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In this article, we propose a generalization of both h-metric and dislocated metric,
namely, dislocated extended h-metric space. After getting some fixed point results, we suggest a rel-
atively simple solution for a Volterra integral equation by using the technique of fixed point in the
setting of dislocated extended h-metric space.
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1. Introduction and preliminaries

About a century ago, the first fixed point result was published.
It was S. Banach who got the abstraction of the successive
approximation method in solving differential equations and
announced it as a contraction mapping principle. This result
of Banach was not only formulated quite simply but also pre-
sented as a very convenient way for the application by showing
how to achieve the desired fixed point. The fact that equations
in many research areas can be easily converted to fixed point
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problems has made fixed point theory highly applicable to var-
ious qualitative sciences and at the same time very attractive to
researchers. Since 1922, when the first fixed-point theorem was
announced, there have been two claims of numerous research
articles. The first is to diversify the inequality provided by a
function. This trend is also known as getting new contraction
types. The second is the expansion of the abstract structure in
which functions are defined and inequalities arise (due to some
kind of contraction). We also emphasize that fixed point has
been used in fractional differential/integral equation, effec-
tively, see e.g. [1-12].

In this article, by using these two approaches we have
defined a new contraction in one of the most extended abstract
spaces known. More precisely, we define  rational weak
F-contractions ” in the context of d-metric spaces. We succes-
sively proved the existence and uniqueness of fixed point for
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such contractions in the setting of the mentioned abstract
spaces.

Before giving the technical details, we, first, fix the follow-
ing notations. The expression R; stands for the set of all
non-negative real numbers that is denoted by R. Further, the
letters N and N, are preserved for all positive integers and
all non-negative integers. Throughout this manuscript, all con-
sidered sets are non-empty. A mapping, from the cross product
of a set X, that is, X x X to non-negative reals, is called dis-
tance function over X.

The contraction we deal with is inspired from the notion of
F-contraction defined by Wardowski [13]: A self-mapping T,
on a metric space (X, d), is named F-contraction if there exists
k > 0 such that for all p,q € X,

d(Tp,Tq) > 0 = x + F(d(Tp, Tq)) < F(d(p,q)),

where F:R{ — R be a mapping fulfills the following
conditions:

(F1) For all a,b€R; such that if # <& then
F(t;) < F(t;)(that is, F is strictly increasing.)

(F2) For all sequence {z,},.y C (0,00)

limz, = 0 < limF(z,) = —o0;

n—o00

(F3) There exists k € (0, 1) such that lim,_q+#*F(¢) = 0.

We shall represent by F~ the set of all functions fulfills
above mentioned conditions.

A self-mapping 7, on a metric space (X, d), is called Gupta-
Saxena Contraction [14] if is a continuous and satisfying the
following inequality:

(1 +d(p, Tp)ld(q, Tq)
1+d(p,q)

+ a3d(pa q)

for all p,q € X,p# ¢q, where a,,a,,a; are constants with
ay, dy, az > 0.

For more results pertinent to above famous contractions,
the readers can refer to [15-26]. The theory of a metric space’
has been generalized in wide directions (for more information
on its generalizations and/or its developments the reader can
refer to [27-40]). Recently, Kamran et al., [41] has introduced
an extended b-metric space and proved the analog of Banach
contraction principle in the setting of this new abstract space.
After this initial results, it has taken attention of several
researchers and it has been announced several results in this
direction, see e.g. [42-47]. With reference to his work, we gen-
eralize an extended h-metric space as below:

d(p,Tp)d(q, Tq)
1+d(p,q)

d(Tp, Tq) < a

Definition 1.1. Let 0 be a distance function over X and
7: X x X — [1,00). If, 6 satisfies the conditions (7)-(iii) below,
then it is called dislocated extended h-metric:

(i) (p.q) = 0(q,p);
(i) 0(p,q) =0=p=g;
(iii) 3(p,q) < y(p,q)16(p,7) + d(r,q)],

for all p,q,r € X. The pair (X, d) is called d-metric space, alter-
natively, it is called dislocated extended b-metric space. The
functional 0 is not continuous in general. For our purpose,
we presume that the functional § is continuous, from now on.

The notion of §-metric space is very predominant-indeed, o-
metric space becomes dislocated metric space if y(p,q) = 1.

Hereinafter referred to as, unless otherwise specified, (X, d)
represents metric space.

Example 1.4. If X = R;. Define a distance function é over X
as  0(p.q)=(p+q’ and p:XxX—][l,00) as
y(p,q) =2p +3g + 5. Then (X, 6) forms a d-metric space.

Example 1.5. Define a distance function é over X = {1,2,3} as
follows:

5(1,1) =6(2,2) =1 and 6(3,3) =2;
8(1,2) =8(2,1) = 2;
5(2,3)=6(3,2) =T,

0(3,1)=96(1,3) =5;

Consider y: X x X — [1,00) as 7 (p,q) =1 + pq. Now let us
consider the modified triangle inequality for all possibilities.
For 6(1,2)=2, we have only one possibility:
y(1,2)[6(1,3) + 6(3,2)] = 36. Thus, we have

0(1,2) < yp(1,2)[6(1,3) + 6(3,2)].

Similarly, for 6(2,3)=7, the only possible case is
7(2,3)[0(2,1) 4+ 6(1,3)] =49. Hence, the modified triangle
inequality holds for this case. Finally, for 6(3,1) = 5, we have
again only one possible case: y(3,1)[d(3,2) + (2, 1)] = 36.
Accordingly, we have

6(3,1) <7(3,1)[6(3,2) +6(2,1)].

Thus, all the conditions has been satisfied. Hence
o(p,q) < y(p,q)[0(p,r) + 0(r,q)] for all p,q,r € X. Therefore,
the pair (X, ) forms a d-metric space.

Definition 1.6. A sequence {p,} in (X, J) is said to be

(1) Cauchy sequence if and only if for given € > 0, there cor-
responds ny € N such that for all n,m > ny then
O(p,p,) <€ this can be also written as
lim,, y—e (P, P,) = 0.

(2) converges to p if and only if lim,, ,, ...6(p,,p) = 0. In this
scenario, p is called a limit of {p,}.

Definition 1.7. Thed-metric space (X, d) is complete if and only
if every Cauchy sequence in X converges to a point p € X.

