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1 Introduction

Maybe it would have been a funny thing to talk about the possibility of mathematics help-
ing the environment a few years ago. In fact, mathematics can play a role if modeling
comes to the point where we can do some of the chemical testing on computers. Thus,
it is very important we increase our abilities in modern modeling by working on com-
plicated fractional integro-differential equations and inclusions. As is well known, there
have been studied different types of hybrid equations by many researchers (see, for ex-
ample, [1-4] and [5]). One of the significant strategies is reviewing of hybrid models of
different phenomena.

In 2010, Dhage and Lakshmikantham introduced hybrid differential equations [6]. In
2011, Zhao et al. extended Dhage’s work to fractional order and investigated the hybrid
fractional differential equations [4]. In 2012, Sun et al. studied the fractional hybrid two-
point boundary value problem

pg[%] +g(tz(t) =0 (te[0,1],pe(1,2]),
2(0) = z(1) = 0.

By applying a Dhage’s fixed point theorem in Banach algebra under the mixed
Carathéodory and Lipschitz conditions, they obtained some existence results. In 2015,
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Hilal and Kajouni discussed the existence of extremal solutions for the Caputo hybrid

boundary value problem

Dy 2951 =gt 2() =0 (t€]=[0,T)),
(0) (1) _
Az0) * Pitramy = ©
where p € (0,1), a, b and ¢ are some real constants with a + b # 0 and the functions / :
J xR — R\ {0}and g:J x R — R are continuous [3]. Some months later, Baleanu et al.

reviewed some existence results for the Caputo fractional hybrid inclusion problem

¢ z(t)
D6 <h(t, z(8), Iy z(8), ..., 1" z(2))

) e H(t,2(0), I8 2(t), ..., Ty 2(1)),

for all ¢ € [0, 1], with boundary value conditions z(0) = z§ and z(1) = z}, where p € (1, 2],
“DE and Z) denote the Caputo derivative operator of the fractional order p and the
Riemann-Liouville integral operator of the fractional order y € {;, 8;} C (0,00) for i =
1,...nandj=1,...,k, respectively. They used the Dhage fixed point theorem for multi-
valued mappings for the existence result [5].

In 2006, Infante and Webb formulated a model of thermostat insulated at ¢ = 0 with the

controller at ¢ = 1:

Z'(t) + @(t,z(t)) =0 (¢ €[0,1]),
Z(0)=0, AZ (1) +z(n) =0,

(%)

where 7 € [0,1] is a real constant and A > 0 is a parameter [7]. According to this second-
order model, the thermostat adds or discharges heat depending on the temperature de-
tected by the sensor at ¢ = 1 [7]). They obtained existence results for the boundary value
problem by applying the fixed point index theory on Hammerstein integral equations [7].

Some years later, Nieto and Pimentel studied the fractional-order version of the problem

“DPz(t) + @(t,2(2)) =0 (¢ €[0,1]), (+%)

Z(0) =0, ADP1z(1) + z(n7) = 0, -
where “DP denotes the fractional derivative of Caputo type of order p € (1,2] and A >0
and n € [0, 1] are given real constants [8].

It is well known that a thermostat is a component which senses the temperature of a
physical system and performs actions so that the system’s temperature is maintained near
a desired set-point. Many researchers have reviewed different models for thermostat sys-
tems. They have been provided some models for thermostat systems (see, for example,
[9-11]).

By using the main idea of [3, 5, 7] and [8] and mixing those with the thermostat models,

we are going to investigate the fractional hybrid problem for the thermostat model

. (t)
D4 () e =0 (e<lo) W
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with the hybrid boundary value conditions

z(t) —
D(h(t,z(t)))h:o = 0,

2)
-1, 2(t) 2(8) _
)‘CDI(; (h(t,z(t)))|t:1 + (h(t,z(t)))lt:’] = 0;

where p € (1,2],p-1€(0,1], n € [0,1], D = %, X is a positive real parameter, “D}j is the
Caputo derivation of fractional order y € {p,p — 1}, the function @ : [0,1] x R — R is
continuous and /2 € C([0,1] x R, R\ {0}).

