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A novel class of «-f-contraction for a pair of mappings is introduced in the setting of b-metric spaces. Existence and uniqueness
of coincidence and common fixed points for such kind of mappings are investigated. Results are supported with relevant examples.

At the end, results are applied to find the solution of an integral equation.

1. Introduction and Prelims

Fixed point theorems in metric spaces and generalized metric
spaces provide a tool to solve many problems and have
applications in nonlinear analysis and in many other fields.
Most of the problems of applied mathematics reduce to solve
a given equality which in turn may be reduced to find the
fixed points of a certain mapping or the common fixed
points of pairs of mappings. In order to solve particular
problems, researchers tried to generalize various contraction
conditions, auxiliary mappings, and metric spaces. Here, in
this paper, we will present common fixed point theorems
for a-f3-contractive mappings in the framework of b-metric
space. Therefore, to have a clear understanding of the paper,
we will discuss the b-metric space, Geraghty type mappings,
and a-admissible mappings step by step.

The b-metric space or metric type space was introduced
by Czerwik [1] in 1993. In this interesting paper, Czerwik [1]
generalized the Banach contraction principle in the context
of complete b-metric spaces. After that many researchers
reported the existence and uniqueness of fixed points of
various operators in the setting of b-metric spaces (see, e.g.,
[2-13] and some references therein).

Let us have a look on definitions, examples, and proper-
ties of b-metric space.

Definition I (see [1, 4]). Let X be a nonempty space, and let
s > 1 beagiven real number. A functionald : XxX — [0, c0)
is said to be b-metric if the following conditions hold good:

(1) d(x, y)=01ifand only if x = y.
(2) d(x, y) = d(y, x).
(3) d(x,z) < sld(x, y) +d(y,z)], forall x, y,and z € X.

If d satisfies all the above b-metric axioms, then the pair
(X, d) is called a b-metric or metric type space.

The class of b-metric spaces is larger than that of metric
spaces, since a b-metric is a metric when s = 1. All the metric
spaces are b-metric spaces but not vice versa. We can illustrate
this with the help of the following example.

Example 2. Let X = {x,x,,x5,x,} and d(x,x,) = k > 2,
d(xy, x3) = d(xy, x4) = d(xy, x3) = d(x,,x,) = d(x5,%,) = 1,
d(x;, xj) = d(xj, x;) fori, j =1,2,3,4and d(x;, x;) = 0,1 =
1,2,3,4.

Then

d(xi,xj) <

N X

[d (x;,x,) +d (xn,xj)]

for n,i,j=1,2,3,4,

)

and if k > 2, the ordinary triangle inequality does not hold.

Definition 3 (see [1]). Let (X, d) be a b-metric space.

(a) A sequence {x,} in X is called b-convergent if and
only if there exists x € X such that d(x,,x) — 0as
n — 0o.

(b) The sequence {x,} in X is said to be b-Cauchy if and
only if d(x,, x,,) — 0, as n, m — ©o.
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The b-metric space (X, d) is called b-complete if every b-
Cauchy sequence in X is b-convergent.

The following lemmas are useful to prove our results.

Lemma 4 (see [9]). Let (X, d) be a b-metric space and let {x, }
be a sequence in X such that

nll,rgod (xn’ xn+1) =0. (2)

If {x,} is not a b-Cauchy sequence, then there exist € > 0
and two sequences {m(k)} and {n(k)} of positive integers such
that the four sequences

d (xm(k)’ xn(k)) >
d (xm(k)’ xn(k)+1) >
(3)
d (xm(k)+1’ Xn(k)) »
d (xm(k)w xn(k)+1)

exist and the following hold:

e< klingo infd (xm(k), xn(k))

(4)

< leIgO sup d (X, X)) < €55

< lim infd (Xmiky> Xniiye1)

()

. 2
< khrgo Sup d (X, Xprpe1) < €57

—

S S Jim infd (Xim(hy+1> X))

(6)

. 2
< ,}an}o Sup d (Xp(ey1> Xnge) < €5

o] ™

- < lim infd (Xt +1> Xnr 1)
7)

. 3
< klgf)lo Sup d (X (e +1> Xngey+1) < €5

Lemma 5 (see [9]). Let (X, d) be a b-metric space and let {x, }
and {y,} be b-convergent to x and y, respectively. Then one has

1 N .
24 (%) < lim infd (x,, ,) < lim supd (x;,, y,) ©

<s’d(x,y).

