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A new Legendre rational pseudospectral scheme is proposed and developed for solving numerically systems of linear and nonlinear
multipantograph equations on a semi-infinite interval. A Legendre rational collocation method based on Legendre rational-Gauss
quadrature points is utilized to reduce the solution of such systems to systems of linear and nonlinear algebraic equations. In
addition, accurate approximations are achieved by selecting few Legendre rational-Gauss collocation points. The numerical results
obtained by this method have been compared with various exact solutions in order to demonstrate the accuracy and efficiency of
the proposed method. Indeed, for relatively limited nodes used, the absolute error in our numerical solutions is sufficiently small.

1. Introduction

Over the last three decades, the scientists have paid much
attention to spectral methods due to their high accuracy (see,
for instance, [1-6] and the references therein). On the other
hand, spectral methods, in the context of numerical schemes
for differential equations, generically belong to the family
of weighted residual methods (WRMs) (cf. Finlayson [7]).
WRMs represent a particular group of approximation tech-
niques, in which the residuals (or errors) are minimized in a
certain way and thereby leading to specific methods including
Galerkin, Petrov-Galerkin, collocation, and tau formulations.
WRMs are traditionally regarded as the foundation and
cornerstone of the finite element, spectral, finite volume,
boundary element, and some other methods. Many problems

in science and engineering arise in unbounded domains (see,
e.g., [8-12]). In general, the use of Jacobi rational functions
has the advantage of obtaining the solutions in terms of the
Jacobi rational parameters (see, e.g., [13-16]). Moreover, the
authors of [17, 18] proposed an efficient collocation schemes
based on the operational matrices of rational Legendre and
Chebyshev functions for solving problems in the half line.

Systems of multipantograph equations model many real-
life phenomena in physics and biology. Numerous numerical
and analytical schemes have been presented and developed
for solving such multipantograph equations, like variational
iteration [19], Bernstein collocation [20], spline [21], homo-
topy perturbation [22], and Taylor collocation [23, 24] meth-
ods. This problem has been the focus of many studies; see, for
instance, [21, 25-29].



The main aim of this paper is to develop the spectral-
Gauss collocation integration process based on Legendre
rational functions for solving systems of linear and nonlinear
multipantograph equations on the half line. The implemen-
tation of this method reduces the problem to systems of
linear and nonlinear algebraic equations. The numerical
simulation of multipantograph systems on a semi-infinite
domain is investigated. Finally, the accuracy and applicability
of the proposed method are demonstrated by test problems.
Numerical results are given in which the exponential conver-
gence behaviour is exhibited.

This paper is organized as follows. We present few reve-
lent properties of Legendre rational functions and function
approximation in the coming section. In Sections 3 and 4,
the pseudospectral algorithms are implemented for solving
systems of linear and nonlinear multipantograph equations.
Two test examples are introduced in Section 5. Finally, some
concluding remarks are given in the last section.

2. Legendre Rational Interpolation

In this section, we present Legendre rational functions
and Legendre rational approximation that will be used to
construct the Legendre rational-Gauss collocation (LR-GC)
method.

2.1. Legendre Rational Functions. The well-known Legendre
polynomials L, (y) are defined on the interval [-1, 1] with
respect to the weight function p(y) = 1. In order to use
these polynomials on the interval t € (0,00), we recall
the Legendre rational functions by introducing the change
of variable y = (¢ — 1)/(t + 1). Let the Legendre rational
functions L ((t — 1)/(¢ + 1)) be denoted by Ry (¢). Then R, ()
can be obtained with the aid of the following recurrence
formula:

Ry=1,

2k +1 t—1 k
Ry (£) = (m) (m)Rk () - (m)qu (),
k>1.
1)

t-1
R, (t) = —,
1 ® t+1

According to the properties of the standard Legendre poly-
nomials, we have

R, (0) = (-1)F, )

_ (k+1) B ~
OR; (t) = NG D [(t-DR. () -+ 1R, (D]. (3)

2.2. Function Approximation. Let w(t) = 2/(t + 1)? denote
a nonnegative, integrable, real-valued function over the
interval A = [0, 00). We define

L%, (A) = {v: A — R | v is measurable and |v],, < co},

(4)
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where
00 1/2
vl = (L |v(t>|2w<t)dt) (5)

is the norm induced by the inner product of the space qu(A):

(u, v, = LOO W) v () w(t)dt. ©6)

Thus, {Ry.(t)};so denotes a system which is mutually orthog-
onal under (6); that is,