Also, we investigate the hybrid fractional differential inclusion model of the thermostat

as

c Z(t)
B Dg(h(t,z(t))) €G(t,z(t), telo1], o

with the three-point hybrid boundary value conditions

z(t) -
D(h(t,z(t)))h:o = 0,
pr-l_=9 2(t) _
AS 0 (h(t,z(t)))|t:1 + (h(t,z(t)))lt:’] = 0;

where G : [0,1] x R — P(R) is a multi-valued map.

Let p > 0 be a real number with # — 1 < p < n and the function z : [a, ] — R integrable
(or z € C([a, b],R)). The Riemann-Liouville fractional integral of the function z is defined
by

1 t

Tlz(t) = — / (t-1)Pz(r)dr (£>0),
‘ r'p) Jo

whenever the integral exists [12, 13]. The Caputo fractional derivative of a function z €

C"([a, b],R) is defined by

1 t
“Dhz(t) = F(T—p) fo (t— )" P12 (1)dr,

where n— 1< p <nwith n = [p] +1 [12, 13]. It is well known that a general solution for the
fractional differential equation “D}z(t) = 0 is given by z(£) = bo + b1t + bat> + - - - + b, 1",
where by, ..., b, are some real numbers and # = [p] + 1 [14]. Also, for every positive real
number T and every continuous function z on the interval [0, T, the relation

n-1
(Z5°Dh)z(6) = z(2) + ijtj =2(t) + by + b1t + bot® + - + b1

j=0

holds, where by, ..., b, 1 are some real constants and n = [p] + 1 [14].

Assume that (M, || - || o) is a normed space. We denote by P(M), Py(M), Pyp(M),
Pep(M) and P, (M) the set of all subsets of M, the set of all closed subsets of M, the
set of all bounded subsets of M, the set of all compact subsets of M, and the set of all
convex subsets of M, respectively. A set-valued map G has convex values if the set G(z) is
convex for each element z € M. Moreover, we say that the set-valued map § is an upper
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semi-continuous (u.s.c.) whenever for each z* € M, the set G(z*) belongs to P (M) and
for every open set V containing G(z*), there exists an open neighborhood U4 of z* such
that G(Ug) € V [15]. An element z* € M is called a fixed point for the multi-valued map
G : M — P(M) whenever z* € G(z*) [15]. The set of all fixed points of the multifunction
G is denoted by Fix(G) [15].

Let (M, dnq) be a metric space. For each two subsets A1,A4; € P(M), the Pompeiu—
Hausdorff metric PH, : P(M) x P(M) — R U {oo} is defined by

PHy,,(A1,A2) :max{ sup daq(ay,Az), sup dM(Al,ag)},

aj1€A azeAs

where d (A1, az) = inf, ca; dpa(ar, az) and daq(ar, Az) = infayen, dag(ar, az) [15]. A multi-
valued function G : M — P,(M) is said to be Lipschitzian with Lipschitz constant k > 0
whenever PHy , (G(21), G(22)) < kd am(z1,22) holds for each 21,2, € M. A Lipschitz map G
is called contraction whenever k € (0,1) [15]. A set-valued operator G : [0,1] — Py(R) is
called measurable whenever the function t —> d ¢ (w, G(£)) = inf{|w—v| : v € G(£)} is mea-
surable for all real constant w [15, 16]. The graph of a set-valued function G : M — P,(Q)
is defined by Graph(G) = {(z1,22) € M x Q: w* € G(z)} [15]. We say that graph of G is
closed whenever for each sequence {z,},>1 in M and {w,},>1 in Q, z, — 2o, w,, > wp and
w, € G(z,), wh have wy € G(zo) [16].