For convenience, hereafter, the pair (X*,d) denotes com-
plete metric space unless otherwise stated.

2. Analog of Banach contraction principle

In this section, we provide a constructive method to find fixed
points in new type of generalized b-dislocated metric space,
which we call as dislocated extended h-metric space.

Theorem 2.4. Let T be a self-mapping on (X*,0) that satisfies

o(Tp, Tq) < ko(p, q) (1)
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for all p,qge X, where ke [0,1) be such that for each
p() S X7 limn,meoo’y(pn?pm) < %’ here pn = T"p07 n= 1727 cee
Then T possesses a unique fixed point 1.

Proof. Let us define the iterative sequence {p,} by, for p, € X

Po:Tpo = p1, P2 =Tpy = T(Tpo) = Tpy, - --.p, = T'py - .
By successively applying inequality (1), we obtain,

0Py Pppr) < K"0(py,py) forall n=1,2,...
Consequently, if n < m, by triangle inequality, we get

O (PusPm) <V (Pys D) K'S (Po: P1)
7 PusPm) 7 PusrsPo) K8 (Pos 1)
Y PusPon) 7 g0 Pon) 7 Puyr Pr) -+ -
Y Pn2>Pm) ¥V (Pt Pu) K"ts (Po, 1)
<6 (o, 1) [y (1:Pw) 7 (P2:Pw) -7 PucrsP) 7 (Pus P) K
7 (21 Pw) 7 PasPw) -7 P P) 7 Pasrop) K+

+V (p17pm) Y (p27pm)"' Y (pmfZme) Y (pmfhpm) kmil} .

Since 1imy, —cY(Pyi1, Pm)k < 1, the series

00 n

kT @i pan)
1

n= i=1

converges due to the ratio test for each m € N.
Let

n J

S= ik"H“/(Pan) and S, = ik[H“/(Pan)
n=1 J=1

i=1 i=1
Thus for m > n, the inequality above yields
O(T"py, T"po) = 6(Ps D) < 6(Pg; P1)[Sm-1 = Sui]-

Letting n,m — oo, we conclude that the sequence {7"p} is
Cauchy. Keeping the completeness of the J-space (X, d), one
can find # € X such that lim,_.p, — 7.

Since T is continuous,

lim 7(p,) — T(n)

ie.,limp, , — T(n)
n—o0

Now consider, 6(n, T(n)) = im0 (P, Pps1)-

Since 5(pn7pn+]) < kn(s(.p(%pl) and
0<k<l1, limok"0(py,p;) =0. Hence d(n,T(n))=0.
Thus 7 is a fixed point.

It is very easy to prove T has unique fixed point. Hence
omitted. [J

3. Common fixed point problems for rational weak F-contraction

Definition 3.1. A pair (S,7) of self-mappings on (X,J) is
called a rational weak F-contractions if for all p,q € {TS(p,)}
then we have

i+ F(5(Sp, Tq)) < F(A(p.q)) )

817
where F € F*,x > 0 and
o 5(p, Sp) (g, Tq)
Alp,q) = max{d(p,9), 7 3(p,Sp) "1+ (¢, Tq)’
o(p, Sp),0(q, Tq)}- 3)

Theorem 3.2. Let (S,T) be a pair of self-mappings on (X*,0)
that forms a pair of rational weak F-contractions such that for
each p, € X, limsup,,,_...7(p,,p,,) <+ Then S and T have a
common fixed point p* in X. Moreover if (2) also holds for p*,
then 6(p*,p*) = 0.

Proof. Proof: We construct an iterative sequence p, such that
Pou1 = SpZﬂ and P2 = Tp2n+1' If A(P7 q) = 05 this claims
p = ¢qis a common fixed point of S and T. Hence there is noth-
ing left to prove and our proof is complete. Let A(p, ¢) > 0 for
all p,q € {TS(p,)} with p # ¢q. The from a pair of rational
weak F-contractions and Lemma 1.9, we get,

F(0(Pas1s Paksa) = F(6(SPaics TPoss1))
< F(APpoy: Prsr)) —

for all k € NU {0}, where

)

— me S 3P Spar) 0o 15 TPok1)
A(p2k7p2k+l) = max {b(p2k7p2k+l)> 1+0(py,Spa) * 140(Pas 1 TP2s)

O(Pax> SPar) 5(172/<+1 s TPy )}

_ O(pokPokst)  _O(Pogy1:Poks2)
= max {5([72/(7172/c+1)’ 1+0(poke-p2kr1) ? 140(Pos1 P2k+2)

5([’2k7[’2k+1 )s 5([’2k+1 71721<+2)}
= max{6(Py, Poxs1)s O(Pors 1> Parsa) }

(5)

If APy Prist) = 5([’2k+17[’2k+2)‘ ) th‘en
F(0(Pogy1sPrwsa)) S F(O(Pags1s Parsa)) — K, this is a contradic-
tion according to Fj.

Hence A(py, pai1) = 0(Pogs Par1)- Then from (1),

F(0(Pass1s Prusn)) S F(O(Doges Por)) — 165 Ve € N U {0} (6)

Similarly, we have

F(6(pais Pars1)) < F(8(Pos—15P21)) — K (7)
By using (6) and (7), we get

F(0(Pas1s Paicia)) < F(S(Dogs Poicir)) — 2i¢ (8)
Repeating consequently the iterative sequence, we get,
F(0(Poss1s Prisa)) < F(S(po, 1)) — (2e + 1)k )
Similarly,

F(6(pais Pai1)) < F(6(po, py)) — 2ex (10)
From (9) and (10), we get,

F(S(pys Pas1)) < F(S(po; 1)) — e (11)
On taking lim, .., on both sides of (11), we have

lim F((p,.p,.1)) = —o0 (12)
From F,

1im&(p,, pi1) =0 (13)

From (11), for all n € N, we get
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(s i) (F(3(ys Pusa)) = F(3(po, p1))) (14)
g _(6(p117pn+]))knk S 0

By using (12), (13) and letting n — oo in (14), we get,

lim (n(8(p, 1)) = 0 (15)

n—oo

From (15), there exists n; € N such that n(é(pn,pnﬂ))k < 1 for
allm = n; or

1
6(pn7pn+l) < _,l Vn = n (]6)

