the Pochhammer symbol defined (for 4 € C) by (see Srivastava and Choi
2012, p. 2 and p. 5):
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The results given in Kiryakova (1977), Miller and Ross (1993), Srivastava et al. (2006)
can be referred for some basic results on fractional calculus. The Fox—Wright function
p¥Yq defined by (see, for details, Srivastava and Karlsson 1985, p. 21)

(a1, 1), ..., (ap,ap); (@i i) 1 5
p¥Yqlzl = p¥y z| = p¥q z
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where the coefficients a1, ..., op, B1, ..., By € RT such that
q P
1+Y f-> azo an
j=1 i=1

For more detailed properties of ,¥, including its asymptotic behavior, one may refer
to works (for example Kilbas and Sebastian 2008; Kilbas et al. 2002; Kilbas and Sebastian
2010; Srivastava 2007; Wright 1940a, b).

Fractional integration of (11)
The following lemmas proved in Kilbas and Sebastian (2008) are needed to prove our
main results.

Lemma 1 (Kilbas and Sebastian 2008) Let A,o0,0€C be > R >0,
R(p) > max[0,R(c — ©)]. Then 3 the relation

Fiplp+v-0)
F(p—o)(p+i+1) ’

(Ié;g’ﬂtp‘l) (x) = (18)

Lemma 2 (Kilbas and Sebastian 2008) Let 1,0, €C be 3R >0,
R(p) < 1+ min[R(o), RW)]. Then
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The main results are given in the following theorem.

Theorem 1 Leta e N,/,0,9,0,l,b,c € C,a > 0 and p is an any arbitrary parameter
be such thaté +L#£-1,-2,-3,., M) > 0,R(p + [ +1) > max[0,R(c — V)] Then
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Proof Notice that the condition given in Eq. (17) holds for 3W, given in (20) and then
interchanging the integration and summation, (11) and (12) together imply
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For any kK =0,1,2,.., clearly R(I+2k+ p + 1) > R(p +/+ 1) > max[0,R(c — V)]
and hence by Lemma 1,
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(21)
In view of definition of Fox—Wright function (16) we obtain the desired result. O
Ifweseta=a=1,u= %and & = 1in Theorem 1 then we obtain the theorem 1 of

Nisar et al. (2016a) as follows:

Corollary 1 Let Ao,L,b,ceC be >(+b/2)#-1,-2,-3.., RA) >0,
R(p+1+1) > 0. Then

(177 Hupe®)) 0
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1+ 8, U1+ p-02, U+1+p+2+0,2, G D | 4

where Hy o (t) is given in (10)
Theorem 2 Leta € N4, o,9,p,0,b,c € C,a > 0 and | is an any arbitrary parameter

be such that(é + %) #—1,-2,-3..,R) > 0,andR(p — ) <2+ min[R(p), R®)].
Then
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(22)
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Proof The Fox—Wright function 3W, given in (22) is well-defined as it satisfy inequality
(17) and changing the order of integration and summation, (13) and (16) together imply

> k o\~ (1+2k
<Ii'a'0tp_1 Wihes (1>>(x) => (o@D (Ii,a,ﬁtp—l—2—2k)(x)
bk \ k=0F(ak+M)F(ak+é+hzﬂ)

Now using Lemma 2 and the under the conditions mentioned in Theorem 2, we have
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Now (22) can be deduced from (23) by using (17), hence the proof. O

Ifwetakea =a=1,u = % and £ = 1in Theorem 2 then we obtain the theorem 2 of
Nisar et al. (2016a) as:

Corollary 2 Let A,o0,l,b,ceC be > (+b/2) #-1,-2,-3.., RW) >0, and
R(p — 1) <2+ min[R(o), R()] Then

1
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x,oflf(er

TonT

><3\Il4[ s (l+2+a—p,2),(l+2+z9—p,2),(;,1) _c}
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where Hyp . (t) is given in (10)