A multifunction G is said to be completely continuous operator whenever the set G(V)
is relatively compact for all W € P,(M). If the multifunction G : M — P(Q) is an up-
per semi-continuous, then Graph(G) is a subset of the product space M x Q with close-
ness property. Conversely, if the set-valued mapping G is completely continuous and has
a closed graph, then G is an upper semi-continuous ([15], Proposition 2.1). A set-valued
map G : [0,1] x R — P(R) is said to be Carathéodory multifunction whenever ¢t — G(t, 2)
is measurable mapping for all z € R and z — G(t,z) is upper semi-continuous mapping
for almost all £ € [0, 1] [15, 16]. Also, a Carathéodory multifunction G : [0,1] x R — P(R)
is said to be £!-Carathéodory whenever for each constant 1 > 0 there exists a function
¢, € L1([0,1], R*) such that

|G| = sup {Isl:s€G(t:2)} < ,(2)

te[0,1]

for all |z| < u and for almost all £ € [0, 1] [15, 16]. The set of selections of a multifunction
G at point z € C([0, 1], R) is defined by

(SEL)g. = {ve £1([0,1,R) : w(¢) € G (£, 2(1)) }

for almost all £ € [0,1] [15, 16]. Let G be a set-valued map. It is known that (SEL)g,, # ¥ for
all z € C([0, 1], M) whenever dim M < oo [15]. We need the following results.

Lemma 1 (Dhage’s nonlinear alternative of Schaefer’s type [17]) Let M be a Banach al-
gebra. For each positive number ¢ € R, consider the open ball V,(0) and the closed ball
V¢(0). Suppose that two operators By : M — M and B, : V,(0) — M satisfy the following
conditions:

(i) By is an operator including Lipschitzian property with a Lipschitz constant I*;

(i) By has complete continuity property;
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(iti) M <1, so that M = || B2(V(0))[| pm = sup{[| Bazllpm : 2 € Ve (0)}.
Then either
(@) The operator equation B1zByz = z has a solution in V ,(0), or
(b) there is an element v € M with ||[v*|| pm = € such that uByv*Byv* = v* for some
ue(0,1).

Lemma 2 ([18]) Suppose that M is a separable Banach space, G : [0,1] x M — Py c,(M)
is an L'-Carathéodory multifunction and T : £([0,1], M) — C([0, 1], M) is a linear con-
tinuous mapping. Then

T o (SEL)g : C([0,1], M) = P, (C([0, 1], M))

is an operator in the product space C([0,1], M) x C([0,1], M) with action z+> (T o
(SEL)g)(2) = Y ((SEL)g,,) having closed graph property.

Lemma 3 ([19]) Let M be a Banach algebra. Suppose that there exist a single-valued map
Bi: M — M and a multi-valued map By : M — Py o, (M) such that
(i) By is an operator including Lipschitzian property with a Lipschitz constant I*;

(i) B, is an operator including upper semi-continuity and compactness property;

(iil) 20*Mj < 1 so that Mg = || Bo(M)]].
Then either

(a) there is a solution in M for the operator inclusion z € B1zB,z, or

(b) The set X* = {v* € M|uv* € Byv*Byv*, i > 1} is not bounded.

2 Main results
Consider the Banach space M = Cg([0, 1]) with the norm

llzllam = sup{|z(8)] : £ € [0, 1]}.
Now, we provide our first key result.

Lemma 4 Let p € M. A function z is a solution for the hybrid fractional equation

. z(2) _
Dg(h(t—z(t))> +p(t)=0, tel0,1],pe(1,2], ©)

with the three-point hybrid boundary conditions

z(t)
D(h(uz(t)))

=Y,
t=0

o ()| ()| - “
o \nez)|o T \nezen )|, "
if and only if z is a solution for the integral equation
t -1
2(6) = h(t,(2)) [- /0 %p(t)dr ;

U ! }
+fo o p(‘L’)d‘E+)L/0 p(x)dr |.
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Proof First, assume that z; is a solution for the hybrid fractional equation (5). Then there
exist constants by, b1 € R such that

t (4 _ -1
20(t) = h(t,20(8)) |:_/ %9(1) dt + by + b1t1|~ (8)
0
Then
zo(t) B L(t—T)P2
D(m) B _/0 mp(f)dr +by
and

erp-1f  200) | £
Do (h(r,zO(t») __/o P+ b mm
Thus, b; =0 and

G (g - !
bo—/(; p(t)dt+/0 ) o(r)dr.

