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Abstract In this manuscript, we have obtained closed form solution using Laplace transform,

inversion algorithm and convolution theorem. The study of mass transfer flow of an incompressible

fluid is carried out near vertical channel. Recently, new classes of differential operators have been

introduced and recognized to be efficient in capturing processes following the decay law and the

crossover behaviors. For the study of heat and mass transfer, we applied the newly differential oper-

ators say Atangana-Baleanu ðABCÞ and Caputo-Fabrizio ðCFÞ to model such flow. This model for

temperature, concentration and velocity gradient is presented in dimensionless form. The obtained

solutions have been plotted for various values physical parameters like a;Df;Gm;Gr;Sc and Pr on

temperature and velocity profile. Our results suggest that for the variation of time the velocity

behavior for CF and ABC are reversible. Finally, an incremental value of prandtl number is

observed for decrease in the velocity field which reflects the control of thickness of momentum

and enlargement of thermal conductivity. Further, dynamical analysis of fluid with memory effect

are efficient for ABC as compared to CF.
� 2020 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Heat and mass transfer left a significant impact on non-
Newtonian fluid. The flow of non-Newtonian fluids under
assumption of heat generation analyzed in different applica-

tions of engineering. The engineering processes find numerous
ation to

http://creativecommons.org/licenses/by/4.0/
mailto:tauseefsaeed301@gmail.com
https://doi.org/10.1016/j.aej.2020.02.012
https://doi.org/10.1016/j.aej.2020.02.012
http://www.sciencedirect.com/science/journal/11100168
https://doi.org/10.1016/j.aej.2020.02.012
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.aej.2020.02.012


2 S.T. Saeed et al.
application on heat and mass transfer in a flow fluid across
channel such as fire engine, nuclear energy, petroleum reser-
voir and transport phenomena. In many systems, the com-

bined effect of temperature and concentration forces often
used in modeling of transport phenomena. Furthermore elec-
tric circuits, heat exchanger, solar panels and thermal protec-

tion system are major application of heat transfer which
directed impact on fluid system and its geometry [1–8].
Recently, changes in temperature has significant role in free

convection flow. Magnetic field effect on infinite plate with
heat and mass transfer by convection flow discussed by Cham-
kha et al. [9]. Further, Chamkha et al. [10] analyzed the lami-
nar and convection flow with heat and concentration field

inside the rectangular enclosure. In the presence of heat radia-
tion in MHD convective flow through permeable surface with
ramped wall temperature investigated by Ismail et al. [11].

Influence of heat effect on electrically and chemically fluid
under vertical channel investigated by Umavathi et al. [12].
Chamkha et al. [13] presented the micropolar fluid on heated

vertical preamble surface under effect of chemical and radia-
tion parameter. The solution of PDE for heat generation can
be obtained by using implicit finite difference schemes.

Soret and Dufour reaction are two significant circum-
stances in the process of heat and mass transfer. Concentration
and temperature profile generate Dufour and Soret effect
respectively. Both effects are used to discuss the Fick’s law.

The analytical solution of free convection flow to mass transfer
in upended channel with consideration of Dufour effect dis-
cussed by Jha et al. [14]. Impact of heat radiation and chemical

reaction on viscous incompressible nano-fluid through a
preamble surface with Dufour and Soret effect investigated
by Reddy et al. [15]. Narahari et al. [16] presented the solution

of natural convection flow with ramped wall temperature in
the presence of thermal and mass diffusion between the paral-
lel plates. Furthermore, Author [17] discussed the influence of

ramped wall temperature, heat and chemical reaction on fluid
convection flow over infinite plate. He notice that the velocity
profile decrease in the case of chemical reaction, inclination of
angle and heat source increase.

In fluid dynamics, fractional derivatives models have been
analyzed for viscoelastic materials, such as glassy state and
polymers. Recently, different real life problems have been dis-

cussed through fractional time derivative operator, namely
Caputo-Fabrizio ðCFÞ time fractional derivative and
Atangana-Baleanu ðABCÞ time fractional derivative [18–20].