In particular, if x = y, then one has lim,_, d(x,, y,) = 0.
Moreover, for each z € X, one has

ld(x, z) < lim infd (x,,z) < lim supd (x,,z)
s n—00 n—00 9)

<sd(x,z).

Next, we address briefly the concept of Geraghty type
mappings.

In 1973, Geraghty [14] generalized the Banach contrac-
tion principle in the setting of complete metric spaces by
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considering an auxiliary function. This function is known as
Geraghty type function or mapping. Later on, many authors
[11, 15-17] characterized the result of Geraghty in the context
of various metric spaces and proved many interesting results.
The definition of this new class of mapping is as follows.

Definition 6. Let B denote the class of real functions 3 :
[0, +00) — [0, 1) satisfying the condition

B(t,) — 1 implies t,, — 0. (10)
2t

For instance, consider the function given by 5(t) = e~
fort > 0 and B(0) € [0, 1); here 8 € B.

In 1973, Geraghty generalized the Banach contraction
principle in the following form.

Theorem 7 (see [14]). Let (X, d) be a complete metric space,
and let F: X — X be a self-map.
Suppose that there exists 3 € B such that

d(Fx,Fy) < B(d(x,y))d (x y) (1)

holds for all x, y € X. Then F has a unique fixed point z € X
and for each x € X the Picard sequence {F"x} converges to z
when n — co.

In 2011, Dukic et al. [16] introduced the Geraghty type f3
functions in b-metric space as follows.

Definition 8 (see [16]). Let (X,d) be a b-metric space with
given s > 1. Consider the class B, of real functions f :
[0, +00) — [0, 1/s) satisfying the property

1
B(t,) — B implies #,, — 0. (12)
t

An example of a function in By is given by B(t) = 1/se”
fort > 0 and S(0) € [0, 1/s).

Lastly, we discuss the a-admissible mappings, examples,
and alpha-admissibility for a pair of mappings.

The concept of a-admissible mappings was introduced
by Samet et al. [18] in 2012. They established some fixed
point theorems for such mappings in complete metric spaces
and showed some examples and applications to ordinary
differential equations. Since then, many researchers extended
the idea and generalized fixed point results for single-valued
and multivalued a-admissible mappings in various abstract
spaces (see, e.g., [2, 3, 11, 19, 20] and more references in the
literature). The following definitions and examples reveal the
basics of a-admissible mappings.

Definition 9 (see [18]). A self-mapping F : X — X defined
on a nonempty set X is x-admissible if, for all x, y € X, one
has

a(x,y) 21 = a(Fx,Fy) > 1, (13)

where « : X x X — [0,00) is a given function under
consideration.
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Example 10. Let X = [0, 0o0) and assume that F : X — X and
a: X xX — [0,00) by Fx = +/x, for all x € X, and

e x>y
a(x,y) = . . (14)
; x < y.

Then F is a-admissible map.

In 2014, a new notion of h-a-admissible mapping was
introduced by Rosa and Vetro [20]. The definition of this
notion is as follows.

Definition 11 (see [20]). Let Fbh : X — X be two self-
mappings defined on a nonempty set X. And consider the
map & : X x X — [0,00). Then mapping F is called h-«-
admissible if, for all x, y € X,

a (hx,hy) > 1, implies « (Fx, Fy) > 1. (15)

Example 12. Let X = [0, 0c0). We will define the mapping « :
X x X — [0,00) by

I, x>y
a(x,y) = (16)
0; x<y

and consider the mappings F,h : X — X by F(x) = €*
and h(x) = x* for all x € X. Then, the mapping F is h-«-
admissible mapping.