713
From (16), we get from m > n > n;
b([lrﬁpm) X/ (pnﬂpm)[a(plz pn+l)+5(pn+l7pm)]

SYPnsPu)OPos L) + 7P Pt) Y Pt s L) 0Pt s Pr)
+0(Pys2:Pm)]
KYPsPm) 0P Pust) + 7P Pi) VP 1:2m)S (Pt sPusa) +
FV(Ps D)V Pras1:Pn) Y Prs2:Pon) -
Pyt sPm)
<Y(P1:Pw)VP2:Pw) -
+9(P1:Pw)V(P2:Pwm) - -

11 P) VP25 P) -+

Note that this series

(Pin2sP)? Prn15Pm)

'y(prﬁpm)a(plnle»l)
’\/Y(pn%»l 7P,11)6(]7n+] 7PH+2) +..
V(pm—l 7pm)5(pm—l 7pm)‘

25@117pn+1 )HV(P,,P,,,) converges.
n=1 i=1

Since,

00 n
Zé(pmpn+l )HV(Pan
n=1 i=1

00

Zjﬂy(p”pm

n=1 i=1

o0
E l,; which is convergent.

nk

k‘l._.

n=1

Let

S = 25(17,77P,1+1)HV(P1'7P,71)~
n=1 i=1

n J
Sy = Zé(pj:pﬁrl)ny(piapm)'
J= i=

Thus for m > n above inequality implies

5(.17,,717;:1) < Sm—l - Sn—l-

Letting n — oo, we conclude that {7S(p,)} is a Cauchy
sequence in (X, ). Since (X, ) is a complete J-metric space,
there exists p* € X such that {7'S(p,)} — p*, in other notation,

lim §(p,, p) =0 (17)

Now by Lemma 1.9, we have

K+ F (8 (Pri1 Tp")) < 4 F (6 (Spy,, Tp")) (18)
The inequality (2) holds good for p*, then we have,

K+ F(0(pyir, Tp")) < F(A(p2,,07)) (19)

where

* (2. Spay)  _0(p".T]
A(pzmp ) - max {6(]72"7}) )7 ]+<;)12Fzﬂ§2l’7)n) ’ l+((>p(ji g"rf)>

5(]72n7 Sp2n)7 5(]7x7 Tp*)}

(20)
3(PowPon+1) T
- max {5@7”71) )7 140 ﬁz: 217z,;l+1 ’ 1+§(P z"f’)
6(p2n7p2n+] )7 5(P*7 Tp*)}
Taking lim,_., and using (17) we get,
lim A(py,, p) = o(p", Tp") (1)

Since lim,,_.0(p,,, p*) = 0 and
}LI?C(S(szpznﬂ) < }LTCV(szpznﬂ)[‘s(szP*) +6(p" Paus1)] — 0.

Accordingly, from (19), we find that
F0(pouir, Ip7)) < F(A(py,p")) — K

. (22)
< F(A(pZWP ))
By using Fj, we get
6(p2n+17 Tp*) < A(szp*)
Applying limits as n— oo and wusing (21), we get
o(p*, Tp*) < o(p*, Tp*), which is a contradiction. Hence
o(p*, Tp") = 0.

Similarly using (17) and Lemma 1.9,

K+ F(é(p2n+27 Sp*))
We can prove that é(p*, Sp*) = 0 or p* = Sp”.

have a common fixed point p* in X.
Now if d(p*, p*) # 0 then

Fo(p*,p"))

S K+ F(0(Tpayi15Sp7))

Hence S and T

F(o(Sp*, Tp™))

L (23)
FA(p",p)) -
where
P P o(p*.Sp* Ap*. Tp*
Aprp) =max {o(pr,pr), (225 2T
o(p*, Sp*),é(p", Tp")} (24)
= max{o(p*,p")}
=o(p"p7)
Thus from (23), F(o(p*,p*)) < F(o(p*,p*)) — k, which is a
contradiction.

Hence o(p*,p*) =0. This completes the proof of the
theorem. [

Special Cases of the Theorem 3.2: If we take,

(1) v(p,q) = y(= 1), then above theorem reduces to rational
weak F-contractions in b-dislocated metric space.

(2) y(p,q) = 1, then above theorem reduces to rational weak
F-contractions in dislocated metric space.

(3) S =T, then above theorem reduces to single mapping
which also holds good for rational weak F-
contractions in J-metric space.

(4) S =T and y(p,q) = y(= 1), then above theorem reduces
to rational weak F-contractions in b-dislocated metric
space.

(5) S=T and y(p,q) = 1, then above theorem reduces to
rational weak F-contractions in dislocated metric space.
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Apart from the above special cases, we can establish variety
of results as consequences on rational weak F-contractions by
arranging the below different consecutive values of A(p, ¢) in
Eq. (3).

Consequences: If we take,

(1) Alp,q) = d(p. q)

)
) Alp,q) = 55
(3) A(p,q) = 1510
4) Ap,q) = (p,Sp)
(5) Alp,q) = (g, Tg)
(6) A(p,q) = max{5(p, q), 7L}
(7) Alp,q) = max{8(p,q), 7o}
(®) A(p,q) = max{d(p,q),(p,Sp),d(q, Tq)}
©) A(p,q) = max{8(p, q), {1LHs, Iy

4. Common fixed point problems for rational Gupta-Saxena type
F-contraction

Definition 4.1. Let S,7: X — X be two self-mappings on
(X*, ) . The pair (S, 7) is denoted as a pair of rational Gupta-
Saxena type F-contractions if for all p,g € X

K+ F(6(Sp, Tq)) < F(A(p,q)) (25)
where F € F*,k > 0 and

_ [(1+6(p,Sp)]o(q, Tq) 6(p,Sp)d(q, Tq)
A(”’Q)‘ma"{ I+oa) T 1+000.0) ’5(”"’)}'

(26)

Theorem 4.2. Let (S, T) be a pair o self-mappings on (X*,0)
that forms a pair of rational Gupta-Saxena type F-
contractions  such  that  for each p,€X we have
limsup, ,, ..y(P;P) <1 Then S and T have a common fixed
point v in X. Moreover if (2) also holds for v, then 6(v,v) = 0.

