Applied Mathematical Modelling 37 (2013) 6183-6190

Contents lists available at SciVerse ScienceDirect T AR

Applied Mathematical Modelling

journal homepage: www.elsevier.com/locate/apm

Variational iteration method for the Burgers’ flow with @CmssMark
fractional derivatives—New Lagrange multipliers

Guo-Cheng Wu*"*, Dumitru Baleanu “%¢*

2 College of Mathematics and Information Science, Neijiang Normal University, Neijiang 641112, China

b College of Water Resources and Hydropower, Sichuan University, Chengdu 610065, China

€ Department of Mathematics and Computer Sciences, Cankaya University, 06530 Balgat, Ankara, Turkey

dInstitute of Space Sciences, Magurele-Bucharest, Romania

¢ Department of Chemical and Materials Engineering, Faculty of Engineering, King Abdulaziz University, Jeddah, Saudi Arabia

ARTICLE INFO ABSTRACT

Article history: The flow through porous media can be better described by fractional models than the clas-
Rece}ved 24 May 2012 sical ones since they include inherently memory effects caused by obstacles in the struc-
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of the method were not identified explicitly. In this paper, the Lagrange multiplier is deter-
mined in a more accurate way and some new variational iteration formulae are presented.
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1. Introduction

The diffusion process has been observed in many real physical systems such as highly ramified media in porous systems,
anomalous diffusion in fractals and heat transfer close to equilibrium. Fractional calculus is a power tool for finding solution
of non-linear problems. Some numerical methods [1-6] and analytical methods [7-12] have been developed for fractional
differential equations (FDEs).

The variational iteration method (VIM) [13,14] was extended to FDEs and has been one of the methods used most often.
Generally speaking, the use of the variational iteration method (VIM) follows the three steps: (a) to establish the correction
functional; (b) identification of the Lagrange multipliers; (c¢) determination of the initial iteration. Obviously, the step (b) is
crucial to derive a variational iteration formula.

Noting the applications of the VIM [13,15] only handled the term of fractional derivatives as restricted variations, we con-
sider a more general FDE

6D¢u + Rlu] + N[u] = f(0), (1)

where 0?‘? is the Caputo derivative, R[u] is a linear term and N[u] is a nonlinear one. Momani and Inc et al. [16-20] applied
the VIM to the above equation and suggested a variational iteration formula

(2)

{ Uni1 = Uy + Jo 4(E, T)(§D Uy + Rlta] + Nuy) — f(T))dT, 0<t, 0<a<1,
A7) =1,
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where the function A(t, 7) is called the Lagrange multiplier.
This paper gives a new way to identify the Lagrange multiplier and improves the variational iteration formula (2) as

Uni1 = Up + fé A(t, T)(§D%up + R[uy) + N{uy) — f(1))dT, 0<t, 0<a, 3
A %21
At 1) = EE—.

The above iteration formula is also valid for differential equations when « is an arbitrary positive integer.

2. Preliminaries

Definition 2.1. The Caputo derivative is given as

1 't 1
N,y (m) _
oDl = = /0 o (ndr, O0<t, m=[g+1. (4)

Definition 2.2. The Riemann-Liouville (R-L) integration of u is defined as

olu(t) = 1)/[(t—r)“"u(r)dr, 0<t, O<a. (5)
0

I'(x
Definition 2.3. Laplace transform of the term {DYu is given as
-1

LiSDu) = s*u(s) — > u®(©0")s* 'k m—-1<a<m, (6)
0

3

=
Il

where L is Laplace transform and u(s) = L{u(t)].
Assuming h(s) = L[h(t)] and g(s) = L[g(t)], the convolution theorem is

hm%m=4hw4mmw7 )
and

h(s)g(s) = LIh(t)"g(t)]- 8)

The detail properties of fractional calculus and Laplace transform can be found in [21-23], respectively.