By substituting the values by and b; in (8), we get

t _ —1 n _ —1 1
zo(t):h(t,zo(t))[—/o %p(r)dt+/o %p(t)dt+k/o p(‘[)d‘[].

This means that zj is a solution function for the fractional integral equation (7). Con-
versely, it can easily be seen that z; is a solution function for the fractional hybrid problem
(5)—(6) whenever z; is a solution function for the fractional integral equation (7). O

Theorem 5 Assume that h € C([0,1] x R,R\ {0}) and @ € C([0,1] x R,R) and
(A1) there is a bounded mapping k : [0,1] — R* such that

|h(t,z1) = h(t, 22)| < 6 (8)]21(2) — 22(8) |

forall z1,zy e Rand t € [0,1],
(A2) there are a continuous non-decreasing map x : [0,00) — (0,00) and a continuous
function g : [0,1] = R* such that

|@(t,2)| <g@®)x(llzl)

fort €[0,1] and for all z € R,
(A3) there is a positive real number ¢ such that

H*A*G*x (||l

> , )
1-«*A*G*x(llzl)
where H* = sup,.( 11 11(£,0)|, G* = sup,c(o.17 1g()], k* = sup,c (o1 |k ()| and
1 P
A* 1 (10)

“Te+) T th

Page 6 of 16
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If k*A*G*x(||z|l) < 1, then the hybrid fractional problem (1)—(2) has at least one solu-
tion.

Proof Consider the closed ball V,(0) := {z € M : ||z p < ¢} in the Banach space M,
where ¢ satisfies the inequality (9). By using Lemma 4 and the fractional integral equa-
tion (7), we define two operators By, B, : V(0) - M by (B12)(¢) = h(¢, z(¢)) and

¢ - 1
(Bzz)(f):—/0 %q)(r,z(t)) dr +A/O ®(7,2(7)) dr

U
+f0 71“(19) q§(t,z(r))dt.

It is clear that z € M as a solution for the fractional hybrid problem (1)—(2) satisfies the
operator equation 3,28,z = z. To prove this subject, by applying assumptions of Lemma 1,
we show that there exists such a solution. In first step, it is proved that the operator B is
Lipschitzian operator on normed space M with Lipschitz constant «* = sup,g 1) [ (2)].
Let 21,2, € M. By using the assumption (A1), we have

[(Biz1)(t) — (B122)(®)| = | (2, 21(0)) — h(£,22(2)) |

<k (8)|z1(t) - 22(0)|
for each zy, 2, € V,(0). By taking the supremum over [0, 1], one can deduce that
| Biz1 = Bizallm < k™ ||lz1 = z2ll m

for all z;,z, € V,(0). This shows that B, is Lipschitzian operator on V,(0) with Lipschitz
constant «*. To establish the complete continuity of the operator B, on V,(0), we first
prove that the operator B, is continuous on V,(0). To this aim, suppose that {z,} is a
sequence in the open ball V,(0) with z, — z, where z is an element of V,(0). Since @ is
continuous on [0, 1] x R, lim,,_, oo @ (£, 2,(2)) = @ (¢, z(¢)). By using the Lebesgue dominated
convergence theorem, we conclude that

p—1
lim (Byz,)(t / (t T) lim qﬁ(r,zn(r)) dr

n—00 n—00

+k/ lim @ (7,z,(7))dr
0

n—00

TPt
+/0 71“(;9) nlgglodi'(r,z,,(r))dt

~ t (t _ .C)p—l 1
= —/0 T @ (7,2(r)) dr +A/0 @ (t,2(7)) dr
(-t
+./0 ) —————(t,2(1))dr
= (By2)(t)

for all ¢ € [0, 1]. Thus, B2z, — Bz and so B, is a continuous operator on V(0).

