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ABSTRACT

ON DISCRETE FRACTIONAL CALCULUS WITH APPLICATIONS

HAMMOOD, Hayder
M.Sc., Department of Mathematics and Computer Science

Supervisor: Assist. Prof. Dr. Dumitru BALEANU

April 2015, 45 pages

In this thesis, we present the discrete fractional calculus in the frame of the Delta
difference operator and discuss the most important properties and theorems. In order to
solve delta fractional difference initial value problems, we discuss the Laplace transform
related to this calculus and give the main formulas that are needed to solve such
problems. The discrete fractional calculus in the frame of the Nabla difference operators
and the related Laplace transforms are discussed and some Nabla fractional difference

initial value problems are solved as well.

Keywords: Gamma Function, Delta Operator, Nabla Operator, Fractional Sum,

Fractional Difference, Laplace Transform, Exponential Order.
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ARTIK MATEMATIK UZERINE FRAKSiYONEL UYGULAMALAR

HAMMOOD, Hayder
Yiiksek Lisans, Matematik-Bilgisayar Anabilim Dal1
Tez Yoneticisi: Yrd. Dog¢. Dr. Dumitru BALEANU

Nisan 2015, 45 sayfa

Bu tezde, Delta fark operatorii ¢ergevesinde ayrik kesirli analiz sunulmus ve bu
operatdriin en énemli 6zellikleri ve ilgili teoremler tartigilmigtir. Kesirli mertebeden
baslangi¢ deger Delta fark denklemleri ¢6zmek icin Laplace donilisimii ele alinmis ve
bunun gibi problemleri ¢dzmek i¢in gerekli olan temel formiiller verilmistir. Nabla fark
operatdrlii Kesirli analiz ve ilgili Laplace doniisiimii de ele alinmis ve kesirli mertebeden
Nabla fark denklemleri i¢in bazi baslangi¢ deger problemleri de ¢oziilmiistiir.

AnahtarKelimeler: Gamma fonksiyonu, Delta operatorii, Nabla operatorii, Kesirli

toplam, Kesirli fark, Laplace doniisiimii, Ustel mertebe.
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CHAPTER 1

INTRODUCTION

The fractional calculus deals with integrals and derivatives of any real or
complex order. This type of calculus is as old as the usual calculus. Many great scientists
like Euler, Bernoulli, Liouville and others who were the pioneers in developing the usual
calculus contributed also in the birth of the fractional calculus. Since that time many
people have been working on this field to help the development and applicability to
various areas of mathematics, physics, engineering and other sciences. And it was
founded that the fractional calculus can be extensively used in a big number of physical

phenomena as a strong and effective tool for mathematical modeling [1, 2, 3].

Now the question is whether the discrete version of this calculus can gain this
fame and importance arises. To the extent of our knowledge, the first article on the
discrete fractional calculus appeared in the middle of the twentieth century by Diaz and
Osler [4]. Then, an article by Gray and Zhang appeared in 1988 [5] followed by an
article by Miller and Ross [6].

The discovery of the theory of the time scales [7,8], a theory which is used to
combine the continuous and the discrete calculus, started a new era because it made it
possible for scientists to make more development in the theory of the discrete fractional
calculus as many authors used the tools in this theory of the time scales to report new

results in the discrete fractional calculus [9-26].

Similar to the continuous fractional calculus, it turned out the discrete fractional

calculus is a remarkable tool in mathematics to describe some physical and real world

1



phenomena and applications [27, 28, 29, 30, 31, 32-59]. Since the physical phenomena
are described by equations but methods of solving such equations are needed. Due to
that, very significant and well known transform called the Laplace transform was
developed not only to solve such equations, but also to help go further in the theory of

the discrete fractional equations.

The main goal of this thesis is to collect all basic scattered pieces of information
on the discrete fractional calculus and gather them in one source that help people
working on this subject to reach all facts and results of this calculus for using one

reference only.
This thesis is organized as follows:

In the second chapter, we discuss the main features and theorems related to the

fractional calculus in the frame of the Delta difference operator.

In the third chapter, we discuss the main features and theorems related to the

fractional calculus in the frame of the Nabla difference operator.

In the fourth chapter, we present the Laplace transform in the calculus of Delta
fractional sums and fractional differences and give some examples to show how to solve

initial value problems using this transform.

In the fifth chapter, the Laplace transform, used to solve initial value problems
of Nabla fractional sums and differences is discussed and interesting results will

obtained.

The sixth chapter is devoted to the conclusions.



CHAPTER 2

THE DELTA DISCRETE FRACTIONAL CALCULUS

Before we discuss the discrete fractional calculus, we have to introduce two

important concepts that will be continuously used in this thesis.

2.1. Gamma Function and Falling Factorial

In this subsection, we introduce the Gamma function, the falling functions and

discuss some of their properties which are used in our work.

2.1.1. Gamma function and its properties

The Gamma function was first introduced by Euler in order to generalize the

factorial function.

Definition 1 [35]: The Gamma function I"{ =] is defined by the integral
r(z)=[ et *dt 2.1)

It follows that the Gamma function I"(z] is well defined for z = 0 and



r(1)=["e"dt=1 (2.2)
We can use (2.1) to obtain

r(a=1ra)=1=1,

r(3) =2.r(2) =21=2,

Some fundamental properties of the Gamma function are as below [2]:

()r(z) =0 forz=0, (2.3)
(i) I(z+1) = zI'(2), (2.4)
(i) F(n+ 1) = n!, forn € N,, (2.5)
(iv) 2 = (z +k +1) = (z= D)z, for z € C(~Ny) and k€ N, (2.6)

i

where [ is the set of positive integers and [, is the set of the non-negative

integers.

2.1.2. The Falling Factorial Function

The falling factorial power t=(read t to the v falling) is defined as follows:

r—1
=t = 1)(t=2) (t— (v— 1) =TIt — k) = ———, 2.7)

) Flesl—y
k=1 '

where v = Qand I denotes the Gamma function.

Below are some properties of the falling factorial function.
Theorem [35]:

(i) AtZ=pr=, (2.8)

where A is the difference operator,



(i) (t—v)tE =t22 where v € C(—H,),
(i) v¥=r(v+1),
(iv) 25 = (£ — e,

Proof [35]: Depending on the definition of the falling factorial, its properties and proofs

can be shown directly as follows:

. . rie+1)
(i) A=A
r(iz+1)+1) r(t=1) rie+2) r(t+=1)
r(t+1)—v+1) Tt-v+1) Ft-v+2) Tt-v+1)
(t+1)r(c+1) rit+1)
T (t—v+(t—v+1) T(t—v+1)
e P ™ i ) .
1&,"'1. ;"'"l i 1‘!.""17]-L
- 7 - L [ - l [ = - N 7 *
Mt g 1) =] = o Mt=-v =1 {(t=-v+1)
=p Y =y

re—v+2)

.. . - , o Tle=1) . W Tir=1) v e
(i) (t-vtt= -V ===

(ii.) v =TI (v + 1) it comes directly from definition of falling factorial.