3. Some new Lagrange multipliers

Theorem 3.1. If the correction functional for Eq. (1) is established via the R-L integration

Uni1 = Un + ol A(t, T) [[D7Uy + R[] + N{ua] — f(7)], 9)
the terms R[u,] and N[u,] are restricted variations, the Lagrange multiplier can be identified as

A7) =—1. (10)

Proof. Take Laplace transform (6) on the both sides of Eq. (9)

Un1(S) = Un(S) + L{ol7 A(t, T) (§D7un + Rlun] + N[uy) — f(7))]. (11)
Consider the term
oo Dy — ﬁ / (£ — T DD (D) (12)
0

Setting the Lagrange multiplier i(t,7) = A(X)/x_,_., Eq. (12) is the convolution of the function a(t) = 7‘(?(’; " and the term

oED?uy(t). The terms R[u,] and N[u,] are considered as restricted variations which implies 6R[u,] = 0 and 6N[u,] = 0, respec-
tively. Make the correction functional (11) stationary with respect to i1,(s) and take the classical variation derivative J on the
both sides of Eq. (11). Then Eq. (11) can be calculated as
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m—1
Sl 1(S) = 0ltn(S) + 6| A(8)s™Tn(s) — H_u®(0")s* 17| = (1 + a(s)s)5in (s)- (13)
k=0

From Eq. (13), we can obtain the equation
1+d(s)s* =0, (14)

which results in

_ 1 (s
aes) = ~ and a(t) = — T (15)
O
As a result, the Lagrange multiplier can be identified as
At T) =a(t — D)t — 1) % = 1. (16)
The iteration formula (9) reads
Un1 = Un — olf [§D7un + R[] + N[ua] — f(1)]. (17)
We can check our iteration formula’s validness through the relaxation oscillator equation [24]
oDiu4@u=0, u0) =1 v0)=0, 0<t, 1<a<2,w>0. (18)
The iteration formula of Eq. (18) can be given as
{ Uny1 = Un — oI} (§D%un + w*uy), (19)
Ug = 1.
As a result, we can obtain the series solution
Uo(t) =1,
u(t)=1- l"({)lix)
W%t “,21 20
Up(t)=1- T( 1+ta< +r 1+t2x)
For n — oo, un(t) =>4 ot ]“f,)m rapidly tends to the exact solution E,(—(wt)*) which is the Mittag-Leffler function.
Theorem 3.2. If the correction functional for Eq. (1) is established via the Riemann integration
t
Ui = Uy +/ At,T) [§D%up + R[un] + N[ua) — f(7)]d, (20)
0
and the terms R[u,] and NJu,] are restricted variations, the Lagrange multiplier can be identified as
G
At 1)) = T@) : (21)
From Eq. (17), we can derive
o [C o t(t_f)“ilca
Uni1 = Uy — off [§DFUn + R[Un] + N[ua]) — f(7)] =t — / T [6D%un + Run] + N(un) — f(7)]d
0
C=D)H -
i+ / ED O repay, 4 R, + Niua] - f(1)]d.
Jo (o)

As a result, for Eq. (20), the Lagrange multiplier is derived

D)z -p""

AL T) = @ ,

which completes the proof of (21).
One can check that the following iteration formula (See Eq. (25a) in [25]) for the ordinary differential equation (ODE)
4t -+ R{u] + N[u] = (1),
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{ Up,1 = Uy + fé AL, T) (% + Run] + N[un] —f(‘E))d‘E, 0 <, 22

N M pm-1
/“((tv T) :%7

is a special case of Eq. (3). We can conclude that our iteration formula is a “uniform” one for both ODEs and FDEs.
Remarks:

(I) The iteration formula is also valid for approximately solving FDEs of arbitrary order in sense of the R-L derivative R.D?
and the sequential derivatives. The differences are the initial iterations.

(II) The Lagrange multiplier presented in (3) is a simplest one. If we consider more terms in R[u] in Eq. (1), more explicit
Lagrange multipliers can be identified. For example, consider the FDE

SDfu+ w*u+ N[u] = f(t),0 < o and ®Dfu + o*u + N[u] = f(t),0 < o. (23)

Similarly, the following variational iteration formulae can be given as

Uns1 = Un + 3 (8, 7)o D2ty + ™ty + Nuy] — f(7))d7, 24)
h=—(t =) Eyp(—0*(t — T)%),

and
Upy = Up + fé ;‘(tv T) (ORLD:un + COacun + N[un] *f('f))dl} (25)
J=—(t —T)" Eyu(—*(t — 7)%).

For o =1 and o = 2, Egs. (24) and (25) reduce to the results in (see the iteration formula in [25])

{ Uni1 = Uy + f3 (6, T) (% + wu, + Nua] - f(7))dt,

A==t =) Epu(~0*(t —1)%)|,_, = —e”* Y,

o=1

and

Unet = Un + [o (L, T) (d;”z" + @?uy + Ny 7f(’f)>d"[7
A= —(t = 1) Eyy(—0¥(t — 1)%)],_, = A0

=2 [2)
where E, 4(t) is the Mittag-Leffler function with two parameters.