Allahyari et al. [2] defined the a-regular space with
respect to some self-mapping defined on space as given below.

Definition 13 (see [2]). Let (X, d) be a b-metric space. Sup-
posethat h : X — Xanda : X x X — [0,00) are
two operators. X is a-regular with respect to h if, for every
sequence {x,} € X, a(hx,,hx,. ) > 1foralln € N and
hx,, — hx € h(X) asn — o00; then there exists a subsequence
{hx, 4} of {hx,} such that, for all k € N, a(hx,,4), hx) > 1.

Definition 14 (see [11]). Let X be a nonempty set. Then the
map « : X x X — [0, 00) is called transitive if for u, v,w € X
one has

o (u,v) > 1,
a(v,w)>1
U

o (u,w) > 1.

17)

In 2014, Sintunavarat [11] proved the fixed point theorem
for generalized - 3-contraction mapping in metric space and
established Ulam-Hyers stability and well-posedness via fixed
point results. The purpose of this paper is to define «-f-
contraction mapping for a pair of mappings and to prove
coincidence point and common fixed point theorems in the
context of b-metric space. We will provide suitable examples
to support our results. At the end, we will discuss some
applications in the context of integral equations.

2. Coincidence and Common
Fixed Point Theorems

First of all, we will present some definitions and results which
will make our results easy to understand.

Definition 15. Let F and g be two self-mappings defined on
a nonempty set X. Then a point x € X is called coincidence
point of F and g if Fx = gx. Moreover, if x = Fx = gx, then
x is called common fixed point of F and g.

Definition 16. Two self-mappings F and g defined on a
nonempty set X are weakly compatible if the maps commute
at each coincidence point; that is, if Fx = gx, for some x € X,
then Fgx = gFx.

In 2014, Sintunavarat [11] defined the generalized a-f-
contraction mapping in metric spaces as follows.

Definition 17 (see [11]). Let F be a self-mapping on a
nonempty set X and there exist two functions & : X x X —
[0, 00) and 3 € B. We say that F is a-3-contraction mapping
if the following condition holds:

[ae (3, 3) = 148, ]17) < gftemiton (1)

forall x, y € X, where1 <6 <9,.

Now, we will introduce our notions in the setting of b-
metric space.

Definition 18. Let F and g be two self-mappings defined on
b-metric space (X, d) with given s > 1 and there exist two
functions o : X x X — [0, 00) and f3 € B,. We say that F is -
B (b)-contraction with respect to g if the following condition
holds:

[oc (gx, g)/) 14 8]d(Fx,Fy) < Sﬁ(d(gx,gy))d(gx,gy)) (19)

forall x, y € X, where 1 < 8.

Next, we present the coincidence and common fixed
point theorems for a new class of contraction in b-metric
space.

Theorem 19. Let (X, d) be a complete b-metric space and let
F,g : X — X be two self-mappings such that F(x) € g(x)
and one of these two subsets of X is complete. Suppose that F
is a-f3 (b)-contraction with respect to g mapping satisfying the
following conditions:
(i) Fis g-a-admissible and o is transitive mapping.

(ii) There exists x, € X such that a(gx,, Fx,) > 1.

(iii) X is a-regular with respect to g.

Then F and g have a coincidence point.

Moreover, if F and g are weakly compatible and hypoth-
esis has one more additional assumption,

(A1) either a(u,v) > 1 or a(v,u) > 1 whenever Fu = gu
and Fv = gv,

then F and g have a unique common fixed point.



Proof. Letx, € X such that«a(gx,, Fx;) > 1.In order to prove
that F and g have a point of coincidence and using F(x) <
g(x), define two sequences {x,} and {y,} in X such that

Y, =Fx,=9x,., VYneN (20)

Now, if y, = y,,, foranyn e N, thengx,,, = ¥, = .1 =
Fx,,, and F and g have a point of coincidence.

Without loss of generality, one can suppose that y, # v,,,,
for eachn € N.