Miz+1d Fiz—u+1)  riz+1)

(iv.) ¢z =L = = (t — u)"t¥,

Fie#l—-w+u) ie+l—v—u) Mie—u+1)

2.2. The Differences Operators (A)

Definition 2: [35] Let f(x) be a function of a real or complex variables. The differences

operator 4 is defined by:

Af(x)=flx+1)—flx). 2.9)
We introduce some properties of this operator namely;

Theorem [39] Let 72, 7 = O be integers



()  ATCATy(x)) = AT y(x), (2.10)
(i)  A(w(x) +z(x)) = ay(x) + 4 z(x) (2.11)
(iii.)  Afev(x)) = e(Av(x)), If ¢ is constant, (2.12)
A (0)2()] = ¥ (9.8 2(0) + 2(0(x)) A v () = ¥(e(x)).8 2(x) +
(iv.) z(x) Ay(x)

: (2.13)

v.) A (.‘z":x:') _ =laedayla)-ylx)n=(x) , (2.14)

=) =lxlzle(x])

where o({x) = x + 1.

Proof [35]: The proofs of (i.), (ii.) and (iii.) are trivial. We will prove iv while v is

proved similarly.

A(y()z(x)) = vlx + Dz(x + 1) — y(x)z(x)
=y(x+Dz(x+ 1) —y(x + Dz(x) + (y(x + 1) —y(x))z(x)
=y(x+ D(z(x + 1) - z(x0)) + z()(y(x + 1} — ¥(x)
=y(a(x))az(x) +z(x)a y(x).

For the second equality we have:

A () z(0) = ylx + Dz(x+ 1) —y()z(x)
=y(x+Dz(x+ 1) —z(x + Dy(0) + z(x + Dy () = y(x)z(x)
=z(x + 1)+ y(x+ 1) —y() + y()(z(x + 1) = 2())
=z(a(x)) Ay(x) + y(x) Az(x).

Remark [35]: From the equation (2.13),we have

g(X)Af(0)+ A(F()g(x))~Flo(x)a g(x).



Applying

b-1
Z —operator to both sides give
x=1
p-1 p—1 b1
F(DAF() = ) A(F(We() - ) Flol)ag)
g = w=1
p=1 »-1
Y 90 () = FDe(IE - Y F(o(0))agl) (215)
x=1 =

where b = 1 is an integer. This is known as the summation by parts formula in discrete

calculus [35].
2.3. The Delta Fractional Sums and Differences

Definition 3[35]:
If f: N, Rand v > 0is given then the v*® order fractional sum of f is

defined by:

N L=
Az A ‘“‘“““Z“’ —o(ERf(s),  fort EN,.,
S+ 4 o r(g_) -~ . o e

where (t — o(s))=2 is the generalized falling function and
M,={a,a+la+2 ..}

The fractional sum of order 0isdefined by ALY () := f(t), for t € N_.

Definition 4 [11]:
Let



f:N,—»R wd v = 0 be given,and let N € N be chosen such that N —1 < v €N
. Then the v*" order fractional difference of f is given by

(AN =A% (1) = A%A" 7 for t € Ny _,.

Definition 5 [11]:

Letf: M, — Rand v > 0 be given.Then

(i.)  the v*® — fractional sum of f is given by
AL f(r) ,_,.._S.:(r— o(5))=f(s)t €N,

(ii.)  the v** — fractional difference of f is written as

o 98

. 1
- () v EN,t EN oy 2.16)
AY F(D) = f"r-iaZ't HUIEN E €N, (2:16)
AY (D, v=NEN

2.4. Composing Delta Fractional Sums and Differences

Here we present the rules of composing a fractional sum with a fractional sum, a
fractional difference with a fractional sum, fractional sum with fractional difference and
a fractional difference with fractional difference.

Theorem [11]:(Composing a Sum with a Sum)
Letf:F_ — R be a given and suppose v, = 0. Then
AL, AR f(E)=A"" f(t),forte M_. (2.17)

Proof [11]: Supposef: N, — Rand v,u = 0. Thenfort € M_. .

I
AT AR ) = —r S‘ (t —o(s))=t Z s —o(r))— iﬂr
ST . I ( A xlu\l

I'(v) ¢
5%

o J=~ u Z Z{r—-—a SH—-—-—-LE-—SI#H—-—-——_;UI
l 1

T

l Z
I‘n}uu; ;

o

— o()E2 (s — o () ()

(!'I [\‘4 f"l-



Let x = 5 — o(r) and continue with

1 t= (rhy) fempmr—1
o ’ F ¥ . o s p-1 o
= g E B R AR L e I
rv) rw . . 7
) T S
t=iveil fompmpr -1
- ' - ~ o g -1 -
= —— E ; (t—r—1)—o(xX)NE2 2] (0
Fiv) F{w) ~ - - "
o B w=p-1
l b
m i :1 I'i—i'-i I i }a'nl
Yoy ' e AN et AL,
rv) r{w [ : ] : £()

1 o F"A.Ll.j .o
- 7 LA, |:t —_— — 1:).**:—‘1,*: ,‘C[T’:I

ru Lo ru+=v)
o

t=(wtu)

L (wip)-1
“retw Z (t—a(r)) f(r)

=8 () = a7 £,
Since v and u are arbitrary, we conclude more generally that
AZL AT FO =87 f(O) =8 L A7 f(O).for t € Npwu .
Before considering the general composition A7, and A_, we first restrict v to be a
natural number.
Lemma [9]: Let f: N, = R be a given for only k € N, and u > 0 with
M—1<u=Mwe have

A*AZ* () = 857 f(2), for tE€ N,

ARAR F(1) = AX™ F(t),for tEN

a+M—p
Theorem [9]:(Composing a Difference with Sum)
Let f: N, = R be given,and suppose v,u > Owith N -1 < v £ N,
Then we have,

AL AR Fl)=Aa" flt).fort EN L p .

Proof [9]: Let f, 7, N and ube given as n the statement of the theorem and let

t € N . .-, Then, we obtain:



=a T R = AT A,
Theorem [11]: (Composing a Sum with a Difference)

Let f: N, = R be given and suppose k € Ny and v > 0.Then fort € N__,.

we have
Lt s fla
- o
b b ' A fla) .
AZFAT fF(t) =AY f(8) — (t = a)y—.

L T(v—k+j+1)

Moreover,if u> 0withM — 1 <<u < M, then for t € Nyopyrmp s

we have
M=% et
ATY A% £(£) AR—F """.!‘P] Z j{_‘ LM f[q-—- M - u\I . Y _‘i“._,’{_‘
AT e ;;:J-l m= ARTE 4 — . : —_—a - M =T
g [ AN J (3 A l o - r. [;: — }L! ..—...j £ ,l,:] [‘ Ll

Proof: It can be found in [15].

