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ABSTRACT. In this paper, we consider a singular even-order Hamiltonian system
on the union of two intervals together with appropriate boundary and transmission
conditions. For investigating the spectral properties of the problem we pass to the
inverse operator with an explicit form and we prove some completeness theorems.
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1. Introduction. Many real world applications may be identified with the aid
of a differential equation and appropriate boundary conditions. For instance, de-
formation of beams and plate deflection theory, viscoelastic and inelastic flows,
control and optimization theory, stellor interiors, astrophysics, mass and heat trans-
fer, oxygen diffusion in cells may be studied by modelling suitable boundary value
problems [2], [3], [6], [15], [18], [21], [23]. However, for detailed analysis one has
to impose some additional conditions to the solutions satisfying some conditions
called transmission conditions. Transmission conditions occur in a natural way
in scientific problems. To be more pricise we should note that bursting rhythm
models in medicine, pharmacokinetics and frequency modulated systems exhibit
transmission effects.

In this paper we consider the following first-order system called Hamiltonian
system

(1.1) JY'=[MNA+ B]Y, x € [a,c) U(c,b),

where J, A, B are 2n x 2n matrices, Y is a 2n x 1 vector such that A and B are
real-valued, A* = A > 0, B* = B and

0 —I
J= [ o ] |
Here I denotes the n x n identity matrix and it is better to note that J* = —.J.
Throughout the paper we assume that the points a, ¢ are regular and b is singular
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2 E. UGURLU

for the Equation (1.1). The first fundamental results for the system (1.1) has been
introduced by Atkinson [1]. The system (1.1) with the assumptions on J, A and
B contain even-order differential equations and Dirac systems. In fact, in 1974
Walker [24] showed that any formally symmetric ordinary differential equation of
order m may be considered as an equivalent system (1.1) of the same order m.
However, in this paper we only consider even-order Hamiltonian systems.

According to the results of Atkinson, the system (1.1) has at least k—indepen-
dent solutions of square integrable, where n < k < 2n. If £k = 2n it is called
limit-circle case. This case has been studied by many authors (for example see,
[7]-[14], [19]. In this paper we assume that the system (1.1) is in limit-circle case
at the singular point b.

An efficient approximation to the problems containing transmission conditions
has been given by Mukhtarov and his colleguaes [16], [17], [22]. This new approx-
imation allows one to understand the geometrical meaning of the Hilbert space
with the special inner product. Each problem needs to be considered a special in-
ner product. However, in this work using this idea of Mukhtarov and his colleagues
we introduce a new inner product for the Hamiltonian system with transmission
conditions that contains several even-order Sturm-Liouville equations as well as
Dirac type equations and we investigate the spectral properties of the correspond-
ing boundary value transmission problem. At the end of the work we give a specific
example to make the results clear.

Finally we should note that to indicate the solution of the Equation (1.1) we
will use the notation Y (x,\). However, when A = 0 we will use the notation
Y (z) := Y (z,0) for brevity.

2. Boundary value transmission problem. We denote by H = Lil(a7 c)®
L%, (¢, b) the Hilbert space consisting of all functions ¥ such that

b
/ Y*AY dx < oo

with the usual inner product
b
Y, 2) = / Z*AY dx,

where Z* denotes the conjugate transpose of the vector Z and

e A1, x € [a,c),
T Ag, T €(c,b).

We assume for all A € C and nontrivial solution Y'(z,\) of (1.1) that the
inequality

b
/ Y*AYdx >0

holds [1], p. 253.
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Let ¢ denote the differential expression with the rule
(Y)=JY' - BY.

Now we consider the subspace D of H that consists of those vectors Y € H
such that Y is locally absolutely continuous on [a,¢) and (¢, b) satisfying

LY)=AF, z €[a,c)U(c,b),
where F' € H. We define the maximal operator L on D as
LY =F, YeD, Fe H.

For the vectors Y, Z € D we obtain the following Green’s formula
b
* * * c— * b
(2.1) / (Z*A(LY) = (LZ)*AY |dx = Z*JY | +ZJY |},

where Z*JY |§7: (Z*JY) (&) — (Z*JY) (n).

(2.1) particularly implies for Y, Z € D that the value (Z*JY) (b) exists and is
finite.

Since b is a singular point for (1.1) there must exist k—independent solutions
which are square integrable on the interval [a,c) U (¢,b), where n < k < 2n. We
assume that k = 2n. In other words, we assume that limit-circle case holds at b for
(1.1).