Fractional calculus is an emerging field which is based on dif-
ferent types of kernels. The main significance of kernels is to
provide a better description of the dynamics among complex
systems, for instance, collecting the memory at whole and par-

tial domain of certain processes. The non-locality of the new
kernel analyzed the memory structure with alternate scales.
Furthermore, the study of thermal sciences with non-local

exchange plays an important role in non-singular kernel frac-
tional derivative. CF and ABC time fractional operators dis-
cussed with non-singular kernel [21,32]. Fahd et al. [34]

discussed the classification of ordinary differential equations
in the frame of Atangana-Baleanu fractional derivative. Fur-
ther authors [33] investigate the existence theory and numerical

solutions to smoking model using Caputo-Fabrizio fractional
derivative.

Recently, Riaz et al. [22] investigate the effect of ramped
wall velocity on MHD fractional Oldroyd-B fluid using frac-
Please cite this article in press as: S.T. Saeed et al., A mathematical study of natural
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tional time derivative operators. furthermore, Authors [23]
investigate the influence of chemical reaction with ramped tem-
perature condition on MHD free convection flow over a verti-

cal plate using non-singular kernel. The solution of MHD
Oldroyd-B fluid with time dependent boundary conditions
using classical model and fractional operators analyzed by

Riaz et al. [30]. The mass transfer has the impact on rate of
heat transfer and mass transfer depends upon concentration
differences. Imran et al. [24] applied Caputo derivative on dif-

ferential type fluid and investigated solutions for temperature,
concentration and velocity. Heat and mass transfer analysis
for second grade fluid with thermophoresis and thermal radia-
tion analyzed by Das et al. [25]. Ali [35] discussed the novel

method for a fractional derivative with non-local and non-
singular kernel. Furthermore, the solutions of the linear and
nonlinear differential equations within the generalized frac-

tional derivatives is investigated by Ali et al. [36]. Some
remarkable work regarding heat and mass transfer phenomena
for viscous fluid has been done by researchers [26–29].

The aim of present article to analyze the closed form solu-
tion for unsteady free convection under the presence of mass
transfer with Dufour effect. CF and ABC modern fractional

operator are used to governs the flow of fluid using partial dif-
ferential equations ðPDEÞ. LT is used to determine the solu-
tion of given PDE for concentration, temperature and
velocity profile by satisfying IC0s and BC0s of non-integer

order derivatives. To see the behavior of fluid flow, fractional
order model is good to explain the dynamics and memory
effect with respect to classical model. Closed form solutions

investigate in this article are interpreted graphically and com-
putationally by software Mathcad-15 to study the impact of
different pertinent parameters.

2. Fractional formation of natural convection flow through a

channel

Free convection and mass transfer fluid flow in a vertical chan-
nel are considered with Dufour effect. Let x-axis be the vertical
direction in which initial temperature T�

1 and C�
1 are consider

as a constant on both plates when t� � 0. Here, a condition is
invoked for fluid to be at rest between two bounding walls, this

is because a Dufour effect with systems of equations shows the
influence of temperature and concentration. Meanwhile, at

t� ¼ 0þ, concentration and temperature are given as

C�
1 þ ðC�

0
þC�1Þt
t0

and T�
1 þ ðT�

0
þT�1Þt
t0

. We set the physical quantities

on spatial y� and time t� variables between two walls having
infinite length. Within such assumptions, governing equations

under Boussinesq’s approximation with Dufour effect are
derived as:

@u

@t
¼ t

@2u

@y2
þ gbT� gbT1 þ gbC� gbC1; ð2:1Þ

@T

@t
¼ a

@2T

@y2

� �
þD� @2C

@y2

� �
; ð2:2Þ

@C

@t
¼ Dm

@2C

@y2

� �
; ð2:3Þ

subject to following employed conditions as defined below

u y; 0ð Þ ¼ 0;T y; 0ð Þ ¼ T1;C y; 0ð Þ ¼ C1; ð2:4Þ
convection flow through a channel with non-singular kernels: An application to
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u y; tð Þ ¼ Uo cosðwtÞ;T y; tð Þ ¼ Tw;C y; tð Þ ¼ Cw; ð2:5Þ

u y; tð Þ ! 0;T y; tð Þ ! T1;C y; tð Þ ! C1: ð2:6Þ
In order to avoid lengthiness and exaggerations among gov-
erning equations, we introduce the dimensionless functions

and parameters in Eqs. (2.1)–(2.6) as illustrated below:

y� ¼ y

l
; u� ¼ u

uo
; t� ¼ t

t0
; t0 ¼ l2

t
; h ¼ T� T1

Tw � T1
; ð2:7Þ

/ ¼ C� C1
Cw � C1

;Sc ¼ t
Dm

;Pr ¼ t
a
: ð2:8Þ

The optimal format of set of dimensionless governing equa-

tions have been obtained in terms of non-fractional
approaches, we have

@u

@t
¼ @2u

@y2
þ Grhþ Gm/; ð2:9Þ

@h
@t

¼ 1

Pr

@2h
@y2

� �
þDf

Pr

@2/
@y2

� �
; ð2:10Þ

@/
@t

¼ 1

Sc

@2C

@y2

� �
; ð2:11Þ

with appropriate conditions

u y; 0ð Þ ¼ h y; 0ð Þ ¼ / y; 0ð Þ ¼ 0; y P 0; ð2:12Þ

u y; tð Þ ¼ cosðwtÞ; h y; tð Þ ¼ / y; tð Þ ¼ 1; y ¼ 0; ð2:13Þ

u 1; tð Þ ¼ h 1; tð Þ ¼ / 1; tð Þ ¼ 0; y ! 1: ð2:14Þ
2.1. Development of governing equations in terms of CF
derivative

Before developing the non-fractional governing equations in
terms of fractional differential operator, we define the time

fractional differential operators with its Laplace transform.
The CF and its Laplace in Caputo sense is defined as [31]

CFD1
t h y; tð Þ ¼ 1

1� 1

Z t

0

exp � 1ðt� 1Þ
1� 1

� �
@hðy; sÞ

@s
ds; 0

< 1 < 1: ð2:15Þ
The LT of CF derivative is

L CFD1
t h y; tð Þ� � ¼ sL hðy; tÞð Þ � hðy; 0Þ

ð1� 1Þsþ 1
: ð2:16Þ
2.2. Development of governing equations in terms of ABC
derivative

In this context, The ABC derivative and its Laplace in Caputo
sense is defined as [31]

ABCD1
t h y; tð Þ ¼ 1

1� 1

Z t

0

E1 � 1ðt� 1Þ1
1� 1

� �
@hðy; sÞ

@s
ds: ð2:17Þ

The LT of ABC derivative is

L ABCDa
t h y; tð Þ� � ¼ s1L hðy; tÞð Þ � s1�1hðy; 0Þ

ð1� 1Þs1 þ 1
: ð2:18Þ
Please cite this article in press as: S.T. Saeed et al., A mathematical study of natural
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3. Optimal solutions based on modern fractional approaches

3.1. Fractional optimality of concentration via CF derivative

Generating Eq. (2.11) for the fractionalized form, we imposed
Eq. (2.15) on Eq. (2.11), we arrive at

@a/
@ta

� 1

Sc

@2C

@y2

� �
¼ 0; ð3:19Þ

Eq. (3.19) can be manipulated by means of several methods
but we prefer to employee a powerful technique namely
Laplace transform on Eq. (3.19) with imposed conditions as

discussed in Eqs. (2.12)–(2.14). This mathematical process is
resulted the suitable expression as

Sc

q

q� aqþ a

� �
�/ y; qð Þ ¼ @2�/ y; qð Þ

@y2
: ð3:20Þ

The second order partial differential equation say (3.20) can
have the incomplete solution as investigated in Eq. (3.20)

�/ y; qð Þ ¼ c1e
�y

ffiffiffiffiffiffiffiffiffi
Scq

q�aqþa

p
þ c2e

y
ffiffiffiffiffiffiffiffiffi
Scq

q�aqþa

p
: ð3:21Þ

With the help of boundary conditions for concentration, c1
and c2 can be traced out in the following equation:

�/ y; qð Þ ¼ e
�y

ffiffiffiffiffiffiffiffiffi
Scq

q�aqþa

p
q

: ð3:22Þ

Inverting an exponential equation through Laplace transform
subject to the an Appendix (A1), we get final solution of con-

centration equation as:

/ y; tð Þ ¼ 1� 2cSc

p

Z 1

0

sinðysÞ
sðcSc þ s2Þ e

�acts2

cScþs2

� �
ds: ð3:23Þ

Here, c is letting parameter can be taken as c ¼ 1
1�a.