Theorem [9]: (Composing a Difference with a Difference)

Let f:N, = Rbe givenand suppose v, u > 0withN-1<vaNand M -1

Then fort e N,

FM-prN—w

M1

. v AT Fla e M- ) e
MmO = A7 F(0) = ) P Y il

r—v-M~+j+1)

7=0

Proof: The proof of this theorem can be seen in [9].

2.5. Taylor Monomials and Power Rule

M.

10



The Taylor monomials are very important when we want to find the Laplace
transform of the discrete fractional and sums. These monomials are defined and

developed in the time scale theory in [7].

The Taylor Monomials related to delta difference theory are defined recursively as

[ b=t (2.18)
(hyea(ta) = | h,(s,a)as, forne N,

For the specific domain [ ,, the Taylor Monomials can be written explicitly as

h,(t a) =':r+f'ﬁ,fa’rnEM,:_,rE N, (2.19)
In general we can write

h,(t,a) = :_:_:_,far v=0,tEN,_ (2.20)

where the above generalized falling functions is given by:

. T(+1)

t=———— fortpu ek
F(r—l—;:jf f

Here, we take the convention that t£ = 0 whenever t + 1 — u € —},. This generalized

falling function allows us to extend (2.18) to define a general Taylor Monomial that will

serve us well in the discrete fractional calculus setting.

11



CHAPTER 3

THE NABLA DISCRETE FRACTIONAL CALCULUS

In this chapter we discuss the fractional discrete calculus in the frame of the
Nabla difference. Before start the discussion let us introduce the Nabla difference

operator.

3.1 Nabla Difference Operators

Definition 1[14]: For any function f: M _ — R we define the backward operator, ¥V by
Vi) = f(t) - f(t—1) fort EN_.,. G.1)
The higher order difference is defined by

VRf(t) = (A" f(t) )fort €N ., nEN.

Moreover, we consider V* the identity operator.

Theorem [15]:(Fundamental Theorem of Nabla Calculus)

Let f: N, — Randlet F bean— Nabla dif ferences of f on N_ then for any

c,d EMN_ we have:

12



J2 FOVe =2 ., F(£) =F(d) — F(e). (3.2)
Proof [15]:

The Nabla product rules for two functions u,v: M_— R and t € M_., is given

by
V{u(t )v(s)) = w(t)v(s) + Ipl':;T“u (t), where (t) =t —1.

This immediately leads to the summation by parts formula for Nabla calculus:

Z u()V v(t) = u(t) v()|§ — Z [plfl;‘? u(t).

=l r=hed

Below we define the rising function which plays an important role in the theory of the

Nabla fractional calculus. For 1, k € M, the rising factorial function is defined by

(le+n—1)

=k(k+1)..(k+n-1)=

&
(k-1)!

This definition can be generalized as follows by using the gamma function as follows:
Definition 2 [15]: The rising function is defined by

- .'_l: L+ .'.

3 o T (3.3)

rix)

for those valuesofk, v € T where the right side is well defined. Moreover, if

kef{o—-1,-2 . }andk+v €{0,—1,—-2, .. Lthen k¥ =0.

We observe the following regarding the rising factorial function:

Theorem [15]:

(i) V(t*)=at*?, (3.4)

(i) t¥ =(t+a-—1)", (3.5)

13



(i) A.(s—p(t)F = —afs — p(£))*1L, (3.6)

Proof: It can proved directly using the definition of Rising Factorial.

3.2 Nabla Fractional Sums and Differences

Here we define the fractional discrete fractional sums and differences within the Nabla

operator.

Definition 3 [15]:

Let f: N, = R and v > 0, then the v*" order fractional sum is given by

1

V) =

[(t= p()) ()T s. (3.7)

viva

Next we define the fractional difference in terms of a fractional sum.

Definition 4[15]:

Let f: N, = R,v > 0,and choose N € N such that N — 1 < v <. N.Then, the v**

order fractional dif ference is given by

V(D) = PN, tE Ny 3-8

3.3 Fractional Taylor Monomials

Here, we define the fractional Taylor monomials, which will help us solving

initial value problems for Nabla fractional equations.
Definition 5 [15]: T e (Nabla)Tayvior monomials A (f,a) n N

0

14



are defined recursively by

.:’L,:.(I', a) =1,
{ (3.9)

h,(ta) = J:h_,!_i(r, a)Vr,n € M.

It is well known that this implies that

(t—a)®

h,(ta)= —

. nE M,

The generalization is given below.
Definition 6 [15]: (Fractional Order Taylor Monomials)

Forv € R\{—1,-2, ...}, the v — th Taylor Monomials is given by

hy(t,a) =2 ¢ e N, (3.10)

Now we can apply the fractional power rule in the following theorem.

Theorem [16]:For w,v € R such that v and v + U are not negative integers:

Veh,(t.a) = h,_,(t.a) (3.11)
for

{r c N_, 0,

tE N_.,u<0,

Proof [15]:

Vih,(ta) = Vs (t—a)”

i
-

|
o

r(v+1)

=h,_,(ta)

The next Lemma relates two Taylor monomials based at values that differ by one.

15



Lemma [15]: (One Step Taylor Monomial Shifting)
Forve R\{—1,—2,..}and N € N,
h‘..‘—_"! [I—-' a T l) = h'_.'—.‘-\.-'I::'.c_:'—.':..__-u_- |::'.|;'_:-' (3.12)

Proof [15]: Let us consider:

, P ) (t = a)v~ N (¢t = a)" ¥ =3
hoy(t@) = by y(t0) = —————————
- o Ffv—N+1) I'v—AN)

rit—a+=v—N) rt—a+v—N-1)

T r(v-N+ VIr(t—a) Me—-N)r(t-a)

rt-—a+v-~N-1) o
T I ( —=f—a+-v—-N-1Uv—N)}
MNt=—ajlffv—-N-—1)" :

It—a+v-N-—-1)
Cr(t—a)f(v—N+1)

ho_nlta+1)

The previous theorem can be extended to the following general formula.
Theorem [15]: (General Taylor Monomial Shifting)

Forve R\{—1,—2,..}and N,m EH,

G
A, ylt,a+m) = { 1_) (—1)" A, y-x(t a).
i R
¥=0

Proof: The proofis by induction on . The base case, m = 1, follows from the previous

Lemma. Assume that:

: my L )
hy_x(ta+m)= [, J(—D%h,_y_p(t.a) form=1.

i
or

From the previous Lemma we obtain
h,_yt,ta+tm+1)=h,_(ta+tm)—h,_,(tatm).