The assumptions on J, A and B and the system (1.1) allow us to consider a
fundamental matrix-function. Indeed, let

_ [ Wi 2), @ €a0),
yl(xv/\) - { y2(1'7>\), xT € (va)v

be an 2n x 2n matrix solution of (1.1) satisfying
_[af a3
(2.2) Vi(a,\) = [ o o }
and
Valet,A) = M1 Yi(c—, ),
where aq, ae are real n x n matrices satisfying rank(ai, as) = n and

a1af + agas =1,
ajay — aga] =0,

and M is an 2n x 2n matrix of the form

My Mo }

M =
[ Msy  Maa

Here M;; (1 <1, j < 2) are real nxn matrices such that M}, = M;j with My Mz =
Mo My, and MioMss = Moo My5. Finally we assume that § := det M > 0. Now we
may introduce the following.
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HypoOTHESIS 2.1. We have the following:

(1) M*JM =4J,

(i) MaaMyy — M12May =61,

(i31) Myy Moy — Moy My = 01

This hypothesis is meaningful. In fact, consider the expression
(2:3) M*JM
or

[ — M My, + My My —Miy Moy + M3y My |

2.4
@4 | — M5 Moy + M3y My —MiyMas + My Mo |

(2.4) is equivalent to

[0 — M1 Mag + Mo My |

2.5
(2:5) | —MiaMay + Moo My 0

Our assertion is that (2.5) can be regarded as

(2.6) 5[ ? al ] =4J.

This equivalence comes from the results of Silvester [20]. In fact, since My1Ma =
Mo M7, we have

(2.7) det M = det(My1 My — Moy Mi»)

and since M3 Moo = MosMio we get

(2.8) det M = det(Mas My — MysMay).

Using (2.7) and (2.8) it is seen that (2.5) can be regarded as (2.6). Therefore (2.3)
is identical with (2.6).
We shall set the following

Vr(z,A) = [ O-(x, A dr(x,N) ] ,r=1,2,
where

91(1’7)‘)7 T € [a,c), ¢1(1”>‘)’ T e [CL,C),
0z, A) :{ Oo(z N,z e (c), PN :{ bo(z.)), 7 € (c.b).

Taking A = 0 we obtain the real solution
Ve i=Yr(x) := Yr(2,0) = [ 0.(x) o¢r(x) ] , r=12.
LEMMA 2.2. For x € [a,c) we have
VidV = J,
and for x € (¢,b) we have

J
ngyzig-
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Proof. Y1(x) satisfies the equation
(2.9) JY{ = BY1, x € [a,c),
while Vs (x) satisfies the equation
(2.10) JYy = BYs, x € (¢,b).
From (2.9) we obtain
(2.11) ~V{'J=Y{B, x € la,c).
Then (2.9) and (2.11) imply
(2.12) ViJY1 = Ch, z € [a,c),
where Cj is a constant. Using the initial condition (2.2) and (2.12) we obtain
YiJ = J.
Now from (2.10) we obtain
(2.13) =V’ =YiB, x € (c,b).
(2.10) and (2.13) give
(2.14) YV3JY2 = Ca, x € (c,b),
where C5 is a constant. The condition
Vaolet) = MY (c—)
gives
(2.15) V3 () IVa(e+) = Vi (e=) (M=) IM1Y) (c=).

On the other side of the equation given in Hypothesis 2.1. (i) we obtain

(2.16) (M*) P M = %.
. . 5 T Vy= i :
(2.14)-(2.16) show Y3 JYr=J/§ and this completes the proof O

Note that 6(x) and ¢(z) are the solutions of
JY' = BY, x € [a,c) U (c,b),

and they belong to H and D. This implies for arbitrary vector-function ¥ € D
that the values (0*JY)(b), (¢*JY)(b) exist and are finite.
We set 2n x n vector function V' (x) as follows

Vi) =0 . |
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where H is a complex n X n matrix such that the entries h;; are complex numbers
and h;; are real numbers (i # j), 1 < i,j <n, H' = H and ImnH > 0. Here ¢
denotes the transpose of the matrix.

Now we may introduce the boundary-value-transmission problem as follows

(2.17) LY =)\Y, Y €D, z € [a,¢) U(c,b),
(2.18) [ a1 az |Y(a)=0,

(2.19) Y(c—) = MY (c+),

(2.20) (V*JY)(b) = 0.

