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Abstract: In this study, the homotopy analysis method is used for solving the Abel differential equation with fractional
order within the Caputo sense. Stabilityand convergence of the proposed approach is investigated. The
numerical results demonstrate that the homotopy analysis method is accurate and readily implemented.
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1. Introduction

Liao proposed the homotopy analysis method (HAM) in1992, [1] and since then it has been used to obtain theanalytical, and approximate analytical, solutions of manytypes ofnonlinear equations and systems of equations. It
∗E-mail: jafari@umz.ac.ir (Corresponding author)
†E-mail: ksayehvand@iust.ac.ir
‡E-mail: tajadodi@umz.ac.ir
§E-mail: dumitru@cankaya.edu.tr

has also been applied to problems in engineering andscience (see for example Refs. [1–7] and the referencestherein). With this method , we use a certain auxiliaryparameter h̄ to control and adjust the rate of convergenceand the convergence region of the series solution. Thevalid regions of h̄ are obtained by using an h̄-curve. Thefractional calculus has been used extensively in basic sci-ences and engineering (see for example Refs. [8–22] andthe references therein). A recent application has includednumerically determining solutions for various classes ofnonlinear fractional differential equations.Many engineer-ing and physical problems have been modelled using frac-
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tional differential equations (FDEs) [8–16, 23, 24]. Find-ing accurate and efficient methods for solving FDEs hasbeen an active research undertaking. Nonlinear FDEsare difficult to solve, especially analytically. Such solu-tions tong most nonlinear FDEs cannot be found easily,thus approximate analytical and numerical methods mustbe used. In [6, 13, 15, 21] some numerical methods forsolving FDEs were presented.Different types of definitions of fractional calculus can befound. The Riemann-Liouville integraloperator of orderαis defined as [10]
(Iα f )(x) = { 1Γ(α) ∫ x0 f (t)(x−t)1−α dt α > 0, x > 0,

f (x) α = 0. (1)
and the Riemann-Liouville fractional derivative of or-derα (α ≥ 0) is also used:

(
D αL−R f

) (x) = ( d
dx

)m (
Im−α f

) (x),
α > 0, m − 1 < α ≤ m, m ∈ IN.

(2)
A modification of the Riemann-Liouvill definition, the Ca-puto fractional derivative [10] is defined as

Dα f (x) = { 1Γ(m−α) ∫ x0 f (m)(t)(x−t)α−m+1 dt
∂mf (x)
∂xm ,(α > 0, m − 1 < α < m, )

α = m

(3)

where m is an integer. Let f ∈ Cm and m − 1 < α ≤ mthen
(IαDα f )(x) = f (x)− m−1∑

k=0
f (k)(0+)
k! xk , x ≥ 0. (4)

In this work, the fractional derivative is considered inthe Caputo sense because of its applicability to real–worldproblems.In this paper, we employ the homotopy analysis method(HAM) [1] for solving an Abel differential equation withfractional order:
Dαy(x) = a(x)y3(x) + b(x)y2(x) + c(x)y(x) + d(x),0 < α < 1, (5)

where a(x) 6= 0, b(x), c(x) and d(x) are meromorphic func-tions.This equation has a long history in many areas of pure

mathematics and applied mathematics [19, 22]. For solvingthe following type of nonlinear FDE ,
N [y(x)] = 0, (6)

using the HAM [1], we firstly construct the zero-order de-formation equation as
(1− q)L[φ(x;q)− y0(x)] = q h̄H(x)N [φ(x;q)], (7)

where q ∈ [0, 1] is the embedding parameter, φ(x;q)is a mapping of u(x), h̄ 6= 0 is an auxiliary parameter,
H(x) 6= 0 is auxiliary function,L = Dα is an auxiliary lin-ear operator,y0(x) is an initial guess of y(x), and φ(x;q) isa unknown function, respectively.In the HAM, we assumethat the solution can be written as

φ(x;q) = y0(x) + ∞∑
m=1 ym(x)qm, (8)

Substituting (8) in (7) and differentiating it m times withrespect to q, setting q = 0 , we will have the m-th orderdeformation equation as follows:
L [ym(x)− χmym−1(x)] = h̄H(x)(m− 1)! ∂m−1N [φ(x;q)]

∂qm−1 |q=0,(9)where
χm = { 0, m ≤ 1,1, m > 1. (10)

In view of (4), applying the Riemann-Liouville integraloperator Iα to both sides of Eq. (9), leads to:
ym(x) = χmym−1(x)− χm n−1∑

i=0 y
(i)
m−1(0+) tii!