Hence, F is g-a-admissible and «(gx,,gx;) =
a(gxy, Fxy) = 1. Similarly, a(gx;, gx,) = a(Fxy, Fx;) > 1.
By induction, we can easily deduce

a(gx,_1,9x,) =1 VneN. (21)

Step 1. We shall show that lim,_,  d(y,.;> y,) = 0. Now, it
follows from (19) and (21) for each n € N that

§90moyn) — §(Fxy15Fx,)
< [ (g0 g,) — 1+ 8] (22)
< §PA(GX1,92,))d(g%,41,9%,)
This implies that
d (Ysr ¥n) < B(d (9%5015 9%,)) A (95115 %)

| (23)
< ;d(yn’yn—l) Vn e N.

Further, from (23), it follows that
Jim d (415 ¥) = 0. (24)
Step 2. Next, we show that {y,} is a Cauchy sequence in b-
metric space X. On the contrary, assume that {y,} is not a

Cauchy sequence. Then there exists ¢ > 0 and subsequences

of integers n, and m, with n, > m, > 0 such that

d(ymp’y”p) > &
4 (0, ) < )
Vp eN.

Sincen, > m, and « is transitive mapping, we can deduce
easily, by using triangle inequality,

o (gxmpﬂ,gxnl)) >1 VpeN. (26)

Now, using (19) and (26), we can consider

8d(ymp+1,ynp) _ 8d(Fx Fx, )

Mpy1>" “ip

< [oc (gxmpﬂygxnp) -1+ S]d(Fme”’Fxnp) (27)

< (SB(d(gme+1 59% NG, 9%, )_
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This gives
d (ympﬂ’y”p)
< B(d(g%n,.-05,)) (g%, 0%,)
<P (d (y'”p’y”pfl» d (ymp’y”w)
< ﬁ(d (y’”p’y"Pﬂ))s

d(ymp+1’ynp) < ﬁ(d(ym S 71)) < l (29)

& N

(28)

withn, >m, > pforall p € N.
Hence, by Lemma 4 and (29), we have

1o ym inf%d(ymw,ynp)

N ES p—oo

o i)

(30)
< pliérgO inf B (d (ymp’y”p*1>)
< Plgrolo Supﬁ(d (J’mp’y"p—l)> = é;
that is,
;Ln(}oﬁ (d (y’”p’y"ﬁ-l )) - % o

Also, B € B, implies that limp_,ood(ymp, yn,,,l) = 0.
However, this is not possible, as, using (4) of Lemma 4, we
get that

©» | M

< %d (ymp’ ynp> <d (ymp’y”w) +d (ynP’l’ynP) (32)

—0,

as p — 00, which leads to contradicting (25).

Therefore, {y,,} is a b-Cauchy sequence and by hypothesis
we can suppose that g(X) is to be complete subspace of
X (proof can be derived in a similar manner when F(X)
is supposed to be complete). Then b-completeness of g(X)
implies that {y,} = {Fx,} = {gx,,,} b-converges to a point
u € g(X), where u = gz for some z € X, or in other words

JirgoFxn = nli_}rgogxn =gz forsomezeX. (33)

Step 3. Next, we will prove that Fz = gz. Since X is «-regular
with respect to g and using (33), we have

oc(gxn(P),gz) >1 VpeN. (34)



Abstract and Applied Analysis

To show Fz = gz, we consider
9
(sd(Fz,gz) < asd(FZ,Fxn(P))+sd(gxn(1,)+l,gz)
< asd(Fz,Fxn(p)) x asd(gxn(p)ﬂ,gz)

< [w(gz gn,) -1 4355 )

x 65d(gxn(p)+1 ,g2)

< §PlA(92:92,p))d(g2:9%5) o §5A(9%n(p)11:97)

This in turns implies that

d(Fz,92) < sB(d (92 9x.p)) d (92 9%, )

+sd (gxn(p)ﬂ’ gz)

éd (Fz, g2) < B(d (92 9%up)) d (92 9%u))
(36)

+d (gxu(py1 97)

< éd (92 9%up) +d (9%uip)i10 92)

— 0 asn-— o00.

Thus, Fz = gz = u is a point of coincidence of F and g.