Proof. We construct an iterative sequence {p,} such that
DPops1 = Sps, and p,,. = Tp,, ;. If A(p,q) =0, this claims
p = ¢ is a common fixed point of S and 7. Then there is noth-
ing left to prove and our proof is complete. Let .A(p, ¢) > 0 for
all p,q € X. From a pair of rational Gupta-Saxena type F-
contractions, we get,

F(6(Pys1sPos2)) < F(6(SPas TPos1)) (27)
< F(A(poy; Pri)) — s
for all i € NU {0}, where
14+-0(pose ,SPa )0 (Poges 1, TPose s
APoses Pr1) = max{[ (pZ/Hjb(lpl],‘ ngﬁ,B )
(P2 Spai )0 (Pt 1, TPk +1)
: 1+:\3(/’2k>l§2+Al—l) = 75@2/‘7p2k+1)}
_ 140k P2t IO Pose 1 P21 12)
= max { 1+0(poge-Pok1)
(28)

3Pk P2k 1)kt I’7k+2
[ERICw) s 0(Pas Posy1) }

= max{6(Pys1, Prks2)s O(Pos 1> Passa)
5(P2k71’2k+1)}
= max{S(Pa, Poss1)s O(Poss1 Possa) }

If A(poy; Poii1) = 0(Pocs1s Paria)  then F(0(poyi1: Paya)) <
F(0(pajs1:Posn)) — K, this is a contradiction according to (F1).

Therefore A(pyy, pai1) = 6(Pak> Posr1)- Then from (4),

F(0(Pass1s Prtsn) S F(O(Doies Pos)) — 165 Ve € NU {0} (29)
Similarly, we have
F(0(pages Prs1)) < F(O(Pr—ts Po)) — (30)

By using (6) and (7), we get

F(O(Pass1s Paisn)) S F(O(Por i) = 20, (31)
Repeating consequently, the iterative sequence, we get

F((Pager1s Pais2)) < F(S(pos 1)) — (2k + )i (32)
Similarly,

F(S(Pases Pos)) < F(8(po, p1)) — 2k (33)
From (9) and (10), we get,

F(S(pys Pas1)) < F(S(po; 1)) — e (34)
On taking lim, .., on both sides of (11), we have
lim F(6(p,.p,.1)) = —o0 (35)
From F>,
lim 6(p,., p,1) = 0 (36)

n—oo

From (11), for all n € N, we get

(6P Puc)) (F(3(Ps Pct)) = F(6(po:p1)) < =(8(pys i) e < 0

(37)
By using (12), (1
V}Lrg(n(é(pmpnﬁ»l))k) = 0 (38)

From (15), there exists n; € N such that n(é(p,,,p,,+1))k < 1 for
alln = ny or

3) and letting n — oo in (14), we get,

O(Pys Pust) = Vn = my (39)

From (16), we get from m > n > n,
6(pn7pm) < y(.pmpm)[é(pmplﬂrl ) +5(pn+l 7]]111)}

SYPusPin) 3P Pnit) +7(PrsPin)V Pt :Pm)
(OPos15Pnp2) +0(Pri2:P)]

SYPusPn) 3P Pnit) +7(PrsPin) 7 (Pt :Pm)
O(Pui15Pui2) -+ (PusPin)? (P15 Pm)
VPm2Pm)? Prn1 3P )O (P15 Pm)
<V(@12)YP25Pm) -V PP ) 0Py L)
9012wV P2:P) - VPt s Pi)O (P Pia) + -

+'y(pl >pm)y(p27pm) s 'y(pl11—l 7pm)6(pm—l 7pl11)‘
Note that this series

> 02 ) [ [7ip) converges.
n=1 i=1

V(pn+27pn1) te
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Since,

Zé(pn?pw»l )H'y(p[?pm
n=1 i=1

00 n

Z 3 J KON

nk
n=1 i=1

il; which is convergent.
k

n

iﬁax

Let

S = 25(17,77P,,+1)HV(P1'7P,;1)-
n=1 i=1

n J
S, = Za(pjapfrl)ny(piapm)'
J= i=

Thus for m > n above inequality implies
6(Pmpn7) < Sm—l - Sn—1~

Letting n — oo, we conclude that {7S(p,)} is a Cauchy
sequence in (X, d). Since (X,J) is a complete d-metric space,
there exists v € X such that {T'S(p,) } — v, that is,

lim 8 (p,,v) =0 (40)

Now by Lemma 1.9, we have

K+ F (0 (prpsrs Tv) ) <k + F (0 (Spay, Tv) ) (41)
The inequality (2) also holds good for p*, then we have,
KA F (0 (Pi1s TV) ) S F (A (p,v) ) (42)

14+8(p2, P2 )10, TY) (PSP )3 (v, Tv)
Alps 1) = max{ gD S B 5(p,, ) |

— max {[1+0(p12$§f;;’:‘)‘].;>(v,7"v) ’0(1)2”112«;;[2)”6 v, Tv) (P, )}
(43)
Taking limit as # — oo and using (12), we get,
lim A(p,,, v) = o(v, Tv) (44)
From (14),
F(6(pysrs Tv)) < F(A(pay,v)) — K
(45)
FA(py»v))

By using F, we get 0(p,,,;, Tv) < A(p,,, v). Applying limit as
n — oo and using (12), we get,

o(v, Tv) < 6(Tv,v),

which is a contradiction. Hence d(v, Tv) = 0.
Similarly using (17) and Lemma 1.9,

K+ F(6(pyi2:S7)) < k4 F(6(Tpyy i1, Sv))
We can prove that é(v, Sv) = 0 or v = Sv. Hence S and T have
a common fixed point v in X.

Now if 6(v,v) # 0 then

F(o(v,v)) (6(Sv, Tv))

(Al ) - (46)

<F
<F

where,

1+6(v,SV)]6(v,Tv)  0(v,Sv)o(v,Tv N
A(v,v) = max {2500 2SI 5y, ) |

(47)

[146(v,0)]o(v,v)
1+3(v,v)

o(v,v)o(v,v
= max { , (H(;)(f‘v)) ,0(v, V)}

=d(v,v)

Therefore from (15), F(6(v,v)) < F(6(v,v)) — k, which is a
contradiction. Hence 6(v,v) = 0. O

Special Cases of the Theorem 4.2: If we take,

(1) y(p,q) = y(= 1), then above theorem reduces to rational
Gupta-Saxena type F-contractions in b-dislocated metric
space.

