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Abstract:

In this paper the fractional sub-equation method is used to construct exact solutions of the fractional gener-

alized reaction Duffing model and nonlinear fractional Sharma-Tasso-Olver equation.The fractional deriva-
tive is described in the Jumarie’s modified Riemann-Liouville sense. Two illustrative examples are given,
showing the accuracy and convenience of the method.
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1. Introduction

Fractional equations, both partial and ordinary ones,
have been applied in modeling of many physical, engineer-
ing, chemistry, biology, etc in recent years [1-4]. Investi-
gation of the exact travelling wave solutions for nonlinear

*E-mail: jafari@umz.ac.ir

partial differential equations (PDEs) plays an important
role in the study of nonlinear physical phenomena.

Finding exact solutions of most of the fractional PDEs is
not easy, so searching and constructing exact solutions for
nonlinear fractional partial differential equations is a con-
tinuing investigation. Many powerful methods for obtain-
ing exact solutions of nonlinear fractional PDEs have been
presented such as, Hirota's bilinear method [5], Backlund
transformation [6], sine-cosine method [7], tanh-function
method [8], Adomian decomposition method [9, 10], vari-
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ational iteration method [11, 12], homotopy perturbation
method [13], homotopy analysis method [14], Laplace iter-
ative method [15] and so on.

Recently, the Fan sub-equation method to obtain exact so-
lution of nonlinear partial equations has attracted much
attention [16-20]. Moreover there are more wave solu-
tions of nonlinear fractional PDEs that satisfy a general
Riccati equation that can be represented as a polynomial.
This method is based on the Jumarie’s modified Riemann-
Liouville derivative [21, 22], on the homogeneous balance
principle [17] and on the symbolic computation in order to
obtain analytical solutions of fractional PDEs.

In the present manuscript a method is suggested to
find exact analytical solutions of some type of nonlin-
ear fractional PDEs with the Jumarie's modified Riemann-
Liouville derivative of order a. Here we summarize
some useful formulas of Jumarie's modified Riemann-
Liouville [21]

oy Ty+1) .
DXX = mx ’ y > 0, (1)
Di[f(x)g(x)] = g(x) DI (x) + f(x) DY g(x), ()

D flg(a] = folg(x)IDYg(x) = Dgflg(x)]g.)*, (3)

which will be used in the following sections.

In this paper, we applied the fractional sub-equation
method [16, 23, 24] to obtain the exact solutions of the
fractional generalized reaction Duffing model in the form

aZau N aZau
ate " P gxaa

+qu+ru’ +su® =0. (4)

where p,q,r and s are all constants. Eq. (4) reduc-
tions many well-known nonlinear fractional wave equa-
tions such as

(i) Fractional Klein-Gordon equation

aZau aZau
Jta - Ox2a

+au+ B =0.

(i) Fractional Landau-Ginzburg-Higgs equation

aZau aZau

2 2,3 _
912 aXZG—mu+gu =0.

(iil) Fractional ¢* equation

aZau aZau

3 _
W—m+u—u =0.

(iv) Fractional Duffing equation

0%%u

a2 +bu+cu®=0.

(v) Fractional Sine-Gordon equation

o*u aZau+u 1u3—0
at2e  Ox2« 6

We also consider fractional Sharma-Tasso-Olver equation
in the form

d%u °u® 3 0%u? %

o TP ow t 2P e TFGa =0 0
where B is a real constant. Eq. (5) is a double nonlin-
ear dispersive, integrable equation that be called Sharma-
Tasso-Olver equation [26]. Recently many physicists have
studied equation (5) in [27-29]. In [30] the solitons so-
lutions of Sharma-Tasso-Olver equation are obtained by
the tanh method, the extended tanh method.
The rest of this paper is organized as follows. In Section
2, we describe the algorithm for solving exact solutions
to nonlinear fractional partial differential equations. In
Section 3, consists of a brief conclusion.

2. Exact solutions of some nonlin-
ear fractional PDEs

In this section we will derive the fractional generalized
reaction Duffing model

a2au N 62au
ot« anZOr

+qu+ruvt4+su®=0. (6)

Several families of exact solutions including bell-shaped
waves and shock waves of Eq. (6) when o = 1 have been
reported in [25, 31].
To solve Eq. (6) by using fractional sub-equation method,
with the assistance of the traveling wave transformation,
u(x, t) = u(é), & =kx+ ct, (7)
where & is a wave variable and ¢ and k are a wave speed,
we reduce nonlinear fractional partial differential equa-
tions into nonlinear fractional differential equation (FDE).
Substituting Eq. (7) into Eq. (6) yields the following frac-
tional differential equation for u(&),

D u + pk** Diu + qu(&) + ru’(&) + su?(&) = 0. (8)

Now we suppose that the Eq. (8) has a solution in the
form

u(@ =) a'(d), (9)
i=0
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where a; are constants to be determined later and the new
variable ¢ = ¢(&) satisfies the following fractional Riccati
equation:

Dip=0+¢> 0<a<l. (10)

Substituting Eq. (9) along with Eq. (10) into Eq. (8) and
balancing the highest order derivative term D‘?" with non-
linear term u3 in Eq. (8) gives n = 1, from which we have

u(§) = ao + ar¢(q). (1)

Then setting the coefficients of ¢/(j = 0,1, ..., 3) to zero,
we finally obtain a system of algebraic equations

agr+ ags + apq =0,
2010¢%° + 2a,pok®® + 2agaqr + 30(2)015 +a1g=0,
air+3apais =0,

2a1¢* + 2a1pk** 4 a3s = 0.