Step 4. Next, we prove that F and g have a common fixed
point. Firstly, we claim that if Fu = gu and Fv = gv, then
gu = gv. By hypotheses, a(u,v) > 1 or a(v,u) > 1. Suppose
that a(u, v) > 1 and consider that

6d(gu,gv) — ad(Fu,Fv) < [OC (gu’ gV) 1+ 6]d(Fu,Fv)
(37)
< 5l3(d(g%gV))d(gu,gV)'
Then we get that
d(gu. gv) < B(d(gu, gv))d (gu. gv) )

d(gu,gv) <d(gu,gv),

which is a contradiction.

Therefore, we conclude that gu = gv. If we take a(v, u) >
1, then we also get the same result.

Secondly, If F and g are weakly compatible, then, for any
u € X,ifu = Fv = gv (because F and g have a point
of coincidence, proven earlier in Step 3), then, using weak
compatibility of F and g, we get

Fu=F(gv) = g(Fv) = gu. (39)

Thus u is a coincidence point of F and g; then, using the
result in first part, gu = gv, which leads to Fu = gu = gv =
Fv=u.

Therefore, u is a common fixed point of F and g.

We can prove the uniqueness of the common fixed point
of F and g by making use of condition (19) and assumption
(A1) of hypothesis. The proof is very simple; therefore we do
not go through details. O

If we consider g as identity mapping in the above
theorem, we deduce the following corollary.

Corollary 20. Let (X, d) be a complete b-metric space and let
F: X — X be continuous a-admissible mapping satisfying the
following condition:

[oc (x, y) 14 8]d(Fx,Fy) < 5ﬂ(d(x)y))d(x)y), (40)

forallx,y € X and 3 € B, where 1 < 6.
If w is transitive mapping and there exists x, € X such that
a(xy, Fxy) > 1, then F has a fixed point.

Taking «(x, y) = 1 and § = 1 in Corollary 20, we get the
following variant of Geraghty theorem.

Corollary 21. Let (X, d) be a complete b-metric space and let
F: X — X be self-mapping satisfying the following condition:

d (Fx,Fy) < B(d(x, y))d (x.y), (41)

forallx,y € X and 3 € B,. Then F has a unique fixed point
z € X and, foreach x € X, the Picard sequence {F" x} converges
to z when n — oo.

The following lemma derived from [7] is very useful to
prove our next theorem.

Lemma 22 (see [7]). Let {y,} be a sequence in a metric type
space or b-metric space (X, d) such that

A (Yue1> Yn) S A (Y V) - (42)

for some A,0 < A < 1/sand eachn = 1,2,.... Then {y,} is a
Cauchy sequence in X.

Theorem 23. Let (X, d) be a complete b-metric space and be
a-regular with respect to g. And let F, g : X — X be two self-
mappings, where F is g-a-admissible and « is transitive, and,
for x4 € X, one has a(gx,, Fx,) > 1. If F(x) € g(x) and one
of these two subsets of X is complete, suppose that there exists
A € [0,1/s) such that

(o (g, gy) = 1+ 8] < gMMEen - (43)
forallx,y € Xand 1 < 6.

Consider

M (F, g; x, y) = max {d (9x.9y).d (gx, Fx),
(44)

d(gx, Fy) +d (gy, Fx) } ‘

d(gy. Fy), 5

Then F and g have a coincidence point.

Moreover, if F and g are weakly compatible and hypoth-
esis has one more additional assumption,

(A1) either a(u,v) > 1 or a(v,u) > 1 whenever Fu = gu
and Fv = gv,

then F and g have a unique common fixed point.



Proof. Let x, € X be arbitrary and, using condition
F(X) < g(X), we can easily construct a Jungck sequence {y, }
satisfying

y, =Fx,=9gx,, VYneN (45)

Now, if y, = y,.,, foranyn € N, then gx,,; = ¥, = ¥, =
Fx,.,, and F and g have a point of coincidence.

Without loss of generality, we assume that y, # y,,, for
eachn e N.