Page 7 of 16
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In the next step, the uniform boundedness of operator B, on V,(0) is checked. By as-
sumption (A2), we have

t(t_ )p—l 1
|(62z)(t)|=/0 %(p)@(r,z(z)ﬂd”xfo | (7,2()) | dr

+ /On %M(t,z(r))‘ dr

p
< ﬁg(r)x(llzn) + ag(@)x (I121)

nP
" T l)g(T)X(”ZH)

I'p
forallt € [0,1] and z € V(0). Thus || Boz|| < G*x(l|z]])A*, where A* is given in (10). This
implies that the set B,(V(0)) is an uniformly bounded in the normed space M. Now, the
equi-continuity of the operator B, is investigated. To this aim, assume that #;,£, € [0,1]
with # < £;. Then we have

|(Ba2)(82) — (Baz)(t1)| =

2 (-
/0 W@(r,z(r)) dr

M-t
_/o W(D(r,z(t)) dr

t1 _ p—1 _ p—1
con [ (S
HCEL
+/tl —F(p) dr:|.

It is observed that the right-hand side of the inequalities converges to zero independently

of z € V,(0) as t; — t. Therefore the operator B, is equi-continuous. Now by using
the Arzela—Ascoli theorem, we conclude that the operator B, is complete continuous on
V. (0).

On the other hand by using (.A3), we have

Mg = ||BZ(VS(O)) ”M = sup{|82z| 1z € \_/8(0)}

:G*x(llzll) 1 + U + A
e+l I'(p+1)
=G x (llzll) A*.
By putting [* = *, we get G*/* < 1 and so the assumptions of Lemma 1 hold and so one of

the conditions (a) or (b) in Lemma 1 holds. For some u € (0, 1), assume that z satisfies the
operator equation z = ul3,z13,z so that ||z|| = ¢. Then we have

20| = 1| Bi2)0)]|(Bo2) (0)] = 1| (2, 2(0)) |

t (t— ,L.)p—l 1
X ‘—/O Wé(r,z(t)) df+k/0 @ (t,2(r)) dr

UE
+/0 o ®(t,2()) dr

Page 8 of 16
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< (|h(t, 20)) - h(z,0)| + |n(z, 0)])

(f (t T)p 1 'C z(r))‘dr+Af1’¢(r,z(t))|dt
0

+ /On %@(r,z(r)ﬂ dr>

< (k@) |z@)| + H*) A*G* x (12Il)

< (c*llzll + H*) A*G* x (l1z]l)
H* A*G* (Il

1-k*A*G* x (ll2I))
condition (b) of Lemma 1 is impossible. Thus, the condition (a) in Lemma 1 holds and the

and so ¢ < which is a contradiction to inequality (9). This means that the
fractional hybrid problem (1)—(2) has a solution. O

Now, we are going to state and prove our main result for the fractional hybrid inclusion
model for the thermostat which is stated by (3)—(4).

Definition 6 We say that an absolutely continuous function z : [0, 1] — R is a solution for

the fractional hybrid inclusion problem (3)—(4) whenever there is an integrable function
ve L1([0,1],R) with v(t) € G(t,z(t)) for almost all £ € [0, 1],

z(2) ~ ermp-1f  22) z(2) B
D(h(t,z(t») L0 M (h(t,z(t») o (h(t,z(t») o

and

0 = h(t, ) [f(t 0, )dr+/0n%v(r)dr+k/01v(r)dr]

forall t € [0,1].

