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In 2010, Agarwal et al. studied the existence of a one-dimensional fractional neutral functional differential equation. In this paper,
we study an initial value problem for a class of k-dimensional systems of fractional neutral functional differential equations by using
Krasnoselskii’s fixed point theorem. In fact, our main result generalizes their main result in a sense.

1. Introduction

As you know, many researchers are interested in developing
the theoretical analysis and numerical methods of fractional
equations, because different applications of this area have
been founded in various fields of sciences and engineering
(see, e.g., [1-37]). In this paper, we investigate the initial
value problem of a k-dimensional system of fractional neutral
functional differential equations with bounded delay:

DY (x1 (1) = g1 (%)) = f (%)
D (x; (1) - 9 (%)) = fo(t:%0),
@)
‘D% (x (1) - g (%)) = fie (%)
X1, = ¢y X2, = Gy s Xy = (O
where t;, > 0,a > 0, and r > 0 are constants, t €
(t»00), 0 < o; < 1,fori = 1,2,...,k, D is the standard

Caputo’s fractional derivative, f;, g; : [t,, 00)xC([-7,0], R")x
C([-7,0],R")x---xC([-7,0],R") — R"are given functions

(i = 1,2,...,k) satisfying some assumptions that will be
specified later, x, = (x;,, X, , ..., % ), and ¢; € C([-r,0],R")
fori = 1,2,...,k. If x € C([t, — .ty + a],R"), then for
each t € [ty t, + a] define x, by x,(0) = x(t + 0) for all
0 € [-r,0]. One-dimensional version of the problem has
been studied by Agarwal et al. (see [4]). We show that the
problem (1) is equivalent to an integral equation and by using
Krasnoselskii’s fixed point theorem, we conclude that the
equivalent operator has (at least) a fixed point. This implies
that the problem (1) has at least one solution. One can find
the following lemma in [38].

Lemma 1 (Krasnoselskii’s fixed point theorem). Let X be a
Banach space and E a closed convex subset of X. Suppose that
Sand U are two maps of E into X such that Sx + Uy € E for all
x,y € E. If S is a contraction and U is completely continuous,
then the equation Sx + Ux = x has a solution on E.

Let I be an interval in R and X = C(I, R") with the norm

x| = sup,.lx(t)], where | - | denotes a suitable complete

norm on R". Consider the product Banach space (X* =

XXX x---xX,|-],) with the norm [|(xy, x5, ..., x|, =
k

max{[x; [, [x,]l, ..., |xl}. The fractional integral of order g



with the lower limit ¢,, for a function f is defined by I f(¢) =
(1/T(q)) j; (f(s)/(t = s)" T)ds for t > t, and q > 0, provided
the right-hand side is pointwise defined on [t,, 00). Here, IT'is
the gamma function. Also, Caputo’s derivative of order g with

the lower limit ¢, for a function f : [t;,,00) — R is defined
by

1 J-t f(n) (s)
(n—q) )iy (£ — )71
fort > tyandn—1 < g < n ([34]).

‘DIf(t) = - ds=I"1f" 1) (2

2. Main Results

Consider the problem (1). Let § and y be positive constants,
I, = [ty ty + 6], and

ASy) = {(xbxz""’xk) FX = ¢

sup |x,- (t) - ¢, (0)| <y, Vi= 1,2,...,k},
tySt<to+d
3)

where x; € C([t, — r,t, + 8], R"). For obtaining our results,
we need the following conditions:

(Hy) fi(t, 01,9, .., @) is measurable with respect to ¢t on
I, foralli=1,2,...,k,

(Hy) fi(t, 91,925 - . .» @) is continuous with respect to ¢; on
C([-r,0],R") foralli, j =1,2,...,k,
(H;) there exist «;; € (0,«;) and a real-valued function
my(t) € LY*1(I,) such that
|f; (£, x0)] < m; (t) (4)

for all (x;,x,,...,%x;) € A(S,y),t € I, andi =

L,2,....,k
(Hy) gi(t,x) = g;1 (£, %) + gpp(t,x,) forall (x, x5,...,%;) €
A(8,),
(Hs) g, is continuous and
|91 (t:%0) = g (6¥)] < Lllx =y, ®)
for all x = (x;,%5..,%), Y = (V1> Vare- > V) €

A(S,y), and t € I, where [; € (0,1) is a constant,
foralli=1,2,...,k,
(Hg) i, is completely continuous and the family {t F

Gn(t, %) (x1,%5,..., %) € A} is equicontinu-
ous on C(I;, R") x C(I,, R") x -+ - x C(I,, R") for all

k
bounded set A in A(5,A) andi=1,2,...,k.