Hence, F is g-a-admissible and a(gx,, gx;) = a(gx,,
Fx,) > 1. Similarly, a(gx,, gx,) = a(Fx,, Fx;) > 1. By
induction, we can easily deduce

a(gx, 1, 9x,) =1 VneN. (46)

Step 1. We shall show that {y,} is a b-Cauchy sequence. Now,
taking (43) and (46), we obtain, for each n € N,

590 ) _ 5P Fx)
< [0(g%,010 95%,) — 1+ 3] (47)
< SMME:gsx,yi1%,)
This implies that
d (Yner> V) < AM (F, g5 X115 %) (48)

or
d (yn+1’yn) < A max {d (gxnﬂ’ gxn) >

d (gxn+1’ Fxn+1) > d (gxn’ Fxn) >

d (gxn+1’Fxn) +d (gxn’Fxn+l) }
2s

(49)
< A max {d(yn’ yn—l)’d(yn’ yn+1)’d(yn—1>yn) 4

A (Y V) +d (Yot Y1)
2s

d(yn—l’yn) + d(yn’ yn+1)}

< A max {d(y,,,yn_1)> 2

NOW, if max {d(yn’ yn—l)’ (d(yn—l’ yn) + d(yn’ yn+l))/2} =
(d(yn—l’ yn)+d(yn’ yn+1))/2’ then d(yn’ yn—l) < (d(yn—l’ yn) +
d(yn’ yn+1))/2 < d(yn+1’ yn)

Then (49) implies that

A (Ys1> Yn) S A (Vi1 V) > (50)

which is impossible as A < 1.
Therefore, we deduce that max {d(y,,, ¥,_1), (d(¥,_1> ¥,) +
Ao Y112} = A(Y> Y-

This in turn implies that

d(ym—l’yn) = /\d(yn’yn—l)' (51)
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Using Lemma 22, we obtain that {y,} is a b-Cauchy
sequence and by hypothesis we can suppose that g(X) is to
be complete subspace of X (the proof when F(X) is similar).
Then b-completeness of g(X) implies that {y,} = {Fx,} =
{gx,.;1} b-converges to a point u € g(X), where u = gz for
some z € X, or in other words

lim Fx, = lim gx, = gz for some z € X.  (52)

Step 2. Next, we will prove that Fz = gz. Since X is a-regular
with respect to g and using (52), we have

oc(gxn(p),gz) >1 VpeN. (53)

To show Fz = gz, we consider

ad(Fxn(P),Fz)
d(Fx,,,Fz) (54)
< [a (gxn(p),gz) —1+8]T < SMMEGXnp2)
This implies that
d (Fxn(p), Fz) <AM (F, 95 Xn(p)> z) (55)
or
d (Fxn(P), Fz) < Amax {d (gxn(P), gz) ,
d (gxn(p), Fxn(P)) ,d(gz,Fz), (56)
d (gxn(p), Fz) +d (gz, Fxn(p))
2s ’
Also, Fx,,,) — gzand gx,, — gzasn — oo, implying
that

d (gxn(P), Fxn(P)) =sd (gxn(P), gz) +sd (gz, Fxn(P))

(57)
— 0 asn-— oo.
Then we have only two cases.
Case 1
d (Fxn(p),Fz) < M (gz,Fz)
< AS (d (gz, Fxn(P)) + d (Fxn(P), FZ))

(58)

(1-As)d (Fxn(p),Fz) < Asd (gz, Fxn(p)) —0

as n — 00.
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Since 1 — As > 0, it follows that Fx — Fz.

n(p)
Case 2

d (g%upy F2)
2s

<1 <d (9xn(p)’Fxn(p)) +d (Fxn(p)’FZ) )
S AS s

d (Fx,,Fz) < A

(59)

2 A
(1 - E) d (Fx,p), Fz) < §d<gxn(p)’Fx"(P)) —0
as n — OQ.

Since 1 - A/2 > 0, it follows that Fx,,,) — Fz.
Uniqueness of the limit of a sequence implies that Fz =

gz.
Using conditions (Al) and weak compatibility of F and g

of hypothesis, we can easily prove that F and g have a unique
common fixed point. O

From the above theorem, one can deduce the following
corollary easily.