(2) y(p,q) =1, then above theorem reduces to rational
Gupta-Saxena type F-contractions in dislocated metric
space.

(3) S =T, then above theorem reduces to single mapping
which is also holds good for rational Gupta-Saxena type
F-contractions in J-metric space.

(4) S=Tand y(p,q) = y(= 1), then above theorem reduces
to rational Gupta-Saxena type F-contractions in b-
dislocated metric space.

(5) S=T and y(p,q) = 1, then above theorem reduces to
rational Gupta-Saxena type F-contractions in dislocated
metric space.

Apart from the above special cases, we can establish variety
of results as consequences on rational Gupta-Saxena type F-
contractions by arranging the below different consecutive val-
ues of A(p,q) in Eq. (28).

Consequences: If we take,

(1) Alp,q) = d(p.q)

) A(p,gq) = 2t

(3) Alpq) = g

(4) Alp.q) = max {400 5(p,q) |

(5) A(p.q) = max {0 250e )
(6) A(p. q) = max { LT 5, g) |

5. An illustrative numerical experiments with 3D surface view

Example 5.1. Let X = [0, c0). Define a distance function ¢ on
X by 4(p,q) = (17—|—q)2 and y:XxX—[l,00) by
y(»,q) =2p+3g+ 5. Then (X, ) forms a complete d-metric
space. Define the mapping S, 7: X — X as follows:

&, if pel0,1]
Sp =
(p—1) +4, if p>1

_— £, if pel0,1]
P 2 “Lif p>1

Define the function F:R" — R* by F(«)
o€ R" and k > 0.

=1In(o? + ) for all
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Case 1. If pc0,1] and ¢g>1, then Sp=%, Tq= 2"28’1. Therefore,

comer FAp.0) =F[(p- 1+ o+ )]

Fo(sp 1) = #(3(5.252)) = F(23) —in| (-0 )+ (00 ) |
=i {(1’”’;2*‘)4 - (%) 2} Consider,

Now consider, FO(5p. T0) - Fl(p.q) = n | (202 e o) ]

r 2 r i 941 1 which vi
Alp.q) = max{é(p 9, 1+&(;))) 1+§]( s )) 5(1”%)’5(472]3 |>} Since ¢ < p,§+ 5 < p + ¢ which yields,

— max {(p+q)2,1§_"‘§;71+(g+;1)];z A (g2 1>2} (- 1)%%1)2 B I ()
ey (=17 +050)
8
Thus,
Therefore,
F(A(p,q)) F{(Q*‘Z[] 71)2} In ((p—1)2+%>4+((p—1)2+%1)2 < —K; k> 0.

:1n[(q+24—1)4+<q+2,1z8_,1)2} ((P*l)z+(p+§)> +<(p71)2+(p+%))
Hence x + F(6(Sp, Tq)) < F(A(p, q)).

p 22 4 P 22— 2
M Thus all the conditions of Theorem 3.2 satisfied and 0’ is
(ﬁz"{l) +(fl+2" 7') the common fixed point. Moreover 6(0,0) = 0.

Consider, F(6(Sp, Tq)) — F(A(p,q)) = In

Since p < q,§ < ¢ which implies that § + 2" g+ " =
Example 5.2. Let X = [0, 1]. Define a distance function ¢ over
Thlzls . L\ s L2 a set X by 8(p,q)=(p+¢)* and y: Xx X —[1,00) by
(§ + %) + (§ + 2‘1871> < (q + Z[J%) + (q —0—%) . 7(p,q) = p* + ¢*> + 2. Then (X,5) forms a complete 5-metric
(”+zqz,l)4+(g+zqz,l)2 space. Define the mappings S,7: X — X by Sp = % for all
Therefore, In |28 5 1 | <« —x; for k > 0. €[0,1] and
( 221 2421 p ’
(A )*(‘” § )

Hence F(6(Sp,Tq)) — F(A(p,q)) < —« for k > 0. This 2if pelo,1)
gives K + F(6(Sp, Tq)) < F(A(p, q))- P="0.if p=1.

Case2. If p>land g € [0,1] then Sp = (p — 1) %7 Tq = % Define the function F: R" — R* by F(«) = In(«* 4- o) for all
o> 0and x > 0.

Consider,
Casel. If0<p<landg=1
_ _ 1)l
Fo(Sp. Ta)) = F((S((p N+ 878) A Consider,
:F( (p—1)7+141 >
( ’ 3) F(6(Sp. Tq)) = F(5(5%.0))

225

F(((p—1)2+%)24) :F(ﬁ)

_ 16p p4
=In (50625 + 225)

Now consider, Now consider,
S(p.(p—1)*+1 q _ [1+3(p3215(1,0)  [6(p3)]6(1,0)
A(p.,q) — max 5(‘”7(1)7 < (]7 ) 28) , 6(?79‘[’ A(PJI) _max{ Jrl+r>(/ll) ’ l+0(ﬁol) 75(])71)}
1+5(p (-1 +%> 1+6(q.9)
s(po-r ) oled} —max {0 (1)
pH(p—17+1) 7)®
— max (p+q)2, < . 8) - (qJFx)q - _ ([7+ 1)2
L+ (p+(p—17+Y 1+ (a+])
Therefore,
p+(p—17+1) (g+Y) }
(re-n - FAp.q) = Flp+ 1)’
= (p+(-17+}) =h((p+1)' + (p+1)]

2

:<(p71)2+(p+§))'



822

S.K. Panda et al.

Thus,

N 16p4 e
FO(S9. Ta) ~ FA(p.g) = n | S5 —
for any value of 0 <p <1 and k >0

Therefore, k + F(6(Sp, Tq)) < F(A(p,q)).

Case 2. If p=1and 0 < ¢ < 1 then consider, Sp = Z, Tqg=1

")

)

F(6(Sp, Tq)) ((3
= F(s
=G

(75
(

G &
kh\\ \_/

1
S
+ 4
+

6T

+E+Y]

ks

Now consider,

140(1,2)]0(¢.d) )3(q.4
A(p,49) :max{[ 1+<s'(51?q)qs7 1#3(12 »o(1, q)}

B (4052 (1)
= { L o
=(1+q)
Therefore F(A(p, )) = In(1+¢)°) =In((1 + )" + (1 +4)").