16



Applying the induction hypothesis to both terms on the right side of this equation gives
h,_y(t,a+m+1)

e o
Z My ) )

= (—1)3 .t e +m) ,,.‘;\
o -

By
-

LY

I

f L Ay - -\
{ . ) | -1 ~l = Bt iy ita)
v K

Fa LY . Iz - ¢ m s oankr - 3
= L-L‘ J (1) Ry (ta) - {-Ic _ l) (—1)% Py i (ta)
ey w=0 ‘
oMy L . m e e
= Z f;‘{ ] [~—1}*;§-:r-—.‘-.'-l: I;_'j G,:l - {-(.‘rv; -: l.] [~_1:|‘ ‘-1’;15"'.“.'-:*:—-1 iif. r,‘l;l
m+1 "
pomoy L P F o)
= Z EA‘;\, B 1} (—1)*h,_y_i(t a) + _ “--—l) (—1) 1}1,:,_‘T|Lt a)
E=0 k=0
m+1
Fm /om
=Z:1]“I JL_II'A;H o I e rta?
e ‘K -
m+1
m+1 ,
- 2 [ k J [_ l)ihtr—.'-.-'—.'{ [f’ ﬂ)'
k=0

3.4 Composition Rules

Here we present the rules of composing a fractional sum with a fractional sum, a
fractional difference with a fractional sum, fractional sum with fractional difference and

a fractional difference with fractional difference.
Theorem [13]: (Nabla Sum Composed with a Nabla Sum)

Letv,u = 0 be givenn. Then:

17



VIV A =V, G139

Proof [13]: We will use the definition of the Laplace transformation which will be

discussed later:

1 1
o e el e T VR P p— o e Rl Ml IO I N o o I 2P . o
LiVV, j"}{sv,l =—LiV; f}'-_s.? = S:”"L{j} (5) = £{

Vs

B f}[tsj‘
Because the Laplace transform is unique we have:

VIV F(E) = T ()

Now we will first consider the case of whole order differences composed with

fractional sums and fractional differences.

Lemma [13]: (Whole Order Differences Composed with Fractional Sums and

Differences)

=

Letk € Nyu > 0,and choose M€ N such that M — 1 < u < M.Then

VAR f(8) = VAT £ (), G19
and

VETE £() = VE £ (D). (3.15)
Proof [13]:

Letk € Mgy, 1> 0,and choose M € Msuch that M — 1 < u = M be given.
Case l: p= M.

First note the following:

A =T Y (= p() T =T Y F(9)
Ml) £ ' ) —

Tpmael

18



Z £() - Z F()=F).

=a+l

So, then, for the case of u = A we have
VRV f(5) = VT (v () )
— ".?'I‘:_i -.I?—n_f.‘d'—‘l} f(f)

= pk-2 -.;.-—l:.‘d'—ﬂ,'- f(f)

= VM £
This shows for this particular case.

Case 2:Let M —1 =t p-== M.

First we will show that V2 f(#) = VL™ £(¢).

We have

& 1 ~ > # e | [ '\
vVE f(H) = ‘L‘-( z (t— p(s)—1
M{(—u) )

rEaed

p(_u) Z (—u— D= oD F(S)

“FGD e

=V, V(= F.

So forany k € M,

19



VEVE F(8) = VETLVVE £(1)
= VIR £(D)

= VRV £(e)

=V ().

Theorem [15]: (Nabla Differences Composed with a Nabla Sum)

Forw,u = 0, we have VIV_" f(t) = V. " f(1). (3.16)
Proof [15]: Let v, u = 0 be given,and N € Msuchthat N —1 < v < N,

Then, we have:

IAASIOEAA AN A (G

= VIV VIR () = VETE F(e).
Theorem [14]: (Nabla Sum Composed with a Whole Order Nabla Difference)
Leta > 0andk € R, be given.Then

ok s e ey peq Tiflars et | NFTET £ s o B
VIEVE (O = v f(0) - X = (t—a—-N" " forteN,, (3.17)

o

(8 e e B
= Sl S o

Proof [14]:

Let k € M, be given and suppose € {1,2,...,k — 1} . We first state the following

identity which follows from the product rule for the Nabla operator:

~ P ANEET £ - ANET e Ny N G- TP
v [[Vt — ;:s(ns,l',nh ] l__s}p] =t — ,ot__s_;;m‘l"; fls) —(a—-(t+1-p(s)) “flols))

w

Then we have

20



»

-7 Y = pTIVA(S)

skt

VIEVEF(D)

oy

(t—p(sH=* . . (a—1)
='-’-———,-'-+-—-—?"I*'s Yoy, T e— Z I’!—l'-',o s'l ‘T" 1‘”[ I3
e Ol Ty 2. ) P()

(t—a—k+ 1)1

r {ta;l
o]

P - Lsuz A
I‘la*(mi) Z p f(s)

el

= pr-l _.f:l::f:} — Fk*i}flia s ';l\.\J

_ (tma-—k+vys ! - N P
= =S v fla k) AT L (t—p(s))" V1 (s)

L t—g—k +1)%1
=V ““fif:"ifm { )

vl fla+

ok r(ﬁﬂ’j
e L= w3 g ‘+_a_K'j):W: o3
= T fle) - v fla+k—1)
ark (e —1)
(t—a—k+ 1)1

: v (a = k).
a) T )

Continuing in this manner and summing by parts k — 2 more times yields

=1

) , _ Vla+j+1) S
v, f" t) =V ft) — (t— ‘“lﬂlw—'{".
L R2 {) & f{j ‘ r[a—h"‘j"‘l] a

a“"

Theorem [15]:(Nabla Difference Composed with a Whole Order Nabla Difference)

Letv > 0and k € N, be given and choose N € N such that N —1 << v € N.Then

Vi VE F(8) = VI (1), (. 18)

Proof [15]: Consider
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v pk ol A I S C e 4 (E—a—k)
T2 £ = 0 (T £9) - Y @ et i |

=0
x—-1 . & — \
{(ft—a—kK ot
=p¥| g fr_z-{::ar
( S !{j L it }r{,&_‘_h_}*l})
k=1 I
VL £ Zv S Gl ek, el
= Va £) — / a+k
avk J . i J TN —v k<< D
7=0

TIN—v—k+j+1)

— e s __' ' : o) L —a_k:],"n”‘“——.‘m~
sk 1 (2) ZT fla+k)V PNk TTT
=0

Taking the difference inside the summation N — 1 more times, we get

P
o B i ¥

 (t—a—k)
Fr(—v—k+j+1)

-1
ViV F(0) =V F(® “z v fla + k)Y
1
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CHAPTER 4

DELTA FRACTIONAL LAPLACE TRANSFORM

4.1 Definitions

Definition 1[11]: The Laplace transform of a function f: M _ — R, can be written as
LU1E)

- Z % (4.1)

for each s £ R for which the above series converges.