One of our aim is to investigate the spectral properties of the problem (2.17)-
(2.20). Before investigating the problem we shall introduce another representation
of (2.20). For this purpose we shall define the following S—transformation

(2.21) (SY) (z) =Y N (2)Y (2)
where 5
1Y
sy [57]

Here S1Y is an n x 1 vector and S5Y is an n x 1 vector.

LEMMA 2.3. The condition (2.20) may be replaced with the following
(S2Y) (b) — H ($1Y) (b) = 0,

where Y € D.

Proof. One has

(2.22) V= —6JY*J, x € (c,b).

Using (2.21) and (2.22) we obtain

(2.23) %JSY = V*JY, 2 € (c,b).

Therefore (2.23) implies that

S Y
(2.24) Sy

ST 1] §Y = e @ aEY @) - 1),

Since § > 0 passing to the limit as  — b (2.24) implies the result. O
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3. Dissipative operator. In this section, first of all, we shall introduce a suit-
able inner product for the problem (2.17)-(2.20).

Now let us consider the following inner product in the Hilbert space H =
L3 (a,¢) & L7 (c,b)

c b
Y, Z),, :/ ZfAlYld:erJ/ 75 AyYada.
Consider the subspace D(L) consisting of all vector-functions Y € D such that
LY € H and Y satisfies (2.18)-(2.20). We construct the operator £ on D(L) as
LY =LY, x € [a,c) U (c,b).

Then the equation
LY = )Y, x € [a,c) U (¢, b)

coincides with the problem (2.17)-(2.20).
Then we have the following.

THEOREM 3.1. T is dissipative in H.
Proof. LetY € D(L). Then
(3.1) (LYY )y — (Y, LY )y = Y JY |5 +6Y*JY |2, .
Since Y € D(L) one may regard that Y satisfies the following condition at a
a0
Y(a)* |: —O[{ O:|Va

where v is a 2n x 1 vector. Therefore we have

(3.2) (Y*JY) (a) = 0.

Moreover from transmission conditions we get

(3.3) Y*JY) (=)= (Y*"M*"IMY) (c+) =5 (Y*JTY) (c+).
Since

(Y*JY) (b) =6 [(SY)" J (SY)] (b)

we have

(84)  (YUIY)(B) =67 [(S2Y)" (1) (1Y) () — (S1Y)" (B) (S2Y) ()] -
Therefore Lemma 2.3 implies

(3.5) (Y*JY) (b) =61 (S1Y)" (b)2i Im H* (S1Y) (b).

(3.1)-(3.5) give
(3.6)
Im (LY.Y) ;= ($1Y)" () Im H* (1Y) (b) = (Im H ($1Y) (b), (S1Y) (b)) cn »

where (.,.)cn denotes the inner product in C". Therefore (3.6) completes the proof.
O
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COROLLARY 3.2. All eigenvalues of L belong to the open upper half-plane.

Proof.  This follows from Theorem 3.1 and (3.6). O

COROLLARY 3.3. Zero is not an eigenvalues of L.

Now we shall find the inverse of £. In other words, we shall solve the equation
(3.7) LY =F, z € la,c)U(c,b),
where Y € D(L), F € H and

v Y1, z € [a,0), P Fi, x € [a,c),
T\ Yo, z € (¢,b), T Fy, z € (e,b).

Let Y1 = V1D (z € [a,¢)) and Y3 = VoDy (z € (¢, b)), where Dy and Do are
constants. Using the method of variation of constants we have

(3.8) JW D} = A Fy, z € [a,c),
and
(39) JygDé = ‘/42.1?27 xr € (C, b)

Using Lemma 2.2 we get

(310) _Jy]ik*]yl = 12717 T e [G,C),
and
(3.11) —0JYV3JY2 = Ian, x € (c,b),

where I, denotes the 2n x 2n identity matrix. Therefore (3.8), (3.10) and (3.9),
(3.11) imply that

Dy = —-JY{AF1, z € [a,c),

D/Q = 76:]3};142}72, xr € (C7 b)

Hence we obtain

(3.12) Y =-) /x JY{ A1 Fids + Y1 Ky, @ € [a, 0),
and

(3.13) Yo =—0)s /L JY5 Ao Fods + Vo Ko, x € (c,b).
Since

{8‘1 32 }Y(a)—O
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we have

(3.14) [

O~
o o

] K, =0.
Now we construct

00 .. 00 1., v
|:I H :|y2J}/2_—(S|: I H}yQJygl Jy2A2F2d8

+[ (]), OH :|ngng2, S (C,b).