3.2. Fractional Optimality of Temperature via CF derivative

Generating Eq. (2.10) for the fractionalized form, we imposed
Eqs. (2.15) and (2.16) on Eq. (2.10), we arrive at

q

q� aqþ a

� �
�h y; qð Þ ¼ 1

Pr

@2�h y; qð Þ
@y2

� �

þDf:Sc

Pr

q

q� aqþ a

� �
�/ y; qð Þ: ð3:24Þ

The solution of second order partial differential equation say

(3.20) is analyzed as:

�h y; qð Þ ¼ c1e
y
ffiffiffiffiffiffi
cPrq
qþac

p
þ c2e

�y
ffiffiffiffiffiffi
cPrq
qþac

p
� A1

q
e
y
ffiffiffiffiffiffi
cScq
qþac

p
: ð3:25Þ

With the help of boundary conditions for temperature, con-
stants c1 and c2 can be traced out in the following equation:

�h y; qð Þ ¼ 1

q
e
�y

ffiffiffiffiffiffi
cPrq
qþac

p
þ A1

q
� e

�y
ffiffiffiffiffiffi
cPrq
qþac

p
� e

y
ffiffiffiffiffiffi
cScq
qþac

p� �
: ð3:26Þ

Inverting an exponential equation through Laplace transform
subject to the an Appendix (A1), we get final solution of tem-

perature equation as

h y; tð Þ ¼ d y; t; cPr; cað Þ þ A1

� d y; t; cPr; cað Þ � d y; t; cSc; cað Þð Þ: ð3:27Þ
convection flow through a channel with non-singular kernels: An application to
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3.3. Fractional optimality of velocity field via CF derivative

Generating Eq. (2.9) for the fractionalized form, we imposed
Eqs. (2.15) and (2.16) on Eq. (2.9), we arrive at

q

q� aqþ a
�u y; qð Þ ¼ @2�u y; qð Þ

@y2
þ Gr � �h y; qð Þ þ Gm � �/ y; qð Þ;

ð3:28Þ

by substitution of �h and �/ into (3.28). With minor simplifica-
tion, we get:

�u y; qð Þ ¼ c1e
y
ffiffiffiffiffiffi
cq

qþac

p
þ c2e

�y
ffiffiffiffiffiffi
cq

qþac

p
� B1ðqþ acÞ

q2
e
y
ffiffiffiffiffiffi
cPrq
qþac

p

� B2ðqþ acÞ
q2

e
y
ffiffiffiffiffiffi
cPrq
qþac

p
þ B3ðqþ acÞ

q2
e
y
ffiffiffiffiffiffi
cScq
qþac

p

� B4ðqþ acÞ
q2

e
y
ffiffiffiffiffiffi
cScq
qþac

p
: ð3:29Þ

With the help of boundary conditions for velocity field, c1 and
c2 can be traced out in the following equation:

�u y; qð Þ ¼ q

q2 þ w2

� �
e�y

ffiffiffiffiffiffi
cq

qþac

p

þ B1

q
e�y

ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cPrq
qþac

p� �

þ B1ac
q2

e�y
ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cPrq
qþac

p� �

þ B2

q
e�y

ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cPrq
qþac

p� �

þ B2ac
q2

e�y
ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cPrq
qþac

p� �

� B3

q
e�y

ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cScq
qþac

p� �

� B3ac
q2

e�y
ffiffiffiffiffiffi
cq

qþac

p
� ey

ffiffiffiffiffiffi
cScq
qþac

p� �

þ B4

q
e�y

ffiffiffiffiffiffi
cq

qþac

p
� ey

ffiffiffiffiffiffi
cScq
qþac

p� �

þ B4ac
q2

e�y
ffiffiffiffiffiffi
cq

qþac

p
� e

y
ffiffiffiffiffiffi
cScq
qþac

p� �
: ð3:30Þ

Inverting an exponential equation through Laplace transform

subject to the an Appendix (A2)–(A5), we get final solution for
velocity equation as:

u y; tð Þ ¼ cosðwtÞ � 1

t
� Nðy; t; c; ca; 0Þ

þ B1 Nðy; t; c; ca; 0Þ � Nðy; t;Prc; ca; 0Þð Þ
þ B1ac #ðy; t; c; acÞ � #ðy; t; cPr; caÞð Þ
þ B2 Nðy; t; c; ca; 0Þ � Nðy; t;Prc; ca; 0Þð Þ
þ B2ac #ðy; t; c; acÞ � #ðy; t; cPr; caÞð Þ
� B3 Nðy; t; c; ca; 0Þ � Nðy; t;Scc; ca; 0Þð Þ
� B3ac #ðy; t; c; acÞ � #ðy; t; cSc; caÞð Þ
þ B4 Nðy; t; c; ca; 0Þ � Nðy; t;Scc; ca; 0Þð Þ
B4ac #ðy; t; c; acÞ � #ðy; t; cSc; caÞð Þ: ð3:31Þ
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3.4. Fractional optimality of concentration via ABC derivative