2
(Ri-Ry), = 1 15k1’ (7)

where Jy; is the Kronecker delta function. This system is
complete in L2 (A). For any function u € L (A) the following
expansion holds:

u(t) =Y a Ry (), 8)
k=0
with
(u, Ry,
a, = ——. (9)
IR

2.3. Legendre Rational Interpolation Approximation. We
denote by ty;, 0 < j < N, the nodes of the standard
Legendre-Gauss interpolation on the interval [-1,1], and
@y,j» 0 < j < N are Christoffel numbers. The nodes of
the Legendre rational-Gauss interpolation on the interval
[0, c0) are the zeros of Ry, (), which is denoted by tp \
0 < j < N.Itis clear th.at teny = (1 +fy;)/(1 = tN,jS,
and @p ;i = @y ;> 0 < j < N. We now set Sy (0,00) =
span{R,(t), R, (t), ..., Ry(t)}. Therefore, making use of the
property of the Legendre-Gauss quadrature, we have for any
¢ € Syn41[0,00),

[ woea- j_llp(y)¢(if§)dy

N (10)
= D @r i (trns) -
=0

The interpolating function of a smooth function u on a
semi-infinite interval is denoted by Pyu. It is an element of
Ry and is defined as

N
Pyu(t) = Y Ry (1). 1)
0

Pyu is the orthogonal projection of u upon Ry with
respect to the inner product (6) and the norm (5). Thus by
the orthogonality of Legendre rational functions we have [11]

(Pyu—-u,R;), =0, VR, € Ry. (12)
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To obtain the order of convergence of Legendre rational
approximation, at first we define the space

H;, , (A) = {v: v is measurable and |v|, , o < 0o}, (13)

where the norm is induced by

k 2
r/2+kd_v ) , (14)
w

t+1
(t+1) T

r
s = Y

k=0

and A is the Sturm-Liouville operator as follows:

o, .d(.d
Av(t) = —~w (t)a<tav(t)>. @15)

We have the following theorem for the convergence.
Theorem 1. Foranyv € H;’A(A) andr >0,

[Pxv = ]| < N7Vl g 4- 6)

A complete proof of the theorem and discussion on
convergence are given in [11].

3. Linear Multipantograph System

In this section, we propose the Legendre rational-Gauss
collocation method to solve the following system of linear
multipantograph equations:

Y B (t) =Yy (D ug ()
s=1 s=1

I m
£ 20 Ou;(A;t)+ 9 0,

j=1s=1

Y Bostis(t) = Yay (1) u, (t)
s=1 s=1

agE:

bl (O u; (M) + g, (1) )

S

I
+ 2
i

0<t<oo,

Zﬂm,su; (t) = Zam,s (*) Uy (1)
s=1 s=1

I m
+2 26 Du;(Ajt) + g, (0,

j=1s=1

3
subject to
m
Zur,l 0) = uy,
r=1
m
Z“r,z (0) = uy,
r=1 (18)

Let us first introduce some basic notation that will be used in
the sequel. We define the discrete inner product and norm as
follows:

N
(1 Vun = Y u(ten) v (trg) e,
j=0 (19)

ltllyn = (1 )y N
Obviously,
Yu,v € SNy (20)

(V)N = (V)

The Legendre rational-Gauss collocation method for solving
(17) and (18) is to seek uj)N(t) € Sy(0,00), j = 1,2,...,k,
such that

m m
ZIBLS”L (tq,R,N)y) = Zal,s (t) ug (tq,R,N:y)
s=1 s=1

I m
+ Z Zblj,s (t)u, (Ajtq,&N,y)

j=1s=1

t9 (tq,R,N,V) ]

m m
Zﬁlsu; (tq,R,Nm) = Zaﬂ)s (t) ug (tq,R,N,y)
s=1 s=1

gk

by, (0 u; (Ajtgrny)

S

I
+2
=1

t 9, (tq,R,N,y) ]

m m
Zﬁ sl (tq,R,N y ) = Zam,s (®) u (tq)R,N )Y)
s=1

t Im (tq,R,N,V) ]

qg=12,....m, y=0,1,...,N-1,



m
Zum 0) = uy,
r=1

m
Z“rl 0) = u,,
r=1

(21)

We derive the algorithm for solving (17)-(18). To do this, let

N
uy (8) = Y R (B). (22)
h=0

Now, substitution of (22) into (17) enables us to write

N m N m
> Y BuscnDRy (1) = Y Y ay () R, (1)
h=0s=1

h=0s=1

N | m .
+2 2 2bl e R (M)

h=0 j=1s=1
+ gl (t) >
N m N m
Y Y BoonDRyy, (1) = Y Y ay () R, (1)
h=0 s=1

h=0s=1

N I m
+2 2 2 MR (At)

h=0 j=1s=1

+g2 (t)’