Definition 2 [11]: We say that a function f: M _ — Ris of exponential order v (= = 0} if

there exists a constant A4 = 0 such that
| £ (t)] £ Ar', for sufficiently larget € N_. 4.2)

Suppose that a given function f:®_ — Ris of some exponential order # = 0. Then
there exist a constant 4 = 0 and a natural number 1 € M, such that for each
t € M_... We have | f(t)| = Ar" We may write, therefore, for any s £ Routside of

the ball B — 1(r),

-y

e o |
f[h +~a) T
L |

£, 5) = ATy
QU}[ r Z |5“' _]_|'L e |_ﬁ5"’l_31“j —

h— o
Boois - L i}

h"‘tllv
-.-1|‘
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m-1 Y . -

flk +a) ArxT?

(s + 1)*1 s + 1kt
]

1

,:
r‘

ln-—a"‘l Art o ro,
= Z\f 3
(5~ ll**"1| Is = 1] & s+ 1"

=

a1 CP e

ey, e GD
- (s + 1% s +1 '
= ( l E 1= [ rod ]
;-1 ) = e
Z fl;" AL a‘j | “4 gull TN
= ra— - T - « o,
Lol(s+ 0% s+ 1™ [s + 1] -7
m=0

Lemma 1 [11]: (Existence of the Laplace Transform)

Suppose f : M, — R are of exponential order = 0. Then
£_{f}(s) exists forsE R

Lemma 2 [11]: (Linearity and Uniqueness of the Laplace Transform)

Suppose f, g: N, — Rare of exponential order » > 0 and let ¢, c,

Then

L) =L, {gls)ons ER & f(8) = g(¢) on N,

g
.

The relation between the shifted Laplace transform and the original one is important

when solving difference equation. This is explained d in the upcoming Lemma.

Lemma 3 [11]: (Shifting Property)

Letm € M, be given and supposef: N,_, - R andg: N, — R
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are of exponentil order r = 0.

Thenforse R

m~1 .
1 flk+a—m)
"’“a-w{f} *-—lj"“ a {f} 5) T ZW
m~1
Lo-m{gd(s) = (s + DL {e}(s) - Z (s+ 1) 7% gk + a).

Proof [11]: Let

f z.r and m be as given in the ststement of the lemma. Then, fors€ R

Lo lF)E) = Zm‘—j})

Zf[n +a —m) Zf[k-—a—m}
s=1)% (s +1)¥12

K=
e . ) e oy .
_z flk+a) LN fkra-m)
' L [5... 1)k~m«i L (5 4 1}::»1

f L-—a-—-m)

1
Y — £ A
J-n ‘.{J [5) l}“‘—i

(s +

and

i+ g —
Laem(o}(s) = Zu

ljr{ 1

_ gk +a)
= (5._ ljn:—m—i
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e m~1

_ Z g(k +a) 2 g(k + a)
{5 A 1‘) Ly q L’E N 1:] Ly 41

m-1
=(s+ 1)L {g}(s) - Z (s + D)™ 17K g(k + a).
=0

Now, one can easily verify that by applying formulas consecutively yields the identity

gy omF () = Ligamy -l (8) = L, (7)) for s R.
4.2 The convolution

In the following, we define the convolution of two functions [7].

Definition 3 [11]: Define the convolution of two functions f,g : N, — R by

-

(F+9)®) = ) f(glt—r+a) forte N, (+5)

The following Lemma gives the Laplace transform of the convolution of two functions.
Lemma [11]: (The Laplace Transform of the Convolution)
Let f,9: K, = Rbeof exponential order r = 0.Then

L)) =+ 0L 1L, {9)(5), forse R

Proof [11]: Let f, g and  be as in the statement of the Lemma. Then

¥

. (= g)(k+a)
L.AF+g)(s) = E : ‘

{5 . 11‘] k+1

k=i

- (f = g\l (}v .. a.:l — - . .

— . : "_- ;"(?':i I‘k,_a_j._a
E {5_1]Af_3 § PR :l
R=0 ) . rEa
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(s + 1)+t '

$ if('r—a)g(k—’r—ﬂ)

k=0r=

where by applying the change of variables T = k —  yields the two independent

summations:

e e e

T S‘* flrralg(r+a) _ s i'iT Flr+a) Z g(r+a)
4 e 3 g L - -:"' T 4 & g # Ay e
Ll (s+ 1)t b (s DT L (s + 1)

=7 =0 =00 =0

",

= (s + DL} ()L {g)(s). for sER,

Corollary 1 [11]: Suppose that f: i, — R is of exponential order » = @ and let v = 0

be given, with N — 1 << v < N. Then

“'I:r:—'..'—.‘-.-'{ ﬂ;w f}(S‘)ﬂﬂd "'I:r:—.‘-.-'—'.r{ 'ﬂc f}(gj
both exist for s € E.

Proof [11]: Let £, » and v be as given in the statement of the corollary. By Lemma 2, we

know that for each € £ 0, both A" f and Al are of exponential order + + . Now, fix
an arbitrary point 55 € R. Since dist (S,:_,m:} 0, there exists an g; = 0 small
enough so that 5; € R. Since 4" f and A f are both exponential order r + &, it
follows that both series £ .,_ {477 FH(5) and £ ., {A77 f}(s) converges at

5 = s,

4.3 The Laplace Transform of Fractional Operators

Below we discuss the Laplace transforms of the delta fractional sums and differences.

Theorem [11]: (The Laplace Transform of a Delta Fractional Sum)
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1, y

Suppose f: N, —=is of exponential order r = 1 and let v > 0 be given, with

N—-—1=<v ZN.Then forsc E,

Lon{87(9)) = E2 £ (7)

5

and

Lospn{87°F}H(s) = £ {F}(s).
(4.7)

(4.6)

Proof [11]: Let f,r,v and IV be as given in the statement of the theorem. Note that

though we assume f is of exponential order » = 1, it does hold that f is of exponential

order r € (0,1) thus f is of exponential order 1.

Therefore, the assumption + = 1 is not for excluding functions of exponential order

+ € (0,1), but rather for insuring that the previous Lemma applied below, will hold

whenever = £ E.

We have

N~1

A¥(k+a+v—N)

.. 1 ;
Lovnnid? FHs) =—= L., (s) = Z —(
oy _-.{ a JIN [:S“J.BA‘ a "« J} - I.SG l:jn'i

s
# o

-
R

1 —
= m,ﬂ:ﬂ_,,{ﬂc (=)

Taking the N zeros of AZ* f into account. Moreover, we conclude that

. S"J& (k+a+v)
Loeedld" FHs) =

(s +1)%
K= L
i ko —_—
1 (k+a+v—o(r)~= _ .
- 1)
" N ], P F i )I
L (s + 1)* r(v)
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e

\ L o ‘ ' ‘ ‘

= ) il E (P hA,y((k+a)—r+aa—(vr—-1))

Z{.S"’" 1)t F(r) A, (L ) ( )]
o

Las

‘[:ﬂ'a Mooy @ — (v —l};j (k +a)

¥
4

I
i

B
[
P

GO

=L_ {f “h,_y [,J a—(v— 1:)}}(5'31
= (s + DL AL roms(f * oy a = (= D).