Corollary 24. Let (X, d) be a complete b-metric space and F :
X — X is continuous and a-admissible. Suppose that there
exists A € [0, 1/s) such that

[ (x, y) — 1 + 8] < §1M0n) (60)

forallx,y € Xand 1 < é.
Consider

M (x, y) = max {d(x,y) ,d (x,Fx),d(y,Fy),
(61)

d (x,Fy) +d(y,Fx)}'
2s

If « is a transitive mapping and there exists x, € X such
that a(x, Fx,) > 1, then F has a fixed point.

Taking ae(x, ¥) = 1and § = 1, we get the following variant
of Corollary 3.12 of [7].

Corollary 25. Let (X, d) be a complete b-metric space and let
F : X — X be self-mapping. Suppose that there exists A €
[0, 1/s) such that, for all x, y € X,

d (Fx,Fy) < AM (x, y), (62)
where

M (x, y) = max {d(x,y) ,d (x,Fx),d(y,Fy),
(63)

d(x, Fy) +d(y,Fx)}.
2s

Then F has a unique fixed point z € X.

In what follows, we furnish illustrative examples wherein
one demonstrates Theorems 19 and 23 on the existence and
uniqueness of a common fixed point.

Example 26. Let X = {0, 1, 3} be a b-metric space with metric

d given by d(x,y) = (x-y)* with s = 2. Consider the

mappings F,g : X — X defined by F(0) = 1,F(1) = 1,

and F(3) = 1, and g by g(0) = 1, g(1) = 1, and g(3) = 3. Let

us take 3 € By, as 3(t) = 1/2 for t > 0 and 5(0) € [0,1/2).
Anda: X x X — [0,00) by

when x,y >0

1,
a(x,y) = { (64)

0, otherwise;

then one can examine easily that

d(FO,F1) =d(1,1) =0,

B(d(g0,g1))d(g0,g1) = B(d(1,1))d(1,1)=0
d(FO,F3)=d(1,1) = 0,

(65)
B(d(g0,93))d(g0,93) = f(d(1,3))d (1,3) =2
d(F1,F3)=d(1,1) =0,
B(d(g1,93))d(g1,93) = B(d(1,3)d(1,3) = 2.
Thus, in all cases, we get
[a(gx, gy) - 1+ 5]‘1(“’1‘3’) < §PUlgxgy)d(gx.gy) (66)

forall x, y € X, where 1 < 4.

Also we can check that F and g satisfy all the other
assumptions of Theorem 19 and thus the pair F and g has a
unique common fixed point x = 1.

Example 27 Let X = {0, 1, 3} be a b-metric space with metric
d given by d(x,y) = (x—y)* with s = 2. Consider the
mappings F,g : X — X defined by F(0) = 0, F(1) = 1,
and F(3) = 0 and g by g(0) = 3, g(1) = 1, and g(3) = 0. Let
us take A € [0,1/2).

Anda : X x X — [0, 00) by

when x,y >0

L

0, otherwise.

Now, we verify Theorem 23 by considering the following
cases.



Case I (take points 0 and 1).
d(FO,F1)=d (0,1) = 1
d(g0,g1)=d(3,1) =4
d(g0,F0) =d(3,0)=9
d(gl,F1)=d(1,1)=0
d(g0,F1) +d(gl,F0) d(3,1)+d(1,0) _4+1

22 4 4
5 (68)
4
M (F, g;0,1) = max {d(gO,gl),d(gO,FO),
d(gl’Fl))d(gO,Fl):;d(gl,FO)} _ {4’9,0,2}
=9
Case 2 (take points 1 and 3).
d(F1,F3)=d(1,1) =0,
M (F, g;1,3) = max {d (g1,93).d(g1,F1),
(69)
d(g3’F3)’d(gl,F3)Zd(g3,F1)} _ {1’0’0,3}
=1
Case 3 (take points 0 and 3).
d (F0,F3) =d(0,0) =0,
M (F, g;0,3) = max {d (g0, 93),d (g0, F0),
(70)

d(g3,F3),

d (g0, F3) +d (g3, FO
(9 )Z (9 )}:{9,9)0,3}

=9.