Lemma 2. Suppose that there exist § € (0,a) and y € (0, 00)
such that (H,)-(H;) hold. Then the problem (1) fort € (t,,t, +
0] is equivalent to the equation

x; () = ¢ (0) = g; (tos b1>Pas - - s 1) + G (£ %)
t

1 o;—1
+ WJ; (t—9)%" f;(s,x,) ds

0

with conditions x; =¢; fori=1,2,....,kandt € I,
0
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Proof. 1t is easy to see that f;(t,x,) is Lebesgue measurable
on I, by using conditions (H;) and (H,) for all i =
1,2,...,k. Also, a direct calculation shows that (t — )%™ €
LY=%)([¢,,¢]) for t € I,. By using Holder’s inequality and
condition (H;), we get that (t — )6t fi(s,x,) is Lebesgue
integrable with respect to s € [ty t] forallt € I,,i =
1,2,...,k,and (x, x,,...,x;) € A(S,y), and

Jt |(t — )% (s, xs)| ds
o (6)

o;—1
< |'(t - S) ' ||Ll/(1*0(i1)([t0,t])"mi"Ll/“ﬂ (Io)'

It is easy to see that if x = (x;,x,,...,x;) is a solution of
the problem (1), then x is a solution of (x). Now, suppose
that x = (x,,x5,..., ) is a solution of the equation () and
t € (toto + 0. Then x; = ¢; and ‘DY (x;(t) — gi(t,x,)) =
fit,x,) for all t € (ty,ty + 8] andi = 1,2,...,k. Thus,
x = (x},%,,...,%;) is a solution of the problem (1). This
completes the proof. O

Theorem 3. Suppose that there exist § € (0,a) and y € (0, 00)
such that (H,)-(Hg) hold. Then the problem (1) has at least one
solution on [t, t, + 1] for some positive number ».

Proof. Since condition (H,) holds, the equation (*) is equiv-
alent to the equation

x; (£) = ¢ (0) = giy (tos P1sbaso o 1)
= G (to 1B i) + gin (8:%) + g1 (£, %,) )

1 ‘ o;—1
T @) LO (t—9)%" f(s,x,) ds

and X, = ¢ forall t € Iyandi = 1,2,...,k Let
(b1sbys-..»By) € A(S,y) be defined by (ﬁ-t = ¢, and §;(t, +
£) = ¢,0) forallt € [0,6] andi = 1,2,....k If x =
(x1,%,,...,x;) is a solution of problem (1) and x;(t, + t) =
(ﬁi(to +1t) + y(t) fort € [-r,8] andi = 1,2,...,k, then
= %w +y, fort € [0,8] andi =1,2,..., k. Thus,

+

X;
to+t

Y () = =g (tos b1+ i) = i (tos P1s Do, k)
+ i (to +hy, t+ ‘Eltoﬂ’ Yo, t ‘Eztoﬂ’ oo Yk, T ‘Eka)

+ 9 (to +hy, t+ ‘/51,0+,> Yo, t ‘/52,0+,> oo Yk, T ¢kt0+,)

s

1 ! o;—1 Y
+—— | (=97 ~(t +sy + ,
T (“i) L (t=9)"" fi (o Y1, ‘l51,0+s Y2
+¢2t0+5, ceo Ve, t <pkt0+s) ds

(%)

fort € [0,6] and i = 1,2,..., k. Since g;;, g;, are continuous
and x; is continuous in f for all i = 1,2,...,k, there exists

, - _

8" > 0 such that |g;, (t, + £, y;, + (/)1[0”’)’2[ + ¢2t0+t’ ceo Vit
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‘Ek,oﬂ) = Gt 1 ¢ Pl < y/3 and [gp(ty + £y,

‘/51t(,+g)’2t + <5zt0+,,-~-,ykt + $kt0+,) = it b1 60> )
p/3 for 0 < t < 8 andi = 1,2,...,k Put 7

min,_;. 6, 8", (L) (1 + B~ 730,) T ehere
Bi = (- 1)/(1-a;) € (-1,0) and M; = IIm,-IILl/a,-l(IO) for
alli =1,2,...,k. Define

E(my) ={rvy2--20) 1y € C([=r1],R"), 3i(s) =0,
Iy <y for s e [-r,0], i=1,2,...,k}.