N m N m
Z Z:Bm,scm,hDRs,h (t) = Z Zam,s (t) Cm,hRs,h (t)
h=0s=1

h=0s=1
N | m
+ 3 Y b ()6, R, (At)
h=0 j=1s=1
+ G (1)
(23)

Then, by virtue of (3), we deduce that

N m
> 3 Bt (0= 1 Ry ()= (04 D) Ry ()
h=0 s=1
m N | m )
- Z Yay e R @+ Y Y bl (e R (A1)
h=0 s=1 h=0 j=1s=1

+g1 (t)’
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N m
(h+1)
hz:;,);ﬁz,s 2+ 1) [(t — 1R, () = (t+ 1) Ryppy (t)]
N m Nim
= Z Zaz,s (t) SR )+ Z Z szj’s (t) GZ,sz,j (,\jt)
h=0s=1 h=0 j=1s=1
+g, (),

N m h+l
Z Zﬂm,scmh 25_ (t+ i) [(t - 1) Rs,h (t) -
h=0s=1

N | m
Ay, (t) Cm,hRs,h (t) +Z ZZ ms(t) m, j 5] (A t)
h=0 j=1s=1

=0 j=1 s=

(t+ 1) Ry, ()]

Mz
Mz

I
—_

h

]
(=]

S

+ G (1)
(24)

Moreover, the initial condition (18)-with the aid of (2)-
yields

N m
Z Z(_l)hal,h = Uy
h=0r=1

N m
Y YD ay, =,
h=0r=1 (25)

N m
Z Z(—l)ham,,1 = U,
h=0r=1

If we collocate (24) at the (N) Legendre rational roots of
Ry, (1), then we get

(h+1)

2t4 RNy (tq,R,N,y + 1)

N m
Z Zﬁl,scl,h
h=0s=1

X [(tq,R,N,V - 1) Ryp (tq,KN:V)
N (tq,R»an + 1) Rypin (tq,R,N,y)]

N m

= Z Z“l,s (tq,R,N,y) R (tq,R,N,y)

h=0s=1

N
v
h=

0

I m
Z bls(qRNy)CIJ SJ()t thN,y)
j=1s=1

S=

+ 91 (tarny)»
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(h+1)

th)R,N,y (tq,R,N,y + 1)

X [(t‘bR»N)Y - 1) R (tq,R,N,y)

- (tq,R,N,y + 1) Rs,h+1 (tq,R,N,y)]

N m

=Y Y@ (tarny) GaRon (tarny)

h=0s=1

N | m
Z;; 25( qRNV)(?JRSJ(’\thRNV)

t 9, (tq,R,N,y) >

Z Zﬁz,scz,h

h=0s=1

(h+1)

2t‘1>R’N>Y (tq,R,Nm + 1)

% [(tgrny = 1) Ron (tgvy)

- (tq,R,N)y + 1) Ry (tq,R,N,y)]

N m
= Z Zam,s (tq,RN»V) CmnRon (t%R,N)y)
s=1

N m
Z Zﬁm,scm,h

h=0 s=1

h=0
I m )
+ Z Zbr]n,s (thNV) Rs,j ()thQ»R:N»V)
h=0 j=1s=1

(26)

Thus (26) with relation (25) generate (N + 1) of a set of
algebraic equations which can be solved for the unknown
coefficients¢; ;, (i = 1,...,m; j=0,1,2,...,N),byusingany
standard solver technique.

4. Nonlinear Multipantograph System

In this section, we consider the nonlinear multipantograph
system of the form

Z£1>Su; (t) =F (t’ ch,sus (t) ’ Zrll,sus (At)) >
s=1 s=1 s=1
D Lot (6) = F (t, D Gastts (0), Y . w)) ,
s=1 s=1 s=1

t € (0,00) where A € (0,1),

Zems uy (t) = (t, D Csths ()Yt st (M)) :
s= s=1 s=1

(27)

5
with initial conditions
m
Zum 0) = uy,
r=1
m
Z”r»l (0) = u,,
=1 (28)

m

Z”r,m (0) = u,,.

r=1

The Legendre rational-Gauss collocation method for solving
(27) and (28) is to seek u; (x) € Sy (0, 00), such that