By using the Laplace transform of the convolution, we have
- (s+ 1) .
L., {077 fi(s) =(s+ l) —— L, {f}(s), since r = 1,
s¥

_ = 13' !

—— L F1(s)-

Thus proving (4.6) we obtain (4.7) as consequence

zﬁﬂ&:ﬂ®=géﬁﬁﬁﬁ:ﬂ®

JRRIREN
( j —— L _{f}s), fors ER.

Theorem [11]: (Laplace of Difference)

Suppose f: N, = Risof exponential order » 2 1 and let v = 0 be given,

with N—1 < v N
. Then fors € E,

N-1

e s . 4 e . . .
Loon-o{8% F)(s) =M:-£* Fi(s) — Z SIATTY fla+ N — o). (4.8)
i=o
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Proof [11]: Let f,r, v and N be as given in the statement of the theorem. We already
know that (4.8) holds when v =N. If N —1< v << N, on the other hand, then

0 < N — v < 1 and we may apply (4.7) and composition rule in succession as follows:

LoiyolB2FHS) = Loay-o {28} (s)

N-1
[ =) ) v~ N 1m i a =N o
=5 Lpan-otds  fils) - 57T ATTITIA “fla+ N—v)
% < F
=0
. e N-1
a :5 T 1/|.-" & X PR : Mo ] o s vl Nwws? N . N
= oY et £ (1) — sTAYTYIATTY fla4+ N - 1)
- chv

) N1
gt R PV ) .
=Wfiu (s} — s A ‘AL ‘fla+ N —v)
s J

T

Theorem [11]: We may certainly compose the results from the previous theorem. In

particular, observe that under the same assumption as in these two theorems, we have for

sc R
Ligen—r) ex—o{80ep-nA7F1(S) = L {801 (A7N}S)
L N-1
L o {AZVFH(S) o= .
= s - 1y~ e o s‘8 L, NAf(latv—N)+N—v)
L& - oo =
) b
. ) o N-1
5 (s+~1)" PR FiL s VI
- (s + 1) % g? ~(a) O] = Az f(a)

= Liay Uf3(s)

Proof [11]: The proofis similar to the proof of the previous theorem.

4.4 A Power Rule and Composition Rule

30



In this subsection we prove the power rule and composition rule using the

Laplace transform.
Theorem [11]: (Power rule)
Letv,p > 0 be given.Then fort € N_. .., we have

Fip+1)

AT, ((t— @)t = (t— a)22, (4.9)

rip+i+w)
Proof [11]: With the previous Remark in hand, we have for = € E,

. - TR - § by L
Lo AT (f e @)= 5] = i (e @) (5
geperifaep b - ILE, = : J~ (5)

(s+1)°

=Dt L ()

_(s+ 1) NG
- gv F(Ll l) 5'"_1

- rawrn 2T
= F(.U- Ll lj"'l:l:—l——‘--‘{hl—_'-’(" a)}(S‘)

[ Fu+1)

By the one-to-one property of the Laplace transform, it follows that

_ _ rfe+1) I
(t—a)-=——————<(t—a)—,forte N,

TR ’ Mu+1+v)"

Theorem [7]: (Composition of a Fractional Sum with a Fractional Sum)
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Suppose that f: M — R is of exponential order v = 0 and let v, u = @ be given. Then

Jort € Bo. ey

ATATH F(1) = A7 £(9) = AZHATF (D).

Proof [7]: Let f, 7, uand v be as given in the statement of the theorem. It follows from

the Corollary 1 that

all exist on . Therefore, we may apply (4.6) multiple times to write for s € R,

‘ (s = 1)
r (A~ 2A~E £17 ey o P P (a—H £l reny
'L_:f""._"'«"l.,'j':: “3‘1: J }I_sﬁl - " 'L_:-._ivi:: J } (=)

-

(5 +1)° (s + D
= r
D 29410
(s+1)% ( etve Y,
=T LN = Larie B FUS)
& J

= L8 A

The result then follows from symmetry and the one-to-one property of the Laplace

transform.

4.5 A Fractional Initial Value Problem

By the far most substantial of the Laplace transform is presented in theorem
below. Note that the fractional initial value problem solved below by the fractional
Laplace transform method is identical to problem solved in previous chapter using the

fractional composition rules.
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Theorem [11]: Suppose f:H_ — R is of exponential order v = 1 and let v = 0 be given

with N — 1 <= v = N. The unique solution to the fractional initial value problem

L

is given by

N=1
},{iﬂ - Z aLt - a}:ﬁ:m-k w i;"‘ fl:tl“}.f&?‘ te Kﬁw:wl"'

L=k

where

forie{0,1,..,.N—1}.

Proof: The proof is presented in [11].
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CHAPTER S
NABLA FRACTIONAL LAPLACE TRANSFORM

The Laplace transform of the Nabla fractional discrete calculus is similar that
one of the Delta fractional discrete calculus. But all the results in here look easier to be

obtained when this transform is performed.
5.1 Definitions and Properties

Definition 1 [13]:For a function f: M_ = R and s € K, we define the Laplace transform

of f by

rify= [ 2 afovs (5.1)

[

or in its sum form
LiF} =) (1= 9 fa+h), (52)

which is easily verified using the techniques explained in time scales books.

The linearity of this transform follows from its definition. However, we still need to

discuss the uniqueness and existence of such transform.
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Definition 2 [15]: A function f: M _ — R is said to be exponential order « if there exist a

constant M = 0 and a number T € M_such that |f(t) < M|e_(t,a)| forall t € M.

Theorem (Existence of the Laplace Transform) [16]: The Laplace transform of any

= 1.

function of exponential order « exists for |

1—m

Proof [15]: Let f be a functional of exponential order ¢, so there are constants M = 0
and T £ R _ such that |f(t)| = M|e_(t, a)| for all t £ M. Fix an integer N such that it
is both greater than one and greater than T — @, so @ — N = T. Then for all & = N, we
have that

M
|1 — el

|fla+k)| =Mle,la+ka)=

Multiply both sides by |1 — 5|~ and taking the sum from k = N to infinity, it follows

thatfor| < 1,

4

o

\"‘ Cret e L \1—:[

) 1—s5)" fl,ﬂvn’)::»‘;.u

e ' l—sl N —a)
1 1———¢| 1——<:{

N_Th
|1—sl 1 —al ll—a

= 1.