Application
In this section, we infer the solution of fractional kinetic equation including generalized
GTSF as an application. For this investigation, we need the following definitions:

The Swedish mathematician Mittag-Leffler introduced the so called Mittag-Leffler
function E, (z) (see Mittag-Leffler 1905):

S n

z
Eu(2) = nZ:O Fansy @@ c€Cild<0R@>0). 24)

and E,, ,(z) defined by Wiman (1905) as

o n

Epp@ =3 m (1 € C:R(W > 0,R(n) > 0). (25)

n=0
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The familiar Riemann-Liouville fractional integral operator (see, e.g., Miller and Ross
1993; Kilbas et al. 2006) defined by

¢
—v _ 1 _ vl
oD/ f(t) = T o) /(t )" f(s)ds, Rw) >0 (26)
0

and the Laplace transform of Riemann-Liouville fractional integral operator ( Erdélyi
et al. 1954; Srivastava and Saxena 2001) is

L{oD; ' f®);p} =p "F(p) 27)
where F(p) is the Laplace transform of f(¢) is given by
Fip)=L{f(®) :p} = /0 e P'f(t)dt

= lim ' e P (t)dt (28)

T—>00 0

whenever the limit exist (as a finite number).

Kinetic equations
The standard kinetic equation is of the form,

dN;
dt

= —:Ni(t) (29)
with N;(¢ = 0) = Ny, which is the number of density of species i at time ¢ = 0 and ¢; > 0.
The integration of (29) gives an alternate form as follows:

N(t) — No = —c. oD; 'N(2) (30)

where oD, Lis the special case of the Riemann-Liouville integral operator and ¢ is a con-
stant. The fractional generalization of (30) is given by Haubold and Mathai (2000) as:

N(t) — No = —cyD; "N (¢) 31)

where oD, ¥ defined in (26).
Recently, Saxena and Kalla (2008) considered the following equation

N() — Nof (1) = —c". D, "N(t), Re(v) >0,c>0 (32)

and obtained the solution as:

Ckv

N =No» (—1>kwt’”‘1 «f () (33)
k=0

where

t
f L) = / (t — "V (wydu.
0
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For more details about the solution of kinetic equations interesting readers can refer
(Saxena and Kalla 2008; Nisar and Atangana 2016).

Solution of fractional kinetic equation involving (11)
In this section, we will discuss about the solution fractional kinetic equation involving
newly defined function generalized GTSF to show the potential of newly defined func-
tion in application level.

Given the equation

N(t) = No W} () := —eg Dy "N(2), (34)

wheree,t,v € R",a,b,c,l € Cand R(l) > —1.
Taking the Laplace transform of (34) and using (11) and (27), gives

N o0 pti (—C)k P k141 d
(p) = N() / e (> t
0 i Tkl (ak+ {4+ 52) \2

_evp_UN(p) (35)
where N (p) = L{N(¢); p}

Integrate the integral in (35) term by term which guaranteed under the given restric-

tions and using (5), we get: for Re(p) > 0

e\’ 00 (_C)kz—(2k+l+l) rk+1+2)
<1 : <> >N(p) - Z I | b+2 2k+1+2
b k=0 F(ak+u)F(ak+§+T) p

vy —1
Taking the geometric series expansion of (1 + ([%) ) ,we have: fore < |p|

o]

k (9 —(2k+1+1)
y = 2 T (2k +1+2)
N(p) = NO ( ) ( ) l (b+2
k=0 'k + wT (dk + £ + T)1,)(2k+1-»-2)

o0 e vr
x D (=1 <p> (36)
r=0

Applying the inverse Laplace transform and using the following known formula:

v—1

t
L—l[p—‘U] —

N Rw) >0 37)

we have
N(t) :L‘l{/\/(p)}
00 (_c)k[‘(zk +14+2) <t> 2k+i+1
(o Dok + T (ak + L+ 242) \2
(D e
: {Z F(vr+l+2k+2)}

r=0

:NO

In view of Eq. (25), we get,
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o k 2k+14+1
) T2k +1+2 t ..
NEO =Ny — 2 e <2> Evgirira(=€"t"). (38)
i—o I(ak + ,u)F(ak +E+ %)