Thus, in all cases, F and g satisfy all the assumptions of
Theorem 23 and thus the pair F and g has a unique common
fixed point x = 1.

3. An Application to an Integral Equation

This section deals with the applications of results proven in
the previous section. Here, we will investigate the solution of
integral equation through our results.

Consider the following integral equation:

x(t) = Ll K (t,r,x(r))dr, (71)

where K : [0,1] x [0,1] x R — R.

Abstract and Applied Analysis

Let X = CJ0, 1] be the set of continuous real functions
defined on [0,1]. Define the b-metric by d(x(t), y(t)) =
max;(o1)(|x(£)| + [y(t)])? forall x, y € X.

Consider p > 1. Then (X, d) is a complete b-metric space
with the constant s = 277",

F(x(t)) = |, K(t,r,x(r))dr for all x € X and for all ¢ €
[0, 1]. Then the existence of a solution to (71) is equivalent to
the existence of a fixed point of F. Now, we prove the following
result.

Theorem 28. Let us suppose that the following hypotheses
hold:

(i) K:[0,1] x[0,1] x R — R is continuous.
(ii) For all t,r € [0, 1], there exists a continuous operator

£:10,1] x [0,1] — R such that

IK (t, 7, x (r)] + |K (t, 7, y ()|

<APE@, ) (1x ()] + |y (0)) 72)

1
sup J Et,r)ydr<1,

te[0,1] JO

where0 < A < 1/s.

(iii) There exists a function y : R* — R such that, for all
t € I and for all a,b € R with u(a,b) > 0, we have

7 <x1 ®), Jl K (t,r,x(r)) dr) >0

0

for x e C(I), Vtel,

p(x@®),y®) =0, (73)

7 <J.Ol K(t,r,x (1)), J.ol K(t,r,y(r)) dr) >0,

Vtel, Vx,ye C(I).

Then the integral equation (71) has a unique solution x €
X.

Proof. We define « : C(I) x C(I) — [0, 00) by

(74)
0, otherwise.

1, when pu(x®),y(®) =0
a(xy) =

Then, for all x,y € C(I), we have a(x,y) = 1 and
a(y,z) = 1, implying that a(x,z) = 1 for all x, y,z € C(I),
which proves that « is a transitive mapping.

If a(x, y) = 1 for all x, y € C(I), then u(x(t), y(t)) > 0.
From (iii), we have u(Fx(t), Fy(t)) > 0, and so a(Fx, Fy) = 1.
Thus, F is a-admissible.

From (iii), there exists x; € C(I) such that «(x;, Fx;) = 1.
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Also we observe from (72) that
(IFx )] + |Fy ®)])F

g

; )

1 1 p
J IK (t,7, x(r))ldr+J |K(t,r,y(r))|dr>

Jl K(t,r,x(r))dr Jl K(t,r,y(r))dr
0 0

1 4
< (| (K@rxe+ K Eny @) )

1
J (AVPe e, r)(|x(r)|+|y(r)|))dr> (75)

p
= (], (s en (Gx @1+ L)) ar)
p

< ([ 1ewnd” .y o) ar)

=M (x(t),y (1)) (J: E(t,r) dr)P

<M (x(t),y (1) <AM(x (1), y (1)),
which in turn implies that [a(x, y) — 1 + 89y o §M(y),
Now, all the conditions of Corollary 24 hold and F has a
unique fixed point x € X, which means that x is the unique
solution for the integral equation (71). O

4. Conclusion

To conclude, we can assert that our results are novel,
interesting, and generalized while considering the alpha-
admissible Geraghty type mappings. These results extend,
improve, unify, and generalize many theorems based on
alpha-admissible mappings in b-metric spaces. Examples are
presented in a simplest form and illustrate the theorems.
Application to integral equation adds value to our research.
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