It follows that £_{f}(s) converges absolutely for ‘

4
Theorem [13]: (Uniqueness of the Laplace Transform).
£ {f}(s) =0if andonlyif f(£) =0 forte N__,.

Proof [13]: The backward direction is trivial. Now we consider the forward direction.
Assume that £_{f}(s) =0. This means that T7_,(1— )" f{a+k)=0. Let
z = 1 — s, shift the index of the sum down by 1 and let b, = f{a +k + 1). So now we

have ¥7_, b, z" = 0. Suppose for a contradiction that there is an integer @ such that
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b, = 0,and without loss of generality, suppose « is the smallest such integer. Since
s = 1, then z = 0 for all n. By definition of p, it follows that lim, _ . p(z,)= b,.
However, this implies that &, = 0, which is a contradiction. We therefore have that

b, =0forall k,so f(t) =0 forte N_.,.
Theorem [13]:(Laplace Transform of Taylor Monomials with Integer Index)

For all non-negative integers n, we have

L {h, (., a)}(s) = 5= for|l—s| = 1. (5.3)

|

Proof [13]: The proofis by induction on #. By definition h,(t, a) = 1, so

- - 1 1
L {1}s) =iz (1—5)" 1= T — o forfl—sl <1
Suppose now that £_{h, (., a)}(s) = %_1 for some n = 0 and
for |1 — s| < 1.Then, consider £, {1, (..a)}(s) = [ eZ (£.a)h,.,(t, a)Vt. We will

apply the integration by parts formula (1) with «(t) = h, ., (t. a),

Vut = el _(t,a). It then follows that Vut = h,(t,a) and it can be shown that

v(t) =— %E':;_jf (t.a) is a (Nabla) antidifference of e (. @). This means that

1 o
£ {:?*. (.,a)Hzs) = -i e~ (t alh (t G"‘;[:‘: - E g (b aYR(t a)VE
Aop Uheq L QIS P R AL - Cae L0 @), (5 A)VE

o
o

1 R S
= - (1 =—5)7%h, J(ta)|] +
c \ ,; "

wi |

£ {h, (., a)}(s).

Evaluating the first terms as t — <o, given the assumption that |1 — s| < 1, it means that

the term goes to zero. Likewise, it is easy to show that h,(a, &) = 0 for all n = 1, thus

we have that £_{h, ., (., a)}(s) = c.,__iﬂ completing the proof.
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Now we present the Laplace transform the factional order Nabla Taylor monomials.
Theorem [13]: (Laplace Transform of Taylor Monomials with Non-Integer Index)

For a noninteger real number v ,we have
Loth, (. a)}s) = g for |1 —s] < L. (5.4)

Proof [13]:

We have

L{h, (. a)}(s) = 2(1—5)“‘1;1,,(.11— k, )
Z“_SV FoE
Z(l_gj rik+ l:)(f_"(i— 5

:i I::"_(L’-k— lj)(—(l—S))k — Swl_ -

k=1 "

5.2 The Convolution of Two Functions

In order to find the Laplace transform of the Nabla fractional sums and
differences we have to define the convolution of two functions in the frame of Nabla

discrete calculus.
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Definition 3 [13]: For f,g: M_— K and all t € M _.,, we define the conveolution

af fand g by

”

()@= | flt—p(s) +a)g(s)V s

Theorem [13]: (Fractional Sum as Convolution)
Letv e R\{0,—1,-2, ...} and f:M_ — R, then
V) = (heos (@) = f().

Proof [13]:

We have
(he1 (@) * FOIO = | hyoy(t = p() + @, @)F ()T

.
1 [

= | Bueslt = (DT F(ITs = VT £(2).

riv)J,
Theorem [13]: (Convolution Theorem)
For f,g: N, = Rwe have thatL, {f (= g}(s) = L, {F}(s) £, {g)(s).

Proof [13]:

L{f9)() = ) (A=) (Frg) @@+ K

2 arE
=Y -9 Y flatk-a0) e
LES | e L |

= i— i[l — 531 flatk—p(r) +a)g(r)

(5.6)

(5.7)
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- Z(]_—s‘jk_i flatk—p(r)+a)g(r)

L4

e i
= E (1=t g(r=a) Y (1= flk+a) = £,{g) ()L, (A,
Jm—
=1 x=1

5.3 The Laplace Transforms of Nabla Fractional Sums and Differences

In order to be able to solve initial value problems for Nabla fractional difference
equations we need to extend the properties of the Laplace transfom. So that it contains

The Laplace transforms of Nabla fractional sums and differences.
Theorem [13]: (Transformation of Fractional Sums)

Forf:M_— Rand v € R™,we have

— !

LAV fI(s) = LAY, (5.8)
Proof [13]:

LAV FYs) = Lo{hyos (L a) # FH(S) = Lo (g (L )N L {F}(S)

==L,

We want to establish similar properties of fractional differences; however, we must first
establish integer-order difference properties. In order to do this, we need to find the

Laplace transforms of the Nabla difference of integer orders..

Theorem [15]: (Transform of Nabla Difference)

Forf:M_— Rand v € R™,we have

Lo {V FHS) = 5Ly (FHS) — Fla+1). (5.9)
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Proof [15]:

La{T A = ) (1= 9F7 flat1+)

=Z(1 — ) a4+ 1+ k) —f(a+k)
k=1

==

I.:_1£?f}(s)—Z(l—s)“f(a—l—k)

k=0

o2

=Lo{VAE) - fla+t)—(1-53) E (1-5)*fla+1+k)

Y,
L

LaVAE(M-—Ffla+D)—(1-3))—fla+ 1D
=Ly Vs - fla+ 1)

Theorem [13]: (The Laplace Transform of Fractional Differences)

7 PN = ™ LT FYD = ) STV fa k),

k=1

Proof [13]: The results follow from induction on n with the previous theorem as a base
case. The inductive step is omitted. Then, we want to find the Laplace transform of a v*"

order difference where 0 <= v == 1. First, however, a useful lemma will be necessary.
Lemma [13]: (Shifting Rule)

Given f: M_ = R, we have

Lo (S = L (A8 — = fla+ 1),

1-s

Proof [13]:
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1 - ¥ P l - ’ w i = “
= LA Ns) + 5 (1—-s)"fla+k+1)
l1—s 1 — 5ds” ’ : :

k=1

= if(fi + 1)+ L { FY9).

The desired results follows from this form.

With this, we are ready to provide the general from of the Laplace transform of a »

order, 0 <~ v < 1, fractional order difference.

Theorem [13]: Given f:M_ — Rand 0 < v < 1, then for t € N_.,, we have

1-3

~ fla+1).