The following results are more general than (38) and they can derive parallel as above,
so the details are omitted.
Lete, t,v € R",a,b,c,] € Cwith R(l) > —1 then the equation

N(t) — No aW, ¢ (€t") = —e"oD; "N(2) (39)

have the following solution

o]

(=) T kv +vi+v+1) [t'e 2k+1+1 3
N(t) = Np Z Ev,(2k+[+1)u+1 (_e t )
o Mk +por (ak+ ¢+ 242) | 2
(40)
and the solution of the equation
N@® = NoaWpje (¢'27) = —a"oDi "N (®) 1)
is
N(@) = N, i (—c)/<[‘(2kv +vl+v+1) <6u>2k+1+1
= 0 e’
hoo Tk 40T sk + ¢+ 532) 12
X tu(2k+l+1)Ev,(2k+l+1)u+1 (_autv) )

where a # e. The Figs. 1, 2, 3, 4, 5 and 6 are presented to show the behavior of the solu-
tion N(¢) for different values of a and v. The comparison between solutions of GFKE
involving generalized Bessel function (solid green line) and generalized Galué type gen-
eralization of Struve function (dashed red line) are shown in Fig. 7.

N(t)

———v=45 \

2 1 1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 4.5 5

Fig.1 Solution 38)fora=TNo=Tl,a=pn=&=landb=c=/=e=1

Page 9 of 13



Nisar et al. SpringerPlus (2016) 5:910 Page 10 of 13
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v=1.5 \

2 v=2.5 \ 7
v=3.5

0 v=4.5 |

2 I I L L L \

0 1 2 3 4 5 6
t
Fig.2 Solution(38)fora=2Np =1, a=pu=&=landb=c=/=e =1

200 T

150 —

50| : : )

N()

-100 S =

-150
1

Fig.3 Solution 38)fora=3Np=l,a=pu=&=landb=c=/=e=1

N v=25

N(t)

1 1 1 1 | A\
0 1 2 3 4 5 6
t

Fig. 4 Solution (40)fora=1No =1, a =pu =& =landb=c=/=e=1
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N(t)

1 1 1 1
0 1 2 3 4 5 6
t

Fig.5 Solution 38)fora=15Ny=la=p=&=1landb=c=/=e =1

0 1 2 1‘5 4 5 6
t
Fig.6 Solution (40)fora=2Np=la=pu =& =landb=c=/=e=1
0.4F T [ :
b / \ Generalized Bessel function
r / \ - Generalized Struve function
03} - X
. va A\ Jo—
[ / \ 7
0'2: // \ ,
[ // \\ ,//
[ / \ /
0.1 . . - ;
0.0 L~ N
—0.1
-0.2
0 2 4 6 8 10
Fig. 7 Comparison between the Solution (38) forv = %,a = No=la=pu=&=landb=c=/=e=1
and (18) of Kumar et al. (2015)

Conclusion

In this paper, we investigated the integral transforms of Galué type generalization of
Struve function and the results expressed in terms of Fox—Wright function. By substi-
tuting the appropriate value for the parameters, we obtained some results existing in
the literature as corollaries. The results derived in section "Application” of this paper
are general in character and likely to find certain applications in the theory of fractional
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calculus and special functions. The solutions of certain general families of fractional
kinetic equations involving generalized GTSF presented in section "Conclusion". The
main results given in section "Solution of fractional kinetic equation involving (11)" are
general enough to be specialized to yield many new and known solutions of the corre-
sponding generalized fractional kinetic equations. For instance, if we puta=a =£§ =1
and u = % in (34), (39) and (41), then we get the Egs. (15), (19) and (24) of Nisar et al.
(2016b).
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