Thus,

F(5p. Ta) - FLAlp.g) = tn ((E00)
= —x for any value of
0<¢g<1 and k>0.
Hence « + F(6(Sp, Tq)) < F(A(p,q)).

Thus all the conditions of Theorem 4.2 satisfied and ’0’ is
the common fixed point. Moreover 6(0,0) = 0.

In Fig.1,2 we gave a 3D surface which shows the compar-
ison of the left hand side and right hand side of Eq. 25. Thus
the assertions managed by the Theorem 4.2 are gratified, by
that considering the stated factors, 7" has a fixed point and it
is unique. (See Table 1,2).

Example 5.3. Define a distance function § over the set
=[0,1] by 6(p.q) = lpl +lgl + 2L+ and :xx X —
[1,00) by 7(p,q) = lp +a*.

Then (X,9) is a complete dislocated extended b-metric
space. Define the mapping 7: X — X by

Fig. 1  The value of the correlation of the left hand side and the
right hand side of (3) of Theorem 4.2 in Ex.5.2, casel.

Q 0 o p

Fig. 2 The value of the correlation of the left hand side and the
right hand side of (3) of Theorem 4.2 in Ex.5.2, case2.

Table 1 Numerical comparisons of L.H.S and R.H.S of
Ex.5.2 of case-1.

p g  k+ F(6(Sp, Tq)) where k = 0.45 > 0 F(A(p,q))
0.1 1 —8.22952 0.9836
0.2 1 —6.797971164 1.256641153
0.3 1 —5.986152928 1.514269723
0.4 1 —5.41238752 1.758133742
0.5 1 —4.961665805 1.989585213
0.6 1 —4.595077682 2.209767803
0.7 1 —4.284482541 2.41966566
0.8 1 —4.014779659 2.620136599
0.9 1 —3.776229768 2.811935629

Table 2 Numerical comparisons of L.H.S and R.H.S of
Ex.5.2 of case-2.

q K + F(6(Sp, Tq)) where k = 0.45 > 0 F(A(p,q))
0.0 —3.56239598 0
0.1 —3.277043193 0.983612875

0.2 —3.025475596 1.256641153

4

1

1

1

1 0.3 —2.799982794 1.514269723
1 0.4 —0.901528 1.758133742
1 0.5 —0.795566704 1.989585213
1 0.6 —2.233895821 2.209767803
1 0.7 —1.276847905 2.41966566
1 0.8 —1.920349184 2.620136599
1 0.9 —1.777323152 2.811935629

p*, for pel0,d)
Tp= l°g 3” for pef},1]

Define the function F: Rt — R* by F(a)
and k > 0.

=loga forall o >0

Case 1. If p,q € [0,1) then Tp = p*, Tq =g’

Consider,

F(o(Tp, Tq)) = F((p*,4%))

4 4
= F(pP’| + ¢’ + 5+ 19)

S

4
= log(|p| + |¢| + 5+

Now consider,



A numerical schemes and comparisons for fixed point results

823

14+0(p,S) Sp)d(.
FAp.q)) = Pmax { Lot 8660, 5(p.q) )

_ [1+8(p.pY)6(g.a”)  8(p.p*)d(q:4>)
_F(max{ l+1r)(pqqq ’ l[jr()p[(lf)q 5(p7 )})

4 4
— F( max J (ot ><\q2‘+w4wil )
)
1+|m+|q\+"zl +
4 4
(PP 2 gl i 192 )

1+ip|+gl + 2+
2 4
Il +lal + 5+ 4}
= F(lp| + lq| + 2+ "T)
wmm+m+w+%>

)

Thus,
4
F(5(Tp, Tq) — F(A(p,q)) = log(lp + | + 2"+ 12
—log(lp| + |q| + 2" + 1)
_ log{w P+ \1} +\1/\ }
|p\+|q\+‘”‘ I'd
= —k for some x > 0.
Hence, F(6(Tp,Tq) — F(A(p,q)) < —x  which  implies

K+ F(6(Tp, Tq) < F(A(p, q)).

Case 2. If p,q € [}, 1] then Tp =4 Ty =183

Consider,

_ F(a(]og?p,]og;q))
— F(‘logllz‘ + |log3q| + \logSp\ + \log'éq\ )

3 log 3 1
o552 + 55 g gt

F(o(Tp, Tq))

Now consider,

F(A(p,q))

[1+0(p,Sp)]0(q.Tq) S(p.Sp)d(g,Tq)
(max{ g g 0@ ‘1)})
1+ 52505 5(p252)0(g5)
(max{ [E= ) T 100) L é(p, q)})
F(max{“ﬂ |+ fogdry o \loiémz)(‘qlﬂuogsqm | loga?)

t
2 2 2 2
log3p, , |n12, llog3p] [log3ql; , lgl? , ([log3q|
|ogp , IP) /d |log gl | |
(Ipl+] S A SA) ) (lg]+| I L S T |

F
r

2 2 bl
1+\p\+\q\+@+“’5‘

2 2 I
1+l + gl + 2+

Pl + lql +12 -+ 5°)
= Fllpl + lq| ++5)
= log(lp| +lg| +5+15)
Thus,
~ F(A(p.q)) = log(|"5¥| + |15 + 5Ly Loy
~log(lp| +lg| +5-+4)

log3p; | log3q, | llog3p2 |, [log3q2
e s S
=10g{ 2 2

lpl” | lal
|p|+l g+

F(6(Tp, Tq)

= —x for some x > 0.