1_

“'I:r.'—‘l {?c f}(g) = 51?"{‘:: —1{ f}(gj -
Proof [13]: Consider the following:

£ (2 ) = Loa [T F)(9)

= 5L, { V2O R} - 2O fa+ ).
We observe that

V.0 fla+1) = fla+ 1),
therefore, we obtain:

]

. v Al = f 2 [ ey _ L e \ -
Ligaq {T"’L: f}%.sj =5 [_‘1_‘; '5-3?\ v;' Wi %’[,.SJ —iG f(,ﬁ ~1) ] - fl__’c} -1 =

£ rers 1
i::{f}[»s.:] - 1

iI—-5 -5

fla+1)

5.4 Generalized Power Rule

]
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Theorem [13]: (Generalized Power Rule)
Letv € R™ and € R such that u and v + u are not negative integers,then for

t EM_,we have

® =0 = ()
(i) vi(t— e = (i) - T

Proof [13]: We will first establish the result for (i.), after which (ii.) will follow.

Consider the following:

1
a et T ELUTRS g e

?::-h:‘ [a‘l}Lsﬁ e 1 h:ﬂ)}[ff’l —

L]

=L, {h,l_,_ﬁ (. a)}(s).

By definiton 3 and the linearity of the Laplace transform, (i.) holds for t € M _.,.

Obderving that for t = a and stated equality holds, hence (i.) follows forall t € F_.
Now for (ii.), choose N such that N — 1 <= v = N and consider the following:

. L 5 PO T L lr‘ I;'L'& T l-j v M- aaed
Vit—a)f ="V, " (1t - a)f = P (t — a)F" ",
-~- # ' ~ FrMu+N-v+1) =

5.5 Solutions to Initial Value Problems

We now will consider a general v*-order fractional nabla initial-value problem
and give a formula for its solution when, 1 < v = 2. Then, the fractional initial value

problem.
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Vi f(t) =0, tEN_.,
fla+2)=A, A, €R,

Vila+2)=4, 4, €,

has the unique solution

FlOy=[2—-v)4, + (v — VA ]h.(t.a) + [(v—1)4, —v A )h,_.(t a). (5.10)
Proof [15]: Taking the Laplace transform (based at @ + 2) of both sides of

VI f(t) =0, we have

1 -
&= —{ et e N . PR NS, R -y 1
- LA} — E ["1 eV, T fla+k + D+ ATFIVTTT fla+ 2)s¥ = 0.
; ';v —5')_ " o -

Expanding this out, we get:

ms“ Y ol B} - “ B - . .
L) = (T fla s 1) =09 fa )

]

—(2V" fla+2) - sV f(a+2) =0,

Now, we substitute f{a +2) = 4,and Vf(a + 2) = 4,, where
fla+1)=fla+2)-Vfla+2)=4,-4,.
Also, note (by Lemma 2) that:

?—IE—:-‘,"JF(EL 4 2_) = [(2 — 1:) [_:4.,;_ - _’4.1] T _:4':_]
and

v Fla+ ) =V fla+2) = [(1- )[4 - 4] + 4],
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Lo {VEFHS) = oEms L IFHS) = (5207 A = Ag] = [(1 = )[4 ~ 4,] + 4]
(-4, —4,] +4, =0

Next, we combine all terms with respect to A4, and 4, with common denominator of
(1—35)%

vs—5s— v+ 2 v—ws—1

fi(s) — S — [ — — A, =0
Ll—sr £ N (1-9)° 0 - 1 =

L{f}(s) =

ETTESE
We now rearrange the terms and solve for the Laplace transform of f(t).
L) =[2-v)4, +(v- 1}-41% +[v—1DA4, +v Aﬂﬂ.

Finally, we take the inverse Laplace transform to get the desired result

FO =[Q-v)A, + (v —DAJh (ta) + [(v—1)4, —v A ]A,.(t a)
forteN_.,

Next, we look at the non-homogenous equation with zero initial conditions.

Theorem [15]: Let f, g: N, — Rand 1 < v = 2, Then, for t € N_.,, the fractional

initial value problem:

Vo f)=g(t), teEN.,
fla+2)=0,

Vfla+2) =0,

has the solution:

Fiy=v"g(t)—[gla+1) +gla+2N)h._y(ta) +gla+2)h,_.(ta). (511)
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Proof [15]: We take the Laplace transform based at & + 2 of both sides of the equation.
”'I:r.' {f}(s‘) = ”'I:r.' +2 {9}(5')

Next, we use the Corollary 1 on the left hand side and the Laplace transform shifting
theorem on the right hand side of the equation. We have

-

I LA ~ (2 Fla+ 1) - W fla + 2) - (Z) VIO fla +

~ - " 1
D=5V """ fla+2) =

2. (5)(s) -

(1=537 "

1 - . 1 . e
g dla~r V-1 elarl)

Now, we plug in f{a + 2] = 0. Also, all of the fractional sums and f{a + 1) and

V f(a+ 2). Thus, we can plug in zero for them as well.

P S . 1 . . 1 ) N
— L {fHs) = P £.{g}(s) T laT 1) — 1, pla~ 1)

Next, we solve for the Laplace transform of f{t) to get

A | A S (1L—s)
L) == £, {g}(s) —— gla+ 1) ——— g(a+2)
o ot ¥
= [r {;‘ (F e e foliatil = L sia 'l"L X a0 7} L {n '
= Laithp-qlh @238l g1l == gla + 1) = gl + 2+ — gla +2).

Finally, we take the inverse Laplace transform and note that
Vo g(t) = h,_y(ta) = g(t) to get:
(&) =[h s a) » gl = [gla+ 1) +gla + D]h, ,(t.a) + gla+ Dk, .(t.a)

=V g(t) —[gla+ 1) +gla + 2)]g,.,(t.a) + g(a + 2)A,_.(t. a)

forte M _.,.
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CHAPTER 6

CONCLUSION

The fractional calculus is a field of applied mathematics that studies the
integration and differentiation of functions of any order. And it turned out that this
calculus is a strong tool that can be used when scientists want to mathematically model

physical phenomena happening in our real world.

Fractional calculus has a discrete version. The question is whether the discrete
version of this calculus will also have its role in the mathematical modeling. Indeed,
many papers have reported that the discretized fractional calculus is significant in
mathematical modeling as well ( see for example Refs.[30-33] and the references

therein).

In this thesis, we discussed the discrete fractional calculus in the frame of two
operators which are the forward operator (Delta) and the backward operator (Nabla).
Even though they are similar in a sense, each of this calculus has its advantage and is

superior to the other in other senses.

Due to need of a method to solve fractional difference equations, we discussed

the Laplace transform in both frames, the Delta and the Nabla operators.

This thesis can be considered as a survey on discrete fractional calculus and the
discrete fractional Laplace transform. And we hope that this thesis will be a useful
reference for the next generation of young mathematicians in case they want to work on

discrete fractional difference equations.
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