Theorem 7 Suppose that
(A4) there exists a bounded mapping « : [0,1] — R* such that, for every z1,z; € R and
t € [0,1], we have |h(t,z,(t)) — h(t, z2(2))| < k(£)z1(t) — za(D);
(A5) the set-valued map G : [0,1] x R — P, ,(R) has the L'-Carathéodory property;
(A6) there exists a positive mapping o € L£1([0,1],R*) such that

||g(t,z) || = sup{|V| (VE g(t,z(t))} <o(t)

forallz e R, almost all t € [0,1] and ||o || z1 = fol lo(t)|dz;
(A7) there exists a positive number & € R such that

H*A*||lo | o1
1-k*A*|o| o1’

(11)

where H* = sup, o 1) [h(2,0)| and k* = sup,[g 1 Ik (£)].
Then the fractional hybrid inclusion problem (3)—(4) has at least one solution whenever
K*A*|lo ]l o1 < 2.

Page 9 of 16
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Proof Let t € [0,1]. Consider the operator K : M — P (M) defined by

weM:
(e, 2(0)(- fy G w(r) de
w(t) = + [ IV’ v(t)dr
+Af0 r)dr), € (SEL)g,

K(z) =

Note that the fixed point of K is a solution for the fractional hybrid inclusion problem
(3)—(4). Define a single-valued mapping B; : M — M by (B1z)(¢) = h(t, z(¢)) and the set-
valued map B, : M — P(M) by

veM:
(By2)(t) = o) = fo (- U” V(r)dr + [ 0 [ r)”‘ W(r)dr
| e fo V(‘L')dr, ve (SEL)Q,Z

for t € [0, 1]. Note that /C(z) = B1zByz. We prove that By and 5, satisfy the assumptions
of Lemma 3. First by using the assumption (.44) and similar proof in Theorem 5, one can
show that B; is Lipschitz on M. Now, we prove that the set-valued map 5, has convex
values. Let 21,2y € Byz. Then choose vq,v; € (SEL)g , such that

t(+_ -1 1
zi(2) :—/(; %V/(r)dr+)\/o vi(7)dr

(- .
+/0 Wv,(r)dr (j=1,2)

for almost all ¢ € [0, 1]. For each constant y € (0, 1), we have

p—1

(p’) [yvi(e) + (1= y)va(e)] dr

oA / [yvi() + (1= y)a(0)] de
0

yzi(t) + (1 -y)za(t) = - /(tr

U
+ /0 I+ (- ] dr

for almostall ¢ € [0, 1]. Since G is convex-valued, (SEL)g,, has convex values and so y vy (¢) +
(1 - y)va(t) € (SEL)g, for all £ € [0, 1]. Thus, B,z is a convex set for all z € M.

To establish the complete continuity of the operator B, we must prove that B,(M)
is an equi-continuous and uniformly bounded set. To do this, we prove that 3, maps all
bounded sets into bounded subsets of the space M. For a positive number ¢* € R, consider
a bounded ball Ve« = {z € M : ||z||pm < &*}. For every z € Vex and ¢ € Byz, there is a
function v € (SEL)g,, such that

-ty
I'(p)

VR
+/0 —F(p) v(t)dr

1
Y(t)=— v(t)dr + A/ v(t)dr
0
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for all £ € [0, 1]. Then we have

[ !
t)} / F(p) t)|dr+A/(; ’v(t)}dr

+/ﬂ7 %|V(T)|df

(t ‘1:)1’1 1
/ F(p) dr+k/0 o(t)dr

(-
+/(; 71_,(1?) o(t)dr

<[ L +){|||0||1
“|rp+1) Tp+1) £

=A"ollct,

where A* is given in (10). Thus, ||V || < A*||o|| 1 and this implies that By(M) is a uni-
formly bounded set. Now, we show that the operator B, maps bounded sets onto equi-
continuous sets. Let z € Vi and ¢ € B,z. Choose v € (SEL)g , such that

t - 1
V() =- \ %v(r)dr+)»fo v(r)dr

U
+/(; 71"(17) v(t)dr

for all £ € [0, 1]. For each ¢, ¢, € [0, 1] with ¢; < ¢,, we have

/ (Clnk2i T)pl W) dz

- /0 %v(r) dr

< /Otl < (& - ‘E)p;z;)tl —-7)P] )G(T) dr

+ / K (tZ;(;))_pla(r)dr.