Hence, F(6(Tp,Tq) — F(A(p,q)) < —x  which

K+ F(6(Tp, Tq) < F(A(p, q)).

implies

Case 3. If p € [0,1) and ¢ € [, 1] then Tp = p?, Tq="%

Consider,

F(6(Tp, Tq)) = F(5(p,'8))
. 4 5

= F(|p?| + | '2&%| 4 1o 4 Llog3aly

0g 4 3 2

= log(|p?| + | &% | 4 2 4 Llogdaly

Now consider,

3(p,Sp)|o Sp)o(
FUAp.q) = F(max {23 225850 5(p,q) )
_ [1+3(p™15(4252)  6(p.p?)5(4.252)
= F(max{ 1+3(p.q) ) 1+5(p,9) 5( q)})
— F(max (14 |pl 2 122 )(\/111‘2‘(’534‘2!1‘4121!“"%3‘”21,
1+\p|+\q\+%+ﬂ
(\p\ﬂpz\w‘ﬂ‘ ‘/)5\ )l ‘uom”\q\z “"%3"2;
U+ 4 7
m+m+ﬂ+ﬂb
= F(lp| + gl + 2+ )
= log(lp| + gl + 1 +4)
Thus,
og 4 3 2
F(3(Tp, Tq) — F(A(p.q)) = log(|p?| + 5% + 2 + logoel)
—log(|p| + ] + 5+
_ Jog J P
Ipl-+lgl-+2-+4-
= —x for some x > 0.
Hence, F(6(Tp,Tq) — F(A(p,q)) < —x  which  implies

K+ F(3(Tp, Tq) < F(A(p, q)).

Case 4. If p e [1,1] and ¢ € [0,1) then Tp =52, Tg = ¢
Consider,
F((Tp, Tq)) = FO(*5*, %))
= F(|52 | + 2| 4 Lot 4 1

10g(|10;3p| + |q | + \log?p\ +%)
Now consider,

R T—)
_ F(max {M(lﬁ Zw,f) 7 é(z:}z”();;q.f) 57, q)})
- F(maX{“*Iym"‘“”‘ R gl
1+|p\+|q\+“" e ’
(521 o7 P8 g 421
1+\p\+|q|+"" Ps '

m+m+%+%h

= F(lp| + lq| + 2 + 1)

= log(lp| + Ig| + 2" + 1)
Thus,

0g 5 2 14
F(3(Tp, Tq) — F(A(p,q)) = log(|"5%| + |¢°| + =52 + %)

)2 2
—log(|p| + lql + %+ %)

log3 log3p | Jg/*

— log BRI A
Iph+lal+ B+ 5
P+ 75

= —k for some x > 0.



824

S.K. Panda et al.

Hence, F(6(Tp,Tq) — F(A(p,q)) < —x  which  implies
K+ F(6(Tp, Tq) < F(A(p, q))-

The numerical experiment is carried out by approximating
the fixed point of 7 in Table 3. Furthermore, the converges
behaviour of these iterations is shown in Fig. 3.

6. Applications to the existence of solution for Volterra integral
equation via various F-contractions

The Volterra integral equations are a special type of integral
equations. The theory of Volterra equations plays an impor-
tant role in the theory of applied mathematics as well as
applied sciences. Some times it will be treated as useful math-
ematical tools in both pure and applied mathematics, and is
extensively used in pertinent research. (See for example [48
53)).

6.1. Existence of common fixed point of Volterra integral
equation for rational weak F-contractions

As an application, we use Theorem 3.2 to study the existence
problem of solution of Volterra integral equation.

Qi (u) = /Ougl (u, v, Q) (v))dv (48)

Q) (u) = /ugz (u, v, Q (v) ) dv (49)

for all u € [0, 1]. We will find the solution of (52) and (55). Let
X = C([0,1],R") be the space of all real continuous functions
on [0,1], endowed with the complete J-metric. For
O, € C([0, 1], RT), define norm as:

€l = max{|Qi(u)le™}
uel0,1]

where k>0 is taken as arbitrary. Then, define

Ot X X X — [0,00)

5:(Q1, Q) = max {|Q(u) + Qs (u)|Pe™™
(@9 = max {19 (u) + (e} )

= |12 + Q||

for all Q;,Q, €C([0,1,R") and 7:Xx X —[l,00) by
2(Q1,) = [Qi (i) + [R()] + 1.

Then (X,J,) becomes a complete dislocated extended b-
metric space. Now we prove the following theorem to ensure
the existence of common solution of Volterra integral

Let us consider the following type Volterra integral equation.
equations:
Table 3 Picard iterations.
2 po = 0.05 po =045 po=0.75 po =098
¥ 0.00250000 0.20250000 0.4054651081 0.53920479
)2 0.00000625 0.04100625 0.1644019539 0.24047622
D3 0.00000000 0.00168151 0.02702800 0.05782881
Ds 0.00000000 0.00000282 0.00073051 0.00334417
Ds 0.00000000 0.00000000 0.00000053 0.00001118

Ps 0.00000000 0.00000000 0.00000000 0.00000000

Convergence behavior

0.6 T T — 1
—— Initial point Py = 0.05
—o— Initial point p,, = 0.45 jj 09
0.5} —a— Initial pointp, = 0.75| 108
—— Initial pointp, = 0.98
10.7
0.4 i
QC 10.6
.
(o]
v 03 b 0.5
=
2 0.4
0.2 1
0.3
0.2
0.1r b
0.1
0 = i == 1% i ¥ 0
0 1 2 3 4 5 6
Iteration number (n)

Fig. 3 Convergence

behavior for Example 5.3.
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Theorem 5.1.1. Let (X, 0,) be a complete dislocated extended b-
metric space as defined above. Further, assume that the following
conditions are satisfied:

(1) g1,&: [0 1] [07 ]} X C([07 1]7 R+) - R
(2) Define
5200 = [ 1w v () (s1)
T (u) = /Ougz(u, v, Qo (v))dv (52)

Suppose there exists k¥ > 0 such that

g, (i, v, Q) + g5 (1, v, Q| < ke A(Q), Q)
Sor all u,v € [0,1] and Q;,Q, € C([0,1],R"), where

|9+ 0+ 79, *
D 1HQ 5[ 1@+ T

AQ, Q) = max {\(91 + Q)
Q) + SO [%, Qs + TQZ|2}
(53)

Then integral Egs. (52) and (53) have a common solution.
Proof. For any Q;,Q, € [0,1], u € [0, 1]. Consider,

‘SQI(“)+TQZ(H)| *”0 &1 (u,v, Q0 (v))dv+ g, (u,v, Qo (v ))d"‘z
< Solgi (v Ql(V))+ga(M v, (v)))dv
<j0[lce’".A 1(v),Qa2(v))]dv
<re* fre max{|<9 (1) + (),