ZEI,S”L,N (t)=F (t’ ch,sus,N (), Z’h,s“s,N (/\t)) ,
s=1

=1 s=1

2525 sN (t (t’ Zc 2,sUs N (t) > Z’h,sus,N (At)> >

=1 s=1

“

»

t € (0,00) where A € (0,1), (29)

ng,su;,N (t) =F (t’ Z(m,sus,N (t) > Zﬂm,sus,N (At))
s=1 s=1 s=1

is satisfied exactly at the collocation points tpn;, k=
0,1,..., N—1.In other words, we have to collocate (29) at the
(N) Legendre rational roots tp, 5 1, which immediately yields

scl,j DRs,h (tq,R,N,k)
h=0s=1

N m
- (tq)R,N,k’ > DGR (tarni)

h=0s=1

N m
Z Zrll,scl,hRs,h (/\tq,R,N,k)> ’

h=0s=1

N m
Z me,scz, DR, (tq,R,N,k)

h=0s=1

N m
=F (tq,R,N,k> Z ZCZ,&,hRs,h (tq,R,N)k) >

h=0s=1

N m
Z Z”Z,scz,hRs,h (Atq,R,N,k) >
1

h=0 s=



N m
Z me,scm,jDRs,h (tq,R,N,k)
h=0s=1
N m
=F <tq,R,N,k> p;) Zlcm,scm,hRs,h (tq,R,N,k) >
=0 s=
N m 09
hz::‘) ;nm,scm,hRs,h (/\tt(q,l)l,;\l,k) > >
(30)
with (28) written in the form
N m
Z ch,er,h (0) = uy
h=0r=1
N m
Z Zcz,er,h (0) = uy,
h=0r=1 (31)
N m
Z Zcm,er)h (0) = u,,,.
h=0r=1

This constitute a system of (N + 1) nonlinear algebraic
equations in the unknown expansion coeflicients ¢; ;, (i =
1,...,m; j=0,1,2,...,N),which canbe solved by using any
standard iteration technique, like Newton’s iteration method.

5. Numerical Results

In this section, we present two numerical examples in order
to show the accuracy of Legendre rational collocation method
for solving multipantograph delay system. The following
tables and figures contain the values of the exact solutions
u;(x), i = 1,2,...,k, the approximate solutions u; (x), i =
1,2,...,k, and the absolute error functions e; 5 (x) = |2;(x) -
u; (), i = 1,2,...,k, at the selected points of the given
interval.

Example 1. Consider the following linear multipantograph
delay system:

Ul (8) + 5ul () + tuy (£) = 287w, ()

+u; (0.5t) + tu, (0.8¢) = g, (t),

0 <t<100, (32)
— 4 (t) + uy () — uy (£) + tuy (£)
+tu, (0.2t) +u, (0.4t) = g, (1),
with the initial conditions
u, (0) =0, uy (0) = 1, (33)
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FIGURE 1: Logarithmic graph of absolute coefficients |c;| of Legendre
rational functions at N = 60 of Example 1.

TaBLE 1: Comparison of the absolute errors e, 5, for u, (t) of (32).

LR-GC method

ti
N =20 N =40 N =60
0.0 0.000 x 10 0.000 x 10%%° 2.775 x 1077
10.0 1105 x 107* 5.638 x 107° 3.779 x 1070
20.0 2175%x107° 4347 x 1077 2.609 x107°
30.0 3.087 x107° 6.613x 1077 8.111 x 107°
40.0 1.080 x 1072 6.894 x 107 1.604 x 1078
50.0 2.036 x 1072 1.644 x107° 4.074 x 1078
60.0 3.008 x 107> 6.281x10°° 9.717 x 10~°
70.0 3.922x 1072 1.594 x 107° 1190 x 1077
80.0 4756 x 107> 3.053%x107° 8.903 x107®
90.0 5.506 x 107 4.921x107° 4396 x 107
100.0 6.178 x 1072 7100 x 107 3.624x 1078
where
g1 (1) =2t -4t + (32 —t +6) e +0.5te > —te ¥,
g () =2+2t+ (2t -3) e —e ¥ 102677,
(34)

The exact solution of the system is u,(t) = te” and u,(t) =

2-¢",

Tables 1 and 2 list the results obtained by the Legendre

rational-Gauss collocation method in terms of maximum
absolute errors with different values of N. The logarithmic
graphs of absolute coefficients for Legendre rational functions
are shown in Figures 1 and 2. This confirms that the proposed
method has reasonable convergence rate.
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TaBLE 2: Comparison of the absolute errors e, ; for u,(t) of (32).