It is obvious that the right-hand side of the above inequalities towards to zero indepen-

¥ () - v(0)] <

dently of z € V.« as t, — t;. Hence by using the Arzela—Ascoli theorem, the operator
B, : C([0,1],R) — P(C([0, 1], R)) has the complete continuity property.

Now, we show that B, has a closed graph and this implies that B, is upper semi-
continuous because B3, is completely continuous. For this goal, assume that z, € Ve and
Y, € Byz, are such that z, — z* and ¥,, — ¥*. We claim that ¥* € Byz*. For each n > 1
and v, € Byz,, choose v, € (SEL)g,, such that

Lt—Tyt
o I'(p)

VR
+/0 —F(p) vu(r)dr

1
Ya(t) = - va(t)dr + A/ vu(t)de
0
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for all £ € [0, 1]. It is sufficient to show that there exists a function v* € (SEL)g,+ such that

t -1 1
w*(t)=-/ (- v*(r)dt+k/ v (r)de
0

o I'(p)
T-opt
+/O F—(p)v (r)dr

for all ¢ € [0, 1]. Suppose that the continuous linear operator

T:L£'([0,1],R) > M =C([0,1],R)

is defined by
t -1 1
T)(t) =z(t) = —/(; %v(r)dr + A/O v(t)dr
"(n-Tp!
+/(; Wv(r)dt

for all £ € [0, 1]. Then we have
ol <l =
||x/fn(t)—x/f(t)||—H fo ) (va(2) = v¥(1)) dt
1
A a(T) =V d
+ /O(V (1) v(t)) T

—0

+ /-On %(vn(r) v (1)) dr

as n — oo. Hence by using Lemma 2, we conclude that the operator 7" o (SEL)g has a
closed graph. Since ¥, € T((SEL)g,,) and z, — z*, there exists v* € (SEL)g+ such that

t -1 1
w*(t):—/ k2 v¥(r)dr +A/ v¥(r)dr
0

o ')
K (Tl - f)p_l *
+/0 —F(p) vi(r)dr

for all ¢ € [0,1]. Thus, ¥* € Byz* and so B, has a closed graph. Hence, 3, is upper semi-
continuous. Moreover, by the hypothesis, the operator 3, has compact values. Conse-
quently, B, is a compact and upper semi-continuous operator. Now by using the assump-
tion (.46), we get

M} = | Bo(M)|| = sup{|Baz| : 2 € M}

B [F(p+1) "Te+) " ]”6”“

= Aoz

By putting [* = k*, we obtain MgI* < 1. Therefore, the assumptions of Lemma 3 hold for
B and B, and so one of the conditions (a) or (b) holds.
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We claim that the condition (b) is impossible. By using Lemma 3 and the assumption
(A7), assume that z is an arbitrary element of X* with ||z|| = &. Then uz(t) € B1z(t)Baz(t)
for all u > 1. Select the related function v € (SEL)g .. Then, for each u > 1, we obtain