Generating Eq. (2.11) for the fractionalized form, we imposed
Eqs. (2.17) and (2.18) on Eq. (2.11), we arrive at

Sc

qa

qa � aqa þ a

� �
�/ y; qð Þ ¼ @2�/ y; qð Þ

@y2
: ð3:32Þ

The second order partial differential equation say (3.32) can
have the incomplete solution as investigated in Eq. (3.32)

�/ y; qð Þ ¼ c1e
�y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc

qa

qa�aqaþa

� �q
þ c2e

y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc

qa

qa�aqaþa

� �q
: ð3:33Þ

With the help of boundary conditions for concentration field,
c1 and c2 can be traced out in the following equation:

�/ y; qð Þ ¼ 1

q
e
�y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc

qa

qa�aqaþa

� �q
: ð3:34Þ

The above solution (3.34) can written in more appropriate
form

�/ y; qð Þ ¼ 1

q1�a

e
�y

ffiffiffiffiffiffiffiffiffi
c1Scq

a

qaþc1a

q
qa

: ð3:35Þ

Inverting an exponential equation through Laplace transform
subject to the an Appendix (A6)–(A10), we get final solution

for concentration field as:

/ y; tð Þ ¼ hðt; aÞ � vðy; t; c1; c1a; 0Þð Þ; ð3:36Þ
where c1 is letting parameter can be taken as c1 ¼ 1

1�a.

3.5. Fractional optimality of temperature via ABC derivative

Generating Eq. (2.10) for the fractionalized form, we imposed
Eqs. (2.17) and (2.18) on Eq. (2.10), we arrive at

qa

qa � aqa þ a

� �
�h y; qð Þ ¼ 1

Pr

@2�h y; qð Þ
@y2

� �

þDf:Sc

Pr

qa

qa � aqa þ a

� �
�/ y; qð Þ:

ð3:37Þ
The second order partial differential equation say (3.37) can

have the incomplete solution as investigated in Eq. (3.37)

�h y; qð Þ ¼ c1e
y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
þ c2e

�y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
� A1

q
e
y

ffiffiffiffiffiffiffiffiffi
c1Scq

a

qaþac1

q
: ð3:38Þ

With the help of boundary conditions for concentration field,
constants c1 and c2 can be traced out in the following equation:

�h y; qð Þ ¼ e
�y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
q

þ A1

q
� e

�y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
� e

y

ffiffiffiffiffiffiffiffiffi
c1Scq

a

qaþac1

q0
@

1
A; ð3:39Þ

�h y; qð Þ ¼ 1

q1�a

e
�y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
qa

þ A1

q1�a
� e

�y

ffiffiffiffiffiffiffiffiffi
c1Prq

a

qaþac1

q
qa

� e
y

ffiffiffiffiffiffiffiffiffi
c1Scq

a

qaþac1

q
qa

0
BB@

1
CCA:

ð3:40Þ
Inverting an exponential equation through Laplace transform
subject to the an Appendix (A6)–(A10), we get final solution
for temperature as:
convection flow through a channel with non-singular kernels: An application to
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h y; tð Þ ¼ hðt; aÞ � vðy; t; c1Pr; c1a; 0Þð Þ
þA1hðt; aÞ � vðy; t; c1Pr; c1a; 0Þð Þ
�A1hðt; aÞ � vðy; t; c1Sc; c1a; 0Þð Þ:

ð3:41Þ

3.6. Fractional optimality of velocity field via ABC derivative

Generating Eq. (2.9) for the fractionalized form, we imposed
Eqs. (2.17) and (2.18) on Eq. (2.9), we arrive at

qa

qa � aqa þ a
�u y; qð Þ ¼ @2�u y; qð Þ

@y2
þ Gr

�h y; qð Þ þ Gm
�/ y; qð Þ:

ð3:42Þ

By substituting �h and �/ into (3.42), after some minor simplifi-

cation, we get:

�u y; qð Þ ¼ c1e
y

ffiffiffiffiffiffiffiffiffi
c1q

a

qaþac1

q
þ c2e

�y

ffiffiffiffiffiffiffiffiffi
c1q

a
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q
: ð3:43Þ

With the help of boundary conditions for concentration field,

constants c1 and c2 can be traced out:
Fig. 1 Comparison of velocities with
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Inverting an exponential equation through Laplace transform
subject to the an Appendix (A6)–(A10), we get final solution
for temperature as:

u y; tð Þ ¼ cosðwtÞ � t1�a

CðaÞ � vðy; t; c1; c1a; 0Þ þ B1hðt; aÞ

� vðy; t; c1; c1a; 0Þ � vðy; t;Prc1; c1a; 0Þð Þ þ B1ac1hðt; 0Þ
� vðy; t; c1; c1a; 0Þ � vðy; t;Prc1; c1a; 0Þð Þ þ B2hðt; aÞ
� vðy; t; c1; c1a; 0Þ � vðy; t;Prc1; c1a; 0Þð Þ þ B2ac1hðt; 0Þ
� vðy; t; c1; c1a; 0Þ � vðy; t;Prc1; c1a; 0Þð Þ þ B3hðt; aÞ
� vðy; t; c1; c1a; 0Þ � vðy; t;Scc1; c1a; 0Þð Þ þ B3ac1hðt; 0Þ
� vðy; t; c1; c1a; 0Þ � vðy; t;Scc1; c1a; 0Þð Þ þ B4hðt; aÞ
� vðy; t; c1; c1a; 0Þ � vðy; t;Scc1; c1a; 0Þð Þ þ B4ac1hðt; 0Þ
� vðy; t; c1; c1a; 0Þ � vðy; t;Scc1; c1a; 0Þð Þ: ð3:45Þ
variation of time for ABC and CF.

convection flow through a channel with non-singular kernels: An application to
02.012

https://doi.org/10.1016/j.aej.2020.02.012


6 S.T. Saeed et al.
4. Results and discussion

The investigation of Dufour effect on viscous fluid through a
channel has been discussed by using Atangana-Baleanu frac-

tional time derivative ðABCÞ and Caputo-Fabrizio fractional
time derivative ðCFÞ with suitable initial and boundary value
problem. The influence of fractional parameter

a;Gm;Gr;Df;Sc and Pr have been analyzed through graphically

with different differential operator. i.e. CF and ABC.

The behavior of velocity profile with variation of time for
ABC and CF discussed in Fig. 1. The velocity profile achieved
by ABC approach is greater than the velocity obtained with CF

approach for small time. Whereas for large value of time, the
response of velocities behavior are totally reverse. The velocity
achieved by CF is larger than the velocity achieved by ABC.

Another observation is consider for t ¼ 1, both velocities are
behave alike. The significant role of fractional parameter ðaÞ
for CF and ABC as shown in Figs. 2 and 3. Clearly, fluid veloc-
ity increases with the increase in a for small and large time. As

time increases, the boundary layer thickness become greater
and velocity is highest in the vicinity of plate. While making
comparison velocity for Atangana-Baleanu model is larger

because it has nonlocal kernel. The non-integer fractional
order derivative reduce to classical model by a ! 1.
Fig. 2 Profile velocity of a for CF with other

Fig. 3 Profile velocity of a for ABC with othe

Please cite this article in press as: S.T. Saeed et al., A mathematical study of natural
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The influence of Gm on velocity field are shown in Figs. 4
and 5. The magnification in buoyancy forces leads to reduce
the viscous force which help to enhance the velocity field with

increase of Gm. For large and small value of time, the behavior
of velocities are same in Gm. The velocity field of Atangana-
Baleanu is larger than the velocity for other fractional opera-

tors. Figs. 6 and 7 shows the behavior of Gr on velocity field.
An increase in Gr , resultant velocity increases. It related to
thermal buoyancy effect, as buoyancy effect rises due to which

velocity of fluid increases. A comparative study is carried out
for fluid velocity profile for all models. Figs. 8 and 9 analyzed
the influence of Df on fluid velocity. As increase in Df causes

the velocity enhance. Figs. 10 and 11 shows the effect of Sch-
midt number Sc on velocity profile. The resultant velocity

reduce with increase in Sc. It is observed that fluid velocity
for ABC fractional model is greater than CF model.