N+

(8)

In fact, E(r,y) is a closed, bounded, and convex subset of
C([_r) 7’[], U%n) X C([_ra ’7]) Rn) X--e X C([_ra ”]’ Rn) Define
the operators S and U on E(#, y) by

St (V6 Y5 30) ()

Sy i) (1) = SZ(yl)yz’.m,yk)(t) >
Se s v 21) (©

)

U (1> Y2 ) ()

U (1> Yoo ) (1) = UZ(yl)yz’_m,yk)(t) ,
U (Y02

where
8; (71> ¥2--5 7) ()
0 te[-r0],

—Y9n (tO’ b1 ¢k)
+9i (to +hy, t+ ¢1t0+g V2,
oy o Vi T ‘/’k,0+,) te[0,n],

oY) ()

U; ()’1’)’2’--

(0 t € [-r,0],
=iz (to> b1> Pas - > 1)

+9i (to thy, + ‘Elw’ V2,
N +(z);2f0+” s Vi, + $k’0+f)

1 o—1
t—— | (-9
I (a;) Jo( )
X fi (to TSt ¢1toﬂ’)’2s

+ ‘EZWS’ s Yk F $kt0+s> ds tel0,y],
(10)

fori=1,2,..., k. Itis easy to check that the operator equation
y = Sy + Uy has a solution y = (y;, ¥,,..., ;) if and only
if y; is a solution for (=) for alli = 1,2,..., k. In this case,
x;(ty+1t) = y;(t)+¢;(t,+t) will be a solution of the problem (1)
on [0, #7]. Thus, the existence of a solution of the problem (1)
is equivalent to the existence of a fixed point for the operator

S+U on E(, y). Hence, it is sufficient that we show that S+ U
has a fixed point in E(, y). We prove it in three steps.

Step I. Sz + Uy € E(n,p) for all z = (z,2,,...
(V1> Y255 ¥k) € E(n, ).

Let z,y € E(n,y) be given. Then, S;z + U;y ¢
C([-r,n],R") foralli = 1,2,...,k. It is easy to check that
(Sz + Uy)(t) = 0 for all t € [-r,0]. Also, we have

IS:z (t) + Uyy (1)

Zk), Y =

< | — g (Lo b1 b Br)
+gi (t0 +1,2), + ¢lw,z2’ + ¢2,0+,’ N ¢,%H)‘
+ | =i (to b1 b5 k)

+9i (to +oy, ¢1t0+t’)’2[ + ¢2t0+t> oYk T ¢k,o+t)|

1 ! o;—1 e
ey W A e

+$2t0+s’ Tt yks + $kt0+s) ds
1- il
S - <Jt (t —s)(“"fl)/(lf""‘)ds> )
3 (o) \Jo
to+t 1 2551
x <J (m; (s)) ““ds)
to
2 M. (B (=0)
< T <y
3 T(a)(@+p) ™
(11)

forallt e [0,g] and i = 1,2,...,k. Thus, [S;z + Uyl =
SUPse(o,) [(S;2)(t) = (U;p)(t)| < yforalli=1,2,..., k. Hence,
Sz+Uy € E(n,y) forall z, y € E(y,y).

Step I1. S is a contraction on E(r, y).

Let y' = (3, ¥y -
Then,

" "

Y =00 ) € E(ppy).

! e ! e ! e
(ylt t o Vo, Yoo Vi T ¢k,0+,) ,
(12)

(A +G1y Ve + ooV + P, ) €A(Y)
and so

! "
IS,/ (6) = S,y (8)]
! e ! e ! e
= |9i1 (to thy, + ¢1to+t>y2t + ¢2t0+,> oV ‘Pk,oﬂ)
" e "
— 9 (to thy, + ¢1t0”’ V2,

~ no o~
+¢)2t0+t’ e yk: + ¢kr0+r)’

< li”)’, _ yn

*

(13)



for all i = ., k. This implies that IISy'
llly' - y"II*, where | = max{l,[,,...

S is a contraction on E(#, ).