Lt—Tpt

(-t }
+/0 71“([)) v(t)dr

for all ¢ € [0, 1]. Thus, we get

1
v(r)dr+k/ v(t)dr
0

|2(2)| = l|h(t,z(t))|[/0t %Mﬂl dr

+Af ‘v(r)’dr+/ (77 ‘v(t)’dri|
- (t-
_[|h(t,z(t))—h(t,0)|+|h(t,0)|]fo F(p =) de

1
+A/ |v(r)|dr
0

(- oyt }
+/0 ) |v(t)|dr

t -1
< [<" Il +H*][ 0 %G(I)dr

! (-t
+A/0 a(r)dr+/0 ) o(r)dr:|

<[«*&+ H*]A*lo |l 21

for all ¢ € [0, 1]. Hence,

H*A*|o]l z1
e —mm .
1 _K*A*”G”[,l

By using the condition (11), we observe that the condition (b) of Lemma 3 is impossi-

ble. Thus, the operator inclusion z € 3;zB,z has a solution and so the fractional hybrid

inclusion problem (3)—(4) has at least one solution. O
Now, we provide two examples to illustrate our main results.

Example 1 Consider the fractional hybrid differential equation of the thermostat model

o \ 2 1000 0 (telo0,1]), (12)
6+)z()[2

epl ( 2(t) >+tsin2(%(t))sin(z(t)):
+5
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with the three-point hybrid conditions

D( t\z;g) > =0,
seor t 5/ lt=0
1 1 z(t) z(t) (13)
ECD& < tlz()]2 ) * < t]z()|> ) =0
srzp tO/ 11 Ngar +07 g

Putp = %,p—l = %, n= iand)\ = %.Considerthecontinuousmapsh :[0,1] x R — R\ {0}
and @ : [0,1] x R — R* defined by

tlz(t)|?
h(t,z(t)) = m .
and
Cr
®(t,2(t)) = tsin”(7(£)) sin(z(2))

1000

If () = £, then k* = sup, (o k()] = 1. Put g(t) = 1555 and x (J|zl|) = 1. Then A* ~ 0.85238.
Choose ¢ > 0.00426. Then «k*A*G*x(||z||) ~ 0.00085 < 1. Now by using Theorem 5, the
fractional hybrid equation (12) with the three-point hybrid conditions (13) has at least

one solution.

Example 2 Consider the fractional hybrid inclusion problem

CDé( ) >e[ |=(2)] % sinz(®)* 4

 \tcos % +6 4(|z(2)| + 1) ’ 5(1 + | sinz(¢)[%) " §i| (telo1]), (9

with the three-point hybrid conditions

z(£) )
Dl —=7
(tcos 2 46

100

ZCDO% < z(tt) )
4 tcosZ? 46

100

)

+( z(t) )
=1 tcos%+6

Putp = %,p— 1= %, n=0.8%and A = %. Define the continuous map /4 : [0,1] x R — R\ {0}

by h(¢,z(t)) = tcos % + 6 and the set-valued map G : [0,1] x R — P(R) by

t=0
(15)

=0.
£=0.89

G(t,2(1)) =

[ 2(0) [sin z(6)|* g}

1
4()z(t)] + 1) X 5(1 + | sinz(£)]%) "5

If k (£) = 155, then «* = sup,jo; |k (£)| = 135 Since

|z(£)] 1 | sinz(¢)|* 4
4(|z()| + 1) " 2’ 5(1 + | sinz(£)]%) * 5

|w|smax( )51 (€R)

for all ¥ € G(¢t,2(¢)), we get ||G(¢,z(¢))|| = sup{|v| : v € G(t,2(£))} < 1. Put o(¢) = 1 for all
t € [0,1] and so ||o|| 21 = 1. By using the above relations, we get A* >~ 3.0298. Hence, we
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can find & > 0 with & > 21.8712. Since k*A*|lo|| ;1 =~ 0.030298 < %, by using Theorem 7,
the fractional hybrid inclusion problem (14)—(15) has at least one solution.

3 Conclusion

It is important that we increase our ability for studying complicated fractional integro-
differential equations. One of the methods is extending well-known models to different
complicated versions. In this work, we provide an extension for the well-known fractional
thermostat model to its hybrid equation and inclusion versions. We also consider bound-
ary value conditions of this problem in the form of the hybrid conditions. Finally, we pro-
vide two examples to illustrate our main results.
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