The resultant fluid velocity reduce with enhance the value

of Pr. The impact of Pr on fluid velocity analyzed in Figs. 10
and 11. The thermal conductivity and thickness of boundary
layer shrink with increase the value of Pr and viscosity of fluid
respectively (Figs. 12 and 13). The influence of a;Df;Pr and Sc

on temperature profile are analyzed in Figs. 14–17 by ABC

approach. The temperature reduce with increase in a discussed
in Fig. 14. The increasing behavior of temperature with large
parameters are Gm ¼ 5;Gr ¼ 10;Pr ¼ 0:71.

r parameters are Gm ¼ 5;Gr ¼ 10;Pr ¼ 0:71.
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Fig. 4 Profile velocity of Gm for CF with other parameters are Df ¼ 5;Gr ¼ 2;Pr ¼ 2.

Fig. 5 Profile velocity of Gm for ABC with other parameters are Df ¼ 5;Gr ¼ 2;Pr ¼ 2.

Fig. 6 Profile velocity of Gr for CF with other parameters are Df ¼ 2;Gm ¼ 10;Pr ¼ 0:5.
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Fig. 7 Profile velocity of Gr for ABC with other parameters are Df ¼ 2;Gm ¼ 10;Pr ¼ 0:5.

Fig. 8 Profile velocity of Df for CF with other parameters are Sc ¼ 0:8;Gm ¼ 8;Pr ¼ 2.

Fig. 9 Profile velocity of Df for ABC with other parameters are Sc ¼ 0:8;Gm ¼ 8;Pr ¼ 2.
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Fig. 10 Profile velocity of Sc for CF with other parameters are Gr ¼ 5;Gm ¼ 10;Df ¼ 0:8.

Fig. 11 Profile velocity of Sc for ABC with other parameters are Gr ¼ 5;Gm ¼ 10;Df ¼ 0:8.

Fig. 12 Profile velocity of Pr for CF with other parameters are Sc ¼ 0:5;Gm ¼ 5;Df ¼ 0:8.
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Fig. 13 Profile velocity of Pr for ABC with other parameters are Sc ¼ 0:5;Gm ¼ 5;Df ¼ 0:8.

Fig. 14 Profile temperature for a with variation of time and other parameters are Gr ¼ 5;Gm ¼ 10;Df ¼ 2;Pr ¼ 0:8.

Fig. 15 Profile temperature for Df with variation of time and other parameters are a ¼ 0:4;Gr ¼ 10;Sc ¼ 1:5;Pr ¼ 3.
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Fig. 16 Profile temperature for Pr with variation of time and other parameters are a ¼ 0:6;Gm ¼ 5;Sc ¼ 0:4;Pr ¼ 2.

Fig. 17 Profile temperature for Sc with variation of time and other parameters are a ¼ 0:8;Gm ¼ 10;Sc ¼ 2;Pr ¼ 0:8.
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value of Df shown in Fig. 15. The effect of Pr on temperature

discussed in Fig. 16. As Pr increase, temperature decrease. In
Fig. 17, the value of Sc increase with increase in temperature.

5. Conclusion

The comparative study of viscous fluid along vertical plate
with Dufour effect has been analyzed in view of non-local

and non-singular kernel. Caputo-Fabrizio ðCFÞ and
Atangana-Baleanu ðABCÞ approach are used to compare the
fluid velocity behavior. The key points have extracted from

this article.

� The velocity profile shows opposite behavior for different
values of time while t ¼ 1 the behavior of ABC and CF

approach are same.
� The magnitude of the velocity increase as increase in frac-
tional parameter.

� Velocity enhance with increase the value of Gr and Gm.
� Increase the value of Df and Sc, the resultant velocity also

increase.
� Temperature reduce for increasing values of a and P r.
� ABC fractional derivative is more considerable as compared

to CF.
Please cite this article in press as: S.T. Saeed et al., A mathematical study of natural
transport phenomena, Alexandria Eng. J. (2020), https://doi.org/10.1016/j.aej.2020.
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Appendix A.
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