_ Sy"ll* <
). Since 0 < 1 < 1

Step I11. U is a completely continuous operator.
Suppose that

Ui (515 Y25 -5 1) (8)

0 te[-r.0],
—Yix (tO’ OIS ¢k)

+9i2 (to tHy, + ¢1t0+g V2

+ ‘Eztoﬂ’ s Y T ‘51%”) te[0,n],
Ui ()’1»)’2’ e ))’k) (£)
0 te[-r.0],
;Jt (t _ 5)0‘i—1
= {T(w)
Xf; (to TS0t ‘/’1t )2,
‘/’z,gﬂ sees Vi ¢kt0+s>d5 te[0,n],
(14)
fori=1,2,...,k. Itis clear that
U +Up
Uy +Up
U= . . (15)
Ui +Uka

Since g;, is completely continuous for all i = 1,2,...,k,
U;, is continuous and also {U;;(y) : ¥ € E(y,y)} is uniformly
bounded. By using condition (Hy), it is easy to check that
{U;(y) : y € E(y, y)} is equicontinuous. On the other hand,

| i) (t)l

1 (f 1 -
< . J (t —s5)™ 'fz (to syt ‘/’1,0”) b2)

s

+¢2t0+s’ ey yks + ¢kt0+s) ds

1 t 1oy
< <J (‘- S)<ai—1)/(1—ai1>ds>
r (“z’) 0

to+t oy M. A-ai)
X <J (m; (s))l/a“ds) < l
to

T (o) (1 + ﬁz‘)l_%1
forallt € [0,ng] and i = 1,2,..., k. This implies that {U,, y
y € E(n, )} is uniformly bounded. Now, we prove that {U,, y

(16)
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y € E(n,y)} is equicontinuous. Let 0 < #; < t, < 7 and
y € E(n,y) be given. Then, we have

Upy (t))]

[\ -9 - -

l 2y (tz

-l o]

x f; (to +8 )t ¢1t0+s> V2,
i, )ds

1 (- a1 ~
+ —F t,=s)" filto+sy + ,
T(oci) L ( 2 5) f:( 0TSV, ‘151,0“ Ya,

+¢2t0+s’ oo Vi

+¢2to+s’ ey yks + ¢kt0+s) ds

[ -9 = -]

" T(e) Jo
x |f1 (to T8yt ‘Eltoﬂ’ Va,

+ (/52‘0“, oo Vi

o+ (Z’kzoﬂ) ds

171 e
) |f1 (to TSN, F ¢1toﬂ’)’zs

+ ﬁ J:z (t,

+ ¢2t0+s’ ceey )/kS + ¢k£0+s) ds

(- s)"“"l]lm_a’”ds)w“
2

t . 1o
szwa”W“%ﬁﬁ

t

J, [ =9" =] ds)l_a“

—
—~
)L
SN—
~

()
+ t,—s)'ds
e\, 279
M. ) ) A\ Lo
< — i (tiﬂgx - t?ﬁ' +(t - t1)1+;3,)
T(a) (1+p)
M;

(1+)(1-a;)
5 (L-t)
(o) (1+p)
2M,
S —1—%(le -
T (o) (1+p;)

tl )(1+ﬁi)(1*“i1)

17)

for all i = ., k. Thus, {U;
equlcontlnuous Moreover it is clear that U, is continuous
for all i = 1,2,...,k. This implies that U is a completely
continuous operator. Now, by using Krasnoselskii’s fixed
point theorem we get that S + U has a fixed point on E(#, y)
and so the problem (1) has a solution x = (x,..., x;), where

y € E@,y)} is



Abstract and Applied Analysis

x;(t) = ¢;(0) + y;(t —t,) forall t € [ty,t; +nl andi =
L,2,...,k O

Ifweputg;, = Oforalli =1,2,...,k, then we obtain next
result.

Corollary 4. Suppose that there exist § € (0,a) and y €
(0, 00) such that conditions (H,)-(Hs) hold, g; is continuous
foralli=1,2,...,k, and |g;(t,x.) — g;(t,y)| < Llx - yll, for
all x = (x,%5 .. %), Y = (V1> Voo Vi) € A(S,y), and
t € I, wherel; € (0,1) is a constant for alli = 1,2, ..., k. Then
the problem (1) has at least one solution on [t,, t, + n] for some
positive number 1.

If weput g, = Oforalli = 1,2,...,k, then we obtain next
result.

Corollary 5. Suppose that there exist § € (0,a) and y €
(0, 00) such that conditions (H,)-(H;) hold, g; is completely
continuous for all i = 1,2,...,k, and the family {t - g;(t,x,) :
(X1, %5, ..., %) € A} is equicontinuous on C(I,, R") x
C(Iy, R") x --+ x C(I,, R") for all bounded set A in A(S, ).
Then the problem (1) has at least one solution on [t,,t, +#] for
some positive number 1.

3. Conclusions

In this work, we study an initial value problem for a class
of k-dimensional systems of fractional neutral functional
differential equations by using Krasnoselskii’s fixed point
theorem. Our result generalizes some old related results in a
sense.
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