Now passing to the limit as x — b we obtain

0 0 b 1o o

Transmission conditions give
~V1(c-) / JYVi A Fudz + Vi (c—) K1 = MYs(c+) K,

and therefore
(3.16) Ky =Ky — / JYVi A Fydz.
Using (3.15) and (3.16) we obtain
(3.17)

= ] iana s G ] [ b
Substituting (3.14) into (3.17) we get

(3.18)

I 0 0o o0 ] /¢ 00 b,
|:H —I:|K1: |: o —J L JyfA1F1d$—5|: T H:|L yQAngdx.

Note that the inverse of the coefficient of K; is itself. Therefore (3.18) gives

T0 0 . To 0 ..
(319) Kl = I H yl A1F1d$ + 1 I H y2 AQFQdI.
Using (3.19) in (3.16) we get

‘To I .. To o X

Consequently, (3.12), (3.13), (3.19), (3.20) give

x c b
Y = Vl/ p1 AL Fids + ¢1/ Vi"A1 Fids + 5¢1/ V3 Ay Fodx, o € [a, c),
a xT C
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and
T b b
Y5 :(5V2/ ¢;A2F2d8+(5¢2/ V;AQFQdS-i-‘/Q/ qbiAlFldx, xr € (C7b).
c z c

Therefore the solution Y (z) of (3.7) is obtained as

where

<s<z<
G(z,s) _{ P(x)V*(s), a <z <s<b.

Let us construct the operator
RF = (G(z,5),F(s)),,,
where F' € H. Then R is the inverse of L.

4. Completeness theorems. In this section we shall give some definitions and
results that we will use.

A complex parameter p is called a regular point of the operator T if T'— ul is
invertible. Consider that T is a closed linear operator that has at least one regular
point. A linear operator T} is said to be T'—completely continuous if D(T") C D(T})
and if for some regular point po of the operator T' the operator T7(T — pol) is
completely continuous. In particular, if u = 0 is a regular point of the operator T’
then the operator T is T—completely continuous if and only if D(T') C D(T}) and
T,T~! is completely continuous.

We denote by &, (1 < p < 00) the set consisting of all completely continuous
operators T for which

S W(TT) < o,
Jj=1

where 11;(T*T) denotes the jth eigenvalue of T*T.

THEOREM 4.1. ([5] (p. 276)) Let A= L+T, where L is selfadjoint operator with
a discrete spectrum, and T' is an L— completely continuous operator such that

- Inn
T [ (L ATL 1) (L TL )]

< 0.

Then the entire spectrum of the operator A consists of normal eigenvalues. For
any € > 0 all of them, with the possible exception of a finite number, lie in the
sectors

—e<argpu<e m—e<argpu < m+e.

The system of root functions of the operator A is complete in the Hilbert space.
COROLLARY 4.2. ([5] (p. 277)) The system of root functions of the operator

A = L+ K is complete whenever L is a selfadjoint operator with a discrete
spectrum and K belongs to some &,,.
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THEOREM 4.3. ([25]) Assume that a densely defined operator T' is invertible and
has a dense range. If E and F are linear complements of

{fye D(T)ND(T™) : Ty =T"y}

in D(T) and D(T*), respectively, then the range of the imaginary part of inverse
of T is contained in £ ® F.

Now let us consider the operator
—R=—-R; — iRy,

where R; is the real part of R and Rs is the imaginary part of R. We should note
that R; is the inverse of the operator 77 which is generated by

LY =Y, x € [a,c) U (c,b),

[ a1 az |Y(a)=0,
Y(c—) = MY (c+),
(VRJY)(b) = 0,
where
Ve=Y I
Rr= ReH* |-
Note that R and R; are Hilbert-Schmidt operators. Moreover, R; is selfadjoint

operator and Ry is a finite rank operator. Therefore from Corollary 4.2 we may
introduce the following.

THEOREM 4.4. All root functions of —R (also R) are complete in H.
Consequently we may introduce the following results.

THEOREM 4.5. All eigenvalues of the operator £ having finite multiplicity belong
to the open upper half-plane without any finite point of accumulation. Moreover,
all eigenfunctions and associated functions of £ span the Hilbert space H.

5. Conclusion and remarks. In this paper, we consider general abstract first-
order differential equation together with suitable boundary and transmission con-
ditions which contains several ordinary even-order differential equations as well as
even-order matrix differential equations and it seems that the construction of such
a transmission condition and boundary condition at the singular point is new.