‘ LR-GC method
' N =20 N =40 N =60

0.0 8.273 %1077 9.056 x 10712 4393 x107!
10.0 1.395x10°° 6.763 x107° 4703 x 10712
20.0 9.412 x 107° 8.911 x 107~ 5.661 x 107!
30.0 6.376 x 10~ 1177 x 1078 1.242 x 10710
40.0 1.499 x 107 7.887 x 107° 2575 x 1071
50.0 2121x107* 1.621x 1078 3.371x 10710
60.0 2529 x107* 4544 x 1078 6.993 x 10710
70.0 2791 x107* 1.027 x 1077 9.146 x 1071°
80.0 2.957 x107* 1.820 x 1077 7991 x 1071°
90.0 3.061 x 107 2.729 x1077 5.234 x 10710
100.0 3125 x107* 3.658 x 1077 3.478 x 1071

108|dj|

=20 F

-25 F

20

Example 2. Consider the following nonlinear multipanto-
graph delay system:

ul (£) + 2ul (£) + uy (£) + tuy () + s (0.5t) = g, (),

0<t<1, (35)
3up () — uy () + tuf (02) = (t+ Duy () = g, (1),

with the initial conditions

u, (0) =0, u, (0) =1, (36)

where
g, () = —2¢ " sin (t) — e cos (t)
+e tcos (t) + e "tcos® (0.5¢),
(37)

g, () = 3¢ cos (t) — 2¢ " sin (¢)

04 4in® (0.2t).

—te'sin(t) +e
The exact solution of the system is u;(x) = e 'sin(t) and
u,(t) = e cos(t).

In Tables 3 and 4, we list the absolute errors obtained
by the Legedre rational-Gauss collocation method, with
different values of N. Figures 3 and 4 are plotted to compare
the analytic solution with the approximate solution at N = 28.

6. Conclusion

In this paper, a collocation Legendre rational method has
been proposed to obtain the approximate solutions of systems
of multipantograph delay equations. The derivation of this
method is essentially based on Legendre rational func-
tions and Gauss quadrature formula. The main advantage
of the developed method is that high accurate solutions
were achieved using few numbers of the Legendre rational
functions. Additionally, if N is increased, it can be seen that
approximate solutions obtained by the method are close to
the exact solutions.

FIGURE 2: Logarithmic graph of absolute coefficients |d;| of Legen-
dre rational functions at N = 60 of Example 1.

035 . . ; ; ;
0.30 F | ]
025 f| ]

0.20 £} ]

uy (t)

015 F|| ;
0.10 || ]
0.05 | | ]

0.00 F |

Exact solution
LR-GC method at N =28

F1GURE 3: Graph of exact solution and approximate solution u, (t) at
N = 28 for Example 2.
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0.00

uz(t)

002 [ || b
~0.04 [ || ]

006 [ | ]

0 20 40 60 80 100

Exact solution
LR-GC method at N = 28

FIGURE 4: Graph of exact solution and approximate solution u,(t) at
N = 28 for Example 2.



TaBLE 3: Comparison of the absolute errors e ) for u, (t) of (35).

LR-GC method

f N=10 N =30 N =50

0.0 5.551 x 1077 0.000 x 10%%° 0.000 x 107
1.0 1.554 x 107° 4.799 x107° 8.262 x107°
2.0 2.085 x107° 2349 x10°° 4.957 x 107
3.0 6.583 107 1.392 % 10°° 1.069 x 107
4.0 1.408 x 10~° 9.788 x 107° 1.247 x 1077
5.0 5.932 %107 2183 x107° 8.508 x 10~
6.0 6.690 x 107 6.643x107° 1169 x 10°°
70 3.789 x 107 6.919 x 10°° 1.485 x 10°°
8.0 1.092 x10? 6.729 x 10~ 6.698 x 1077
9.0 1.546 x 10° 2765 x 107° 1.382x107¢
10.0 2137 x107* 2345 %107 1.450 x 107°

TaBLE 4: Comparison of the absolute errors e, 5 for u,(t) of (35).

LR-GC method

N=10 N =30 N =50
0.0 0.000 x 107 1.110 x 107'¢ 1.665 x 1071
1.0 6.260 x 107* 2.819 x 107° 5391 x 107
2.0 6.997 x107° 2.048 x107° 4171x 1078
3.0 5.800 x 10~ 1.042x10°° 9.088 x 107*
4.0 6.901x107* 7.814 x 1076 1.541x 1077
5.0 2427 x107° 9.524 x10°° 2.014 x 1077
6.0 3.012x107° 1126 x 1076 1116 x 1077
7.0 1.483 x107° 1.283x107° 2553 %1077
8.0 8.598 x 10~° 4171x107° 5.499 x 1077
9.0 1.529 x 107> 6.713 x107° 2.949 x 1077
10.0 1.995 x 1072 3.503 x 107° 3.311%x 1077
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