20 ()+S2 (P e @ (+TD () e ™
(101 () 501 (0)PJe 7 [14]Qs (1) + T (v)Ple %

(1) + 59 () e, 102(0) + TR ) e hav

v (@1,59
e ™ [he mdx{() (91192)7ng&)7

5,(Q.T)
1+0A51 7!212 10
@

Q,,5Q,), (Qz7m2)}dv

=xe™ [1e™A(Q(v),Q(v))dv
<ke M A(Q(v), Qz(v))|f|0dv
<re " A(Q (), 2 (v) &
e =0 A(Q) (v), Q0 (v)).
(54)
So we have

|SQu () + T (u)[*e ™"

which yields,
5K(SQI7 mz) S ef”'A(Ql (V), Qz(V))

Applying logarithms on both sides,

K+1n(6K(SQI7 TQz)) < IHA(QI(V),Qz(V)); VQ|,Q2
€X. (55)
Define F: R — R by F(p) =In(p), p > 0. Then from (103),

we get
K+ F(éK(SQI, mz)) < F(A(Q](V),Qz(v))),

where

_ (Q1.5Q)  5.(Q0,TD)
= max {5 (Q1,Q), 7 Tror (slzl ST Tro, (05,700 7

5K(Ql7 SQI)7 51((92’ m2)}

A(Q(v), % (v))

(56)

Thus all the conditions of the Theorem 3.2 are satisfied for
F(p) =In(p), p>0and 6(Q;, Q) = ||Q; + X]|,. Hence inte-
gral equations given in (52) and (53) have common solution. (]

6.2. Existence of common fixed point of Volterra integral
equation for rational Gupta-Saxena type F-contractions

Here we present existence of common fixed point for Gupta-
Saxena type F-contractions, which yields the existence of com-
mon solutions of Volterra type of integral equations as an
application.

Consider the below Volterra type integral equations which
is in the form of

u) = fO" Zy(u,v,0,(v))dv (57)
u) = [ Zo(u,v,0,(v))dv
u € [0,7), where T>0and Z;,Z,:[0,7] x [0,7] x R — R.

Let X = C([0, 7], R) be the set of all continuous functional
on [0,7] endowed with the complete dJ-metric space. For
0, € X, we define the supremum norm as,

0] = sup,ero,r {101 (w)]e™™},

where x >0, and 0,
norm.
Now define 6 : X x X — R by

3(01,02) = sup,eo {161 () + O2(u)| e}

= {161 + 0]
for all 6,,60, € X=C([0,7],R) and y: X x X — [l,00) by
y(01,02) = |01 (u) + 02(u) + 1| with  these  scenario’s,
(C([0, 7], R), 6) becomes an J-metric space. In order to obtain
our claims, we will need the following settings:

:[0,7] — R equipped with Bielecki’s

(A;) The functions A, ® are continuous.
(A,) Define,

SOu = / Zy(u,v,0,(v))dv
0

T02u:/ Zy(u,v,0,(v))dv
0

(A;) Suppose there exists x > 0,such that

KA(Q] 5 02)

2
121, 0] + Za(t,v, 0N < g g5y

Vu,v € [0,7],6,,0, € C(|0, T], R),

2 2 2 2
where, A(01702):max{[1+‘01+30|‘ 110>+ 70| [10, +S56:[710> + 70| “0|+02|2}

140, + 0, 140,40,

Now we prove the following theorem to ensure the existence of
unique solution of Volterra type integral equation.

Theorem 5.2.1. Let (X,0) be an dé-metric space as notified
above. If Ay, A, and A; are satisfied by S, T, then the integral
Eq. (1) has a unique solution.
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[S0: (1) + TO(w)[* = | ([ 21 (, v, 0,(0)dv + [ 21 (1, v, 0,(v))dv) |’
=([sZi (v, 00(v) + [3Z:(u, v, 01 (v))dv) v’

= [5(1Z1 (v, 0,(v) + Zi (u, v, 0,(v))])*dv
dv

U kA01,00)
0 kHA 0,,07)]|+1

IN

< oKHA(o, SES A(0:,0,)edy
< Jommatayr A0, 05)] e dv
< WHA 01,07 Hf(] e'dv

< Am . IRICE OZ)HFT
LA©1,00)]]

3

<A
(58)
which implies,
_ A0, 0,)]]
S@ + 76 2 —ku < || )
1501 () ()l K|[ A0, 0,)]| + 1
[[A(01, 0,)]|
=180, (u) + TO,(u)|| < —F———
|| l( ) 2( )H K‘lA(0I502)||+1
Wl A 02)] 41 _ !
A0, 0)]] 501 (1) + T0(u)]|
= K+ ! < !
A0, 0,)]] ~ [S01 () + T0s(u)]|
= K — ! < - !
11501 (u) + TO(u)[| = [|A(01,0)]
Thus, we will get,
1 1
K— < - 59
50,0 < [, 0] )

D(gﬁneF:RHRbyF(p)zf},;
o+ F(3(01,02)) < FLA(0,,02))

Hence all the conditions of the Theorem 4.2 are satisfied for
F(p) = —11,; p > 0. Hence Volterra integral equation for weak

p >0, then,

F-contractions have a common solution.

7. Conclusion

Dislocated extended b-metric spaces are introduced and
proved related fixed point theorems. We have conducted a
numerical experiment for approximating the fixed point.
Thereafter, we proposed simple and efficient solution for a
Volterra integral equation by using the technique of fixed point
in the setting of new abstract space: dislocated extended b-
metric space. Many researchers have connected fixed point
technique and classical Volterra integral equations in various
abstract spaces such as metric space, b-metric space and partial
metric space. We also follow same method in new abstract
space: dislocated extended h-metric space. Our obtained appli-
cations are an extension and/or generalization of many exist-
ing classical Volterra integral equations in the literature. The
observed results of this paper open new framework research
avenues for:

e Fixed point method for Volterra-Fredholm integral equa-
tion in dislocated extended b-metric space

e Hyers-Ulam-Rassias stability of nonlinear integral equation
in dislocated extended b-metric space

e Collocation-type method for Volterra-Hammerstein inte-
gral equations in dislocated extended h-metric space
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