Solving the set of algebraic equations yields

3q iag q
= —— =4 — =
W= NTEUG 0T Ay kep)
3,/5G
r= a2V (12)
V2

by using five solutions of fractional Riccati equation (10)
derived with Zhang et al. [18]

[—\/=0 tanh,(v—=0&), 0¢<0,
—V/—0 cothy(v/=0&), <0,

@(&) = { Vo tan.(\/ad), 0>0, (13)
—V/0 coty(y/a&), o>0,
—M, w=const.,, o=0,

[ {“tw

with the generalized hyperbolic and trigonometric func-
tions and (7)-(12) exact solutions of Eq. (6), namely,
generalized hyperbolic function solutions and generalized
trigonometric function solutions as follows

i = —>2 & B9 (/=5 tanhy (vV=a(kx + ct)),

2r  2r/o
0<0,
3q i3q
ux(x, t)= —5, + 21_\/3(\/—70 cothe(vV—a(kx + ct))),
0 <0,
3q i3q
us(x, t)=—§ + 2r\/a(\/gtana(\/g(kx +ct)), >0,
tal, )= —2 4 B9 ot (Valks + ct))), @ > 0.

T 2ry/a

Figure 1. Exact solutions u1(x, t) for Eq. (6) with a = 1,p =
-l,g=g,r=15s=-2c=07k=10=-1.

In Figure 1 uq(x, t) shows exact solutions of Eq. (6) with
a=1p=-1qg=4gr=1s=-2c=07k =
1,0 = —1. When a = 1 these solutions give the solu-
tions of standard form of the generalized reaction Duffing
model [25, 31].

The next step is to consider the nonlinear fractional
Sharma-Tasso-Olver equation in the form

3 a2au2 aBau

0%u ou’
+ EB Ox2 + Bax3"

e TP oxa

=0. (14)

To solve Eq. (14), we consider the following traveling wave
transformation

u=u(l), <=kx+ct, (15)

then Eq. (14) can be reduced to the following nonlinear
fractional differential equation (FDE), namely

c“D¢u + 3Bk u’ D{u + 3B((k°Dgu)’ + k> uDfu)+
+ BK**D¥u =0. (16)

Now we do the same process, like the previous example.
We obtain following system of algebraic equations:

a10¢® +3a3Ba’k* + 2a180°k** + 3aja,fok® =0,
6aoa1Sak* + 6agaiBok® =0,

a1¢® +12a?Bak* + 8a,Bok>® + 3a3Bok+
+3a3a18k =0, (17)
6aoa:18k*® + 6aga’fk® =0,

9a3Bk* + 6a1Bk>* 4+ 3a3Bk” = 0.
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Figure 2. Exact solutions of Eq. (14) (us(x, t)) fora = 0.9, 8 =
—1,w=10,c=1,k=1.

Solving (17) with the aid of Mathematica, we have

. = —k?,
! V3Bk® - (18)
G()Zi[ ¢ , (71——/(0(, 0'=0,
V3Bke

Finally, from Egs. (13), (15)-(18) we obtain the follow-
ing generalized hyperbolic function solutions, generalized

trigonometric function solutions and rational solution of
Eq. (14)

L VBok

ui (X, t)z_W—l—ka(\/T(Itanha(\/?U(kx + Ct)),
0<0,

us(x, 1) :i7%+k“(\/jacotha(\/ja(kx + ct)),
0<0,

us(x, t):iim — k(\/o tany(va(kx + ct)),
o>0,

ug(x, t):iiv\%”j;_\/; + k(v cote(va(kx + ct)),
g>0,

3 iv/ce ker(1+ a)
us(x, t)—i\@\/gm + x+ ) + '
w = const, og=0.

In Figure 2 us(x, t) shows one of exact solutions of Eq. (14)
fora=098=-1,w=10,c=1,k=1. When a =1,
these obtained exact solutions are same with those given
solutions in [26].

3. Conclusion

In this paper, based on a fractional sub-equation method,
we obtained the exact solutions of the generalized frac-
tional reaction Duffing equation and the nonlinear frac-
tional Sharma-Tasso-Olver equation. The results show
that the fractional sub-equation method is accurate and
effective. These solutions may be useful for describing
certain nonlinear physical phenomena. This method can
be applied to other nonlinear fractional PDEs in mathe-
matical physics that are worth studying.

Mathematica has been used for computations and pro-
gramming in this paper.
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