The Lagrange multipliers (24) and (25) lead to approximate solutions of higher accuracies than the results from the var-
iational iteration formula (3). For example, only with one step, one can derive the exact solution of (18).

Fig. 1. g=sin(27nx), 2 =0.9, v=0.1.
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(II1) The simplest variational iteration formula (17) can reduce to the Volterra integral equation and the analysis of the con-
vergence and the existence of the solutions can be found in [26].

4. Approximate solutions of the Burgers’ flow with fractional derivatives

The classical Burgers equation often appears in traffic flow and gas dynamics. Recently, some researchers considered var-
ious fractional Burgers equation to model the diffusion behaviors of the flow through porous medium [27-31]. In this sec-
tion, the VIM is applied to the time-fractional Burgers equation [10]

ou  du
(& a1
Dlu+u—=v—, 0<t, 0<x<1,0<ua<l, 26
0t + X ox2’ <l < ( )
where u is the flow’s velocity and v is the viscosity coefficient. It is revealed that the effect of the fractional derivative accu-
mulates slowly to give rise to a significant dissipation.

Fig. 2. g=sin(27nx), 2 =0.9, v=0.5.

Fig. 3. g=sin(27nx), 2 =0.9, v=0.9.
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We consider the Burgers equations with the initial condition u(x,0) = g(x). From Eq. (17), we can have

ox2

Up = U(X,O) = g(X)7 u(07 t) = u(lat) =0.

More generally, for the time-fractional couple Burgers equations of fractional order in [32]

_7)*1 2
{um =U, — fé “1-2() (gD:un + Uy B — 2 “">dr7 O0<a<l, 27)

cp ou_ ) _

oDiu+2ugy —-=7=0,0<q, (28)
2

SD{v+2v2 -2 — 0,0 < g,

the variational iteration formula can be given as

. o o—1
Unir = Uy + [3 21(E,7) (ngun + 22Uy 2 BZL’—"“)dT, At T) =E0E0T 0 <,

X B (o)

, . _1\Brr_p -1
Uny1 = Un + f(; /12(1:71:) (ngyn + 27/,1%7 02““”“)“‘“’7 /12(1:7‘[) = { 1)lgzt—ﬁ)[) ) 0 < ﬁ7

X ox2

Fig. 4. g =sin(27nx), «=0.5, v=0.5.

Fig. 5. g=sin(27nx), 2 =0.9, v=0.5.
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Fig. 6. g =sin(27nx), « =0.99, v=0.5.

For Eq. (26), the successive approximate solutions can be obtained
Up = g(x) =g,
w =g - (g8 - v8%)
U =g-— (gg’ — yg(z)) 1"(1t_:a()+ (Zgg’z +g2g(2) — Zygg(3) — 4yg’g(2) + ng(4)) ﬁ

T(1+20) 3

2 2 2 3
~(gg' — vg?) <g/ + g8 _ gl >) R

where g’ denotes % and g™ = %2
We get the approximate solution u; as the second term approximation. For g(x) = sin(27x) and the fractional order o = 0.9,
Figs 1-3 show the velocity of the flow with various viscosity coefficients . For g(x) = sin(27x) and the viscosity coefficient

v=0.5, Figs 4-6 illustrate the velocity at different fractional orders.

5. Conclusions

FDEs have been proven to be a useful tool to describe the nonlocal diffusion of the flow in porous media. As one of the
analytical methods in FDEs, the existing applications of the VIM in FDEs handled the terms of fractional derivatives as re-
stricted variations or directly employed the one for ODEs. So the Lagrange multipliers determined in that way are not good
enough to obtain the approximate solutions of high accuracies. The main reason is that it is difficult for one to use the inte-
gration by parts to derive the Lagrange multipliers explicitly.

In this study, the Lagrange multiplier is identified by Laplace transform and such a drawback is overcomed. The VIM for
FDEs is completed now.

Furthermore, with the result in this study, the following aspects can be considered in future work:

e New analytical methods employing other linearized techniques, for example, the Adomian decomposition series, which
can handle the nonlinear terms of FDEs and improve the accuracies of approximate solutions;

e To develop numerical algorithms of fractional partial differential equations based on the VIM which can fully use the mer-
its of the method;

e To consider other applications of the VIM in new non-classical models such as fractional fuzzy equations, fractional time-
delay models, the fractional g-difference equations and other dynamical equations on time scales.
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