To be more precise we shall consider the following fourth-order equation

(5.1) (2y")" — (1Y) + qoy = Awy, € [a,c) U (c,b),

where ¢, q1, g2, w are real-valued, locally integrable functions on each [a,c) and
(c,b) and A is a complex parameter. We assume that a,c are regular and b is
singular for (5.1) and (5.1) is in limit-circle case at b. This assumption is meaningful
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because there are several sufficient conditions for which the equation (5.1) is in
limit-circle case at a singular point. For example, Devinatz showed that [4] the
following equation

Yy —m(@y') +naty =Xy
has four linearly independent solutions of square integrable on a semi-infinite in-
terval provided that & = 2, v > 2/3 and m & (m? — 4n)'/2 < 0.

Here H = L2, (a,c) ® L2, (c,b), where

[ w1, x €a,0),
YT wa, x € (¢, b).

Equation (5.1) can be embedded into (1.1). In fact, (5.1) is equivalent to the
following

00 —1 0 ylO)
000 -1 yl! B
100 0 g8 | =
2]
(5.2) \0 1.0 0 y 0
w 0 0 0 —q O 0 0 y”
0 000 0 —q¢ 10 yl
Mo oool|t|lo 1 0o YB3
| \0 00 0 0 0 0 ¢ yl2
or

t
JY' =M+ B]Y, Y = (y[oly[”,ym’ym) :

where ¢ stands for the transpose of the vector, yl9 =y, y!*! = ¢/, y = gy and
B = —(q2y") + a1y’

Let
aﬁ(sz) 0[2(177)‘) ¢1(xa)‘) ¢2(‘T7>‘)

Yy = | O @Y Gi@ A e ) 6 ()
T,\) =

egmw eg<x7x> g@c,A) ¢>%<x,x>

91 (13,)\) 02 (:177)‘) 1 (’I,)\) ¢2 (xﬂ/\)

be the fundamental matrix for (5.2) satisfying the condition

Y(a,A) = { o ol ]

ay o
where oy, ag are real 2 X 2 matrices satisfying

aja] + azos =1,
ajal — azal =0,

I is the 2 x 2 identity matrix.
Let
M— [ My Mo }

My Mao
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be a real 4 x 4 matrix such that

mi1 Mmi2 mi3 Mi4
My = ; Mg = )
mi2 M1l mi4 M3
mi2 —mi1 miq —mis
My = , My = ,
—mi1  Mi2 —mi3 MMi4
where det M > 0. Since
2(migmi1 — mizmiz) 0
Moo My — MyaMsoy = 0 9
(migmi1 — myzmaz)

we set § = 4(mygmi; — mizmyz)?.
Adopting the notation Y(z) := Y(z,0) we set

01 + hig1 + koo 02 + ko1 + hado
O+ Tl + kol o + kgl + gl
0 4 gl + kol 60 4 kgl Byl

2 07 + ol + ks 05 + kol + Tagl)
where h1, ho are complex numbers such that Imh; > 0, Imhy > 0 and k is a real
number.

Consequently the boundary-transmission conditions subject to the equation
(5.1) can be given as follows

(5.3) [ a1 az | y[s
[

y(C ) = mny(c—F) + mlgy[ ](C+) + m14y[ ](C+) + m13y[ ](C—F)
(=) = mizy(c+) + muryt(e+) + masy® (c+) + migyBl(c+),

G4 Yy ( 2
y! ](C—) = —mny(c+) + mi2y! ](C+) + magyl ](C+) mazyl ](C+)7
yBl(e=) = miay(e+) — muyM(e+) — masy®(e+) + miayPl(e+),
00 -1 0 y[(alc)
. 000 -1 U(z)
(5:5) Vi@ 1 1 9 0 o [31 (z)
010 0 y[2l (z)
o [ 900@) + il 1)) + Ky, 62] (@)
(5:6) = I [y 62)(2) + kly, 61)(2) + haly, éal(z) | =

where hq, ho are complex numbers such that Imh; > 0, Imhs > 0 and £k is a real
number. Then we may introduce the following results.

THEOREM 5.1. All eigenvalues of the problem (5.1), (5.3)—(5.5) having finite mul-
tiplicity belong to the open upper half-plane without any finite point of accumu-
lation. Moreover, all eigenfunctions and associated functions of the problem (5.1),
(5.3)—(5.5) span the Hilbert space H.
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