+ h̄Iα [H(x)∂m−1N [φ(x;q)]
∂qm−1 |q=0]. (11)

It is easily to obtain um(x) for m ≥ 1 using the aboverecurrent formula.
2. Compact structures of Abel equa-
tions with time-fractional derivatives
Hereunder, to demonstrate the efficiency of our scheme,we will implement the homotopy analysis method to con-struct solutions for compact structures of fractional Abelequations.
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Example1 Consider the nonlinear fractional Abel differ-ential equation of the first kind:
Dα
x y(x) = y3(x) sin x − xy2(x) + x2y(x)− x3, x ∈ (0, 1],(12)subject to the initial condition y0(x) = 0. For solving Eq.(12) using the homotopy analysis method, with the giveninitial condition, it is naturalto choose

y(0) = 0. (13)
We choose the linear operator

L[φ(x;q)] = Dα
x [φ(x;q)] (14)

with the property L[c] = 0, where c represents a con-stant.Now, we define a nonlinear operator as follows
N [φ(x;q)] = Dα

x φ(x;q)− φ3(x;q) sin x + xφ2(x;q)
− x2φ(x;q) + x3.

We construct the zeroth-order deformation equation as-suming that H(x) = 1
(1− q)L[φ(x;q)− y0(x)] = qh̄N [φ(x;q)]. (15)

Obviously, when q = 0 and q = 1,
φ(x; 0) = y0(x), φ(x; 1) = y(x). (16)

Therefore, the m-th order deformation equation is ob-tained as follow:
L[ym(x)− χmym−1(x)] = h̄Rm(−→y m−1), (17)

keeping in mind that
Rm(−→y m−1) = Dα

x ym−1(x)
−

m−1∑
i=0 yi

m−1−i∑
k=0 ykym−1−i−k sin x + x

m−i∑
i=0 yiym−i

− x2ym−1 + (1− χm)(x3).
(18)

Now applying Iα to both side of (17) leads to
ym(x) = (χm + h̄)ym−1(x)− (χm + h̄)ym−1(0)
+ h̄Iα

[
−

m−1∑
i=0 yi

m−1−i∑
k=0 ykym−1−i−k sin x

+ x
m−i∑
i=0 yiym−i + x2ym−1 + x3].

Finally, we assume that
y(x) = y0(x) + ∞∑

m=1 ym(x). (19)
By using (13) and (2), we obtain

y0(x) = 6h̄xα+3Γ(α + 4)
y1(x) = 6h̄(h̄+ 1)xα+3Γ(α + 4) − 6h̄2Γ(α + 6)x2α+5Γ(α + 4)Γ(2α + 6)...

Hence
y(x) = y0(x) + y1(x) + y2(x) + . . . (20)

Figure 1 shows the h̄-curve, and in Figure 2, we show theexact solution together with the solution obtained after 4iterations. h̄ = −.7, α = .98
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Figure 1. The h̄-curve of y(0.5) based on the fourth-order HAM
approximations.
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Figure 2. Numerical convergence of the exact solution and the HAM
solution.
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Example2 Consider a nonlinear fractional Abel differentialequation of the first kind:
Dα
x y(x) = x2y3(x)+xy2(x)+√xy(x)+ tanx, x ∈ (0, 1],(21)subject to the initial condition y0(x) = 0.To use the ho-motopy analysis method to solve Eq.(21), we choose theinitial linear operator as follows:

y(0) = 0, L[φ(x;q)] = Dα
x [φ(x;q)], (22)

with the property L[c] = 0. The nonlinear operator is
N [φ(x;q)] = Dα

x φ(x;q)− x2φ3(x;q)− xφ2(x;q)
−
√
xφ(x;q)− tanx.

Using the above definition and assuming H(x) = 1, weconstruct the zeroth-order deformation equation
(1− q)L[φ(x;q)− y0(x)] = qh̄N [φ(x;q)]. (23)

Thus, we obtain the m-th order deformation equation as
L[ym(x)− χmym−1(x)] = h̄Rm(−→y m−1), (24)

where
Rm(−→y m−1) = Dα

x ym−1(x)− x2 m−1∑
i=0 yi

m−1−i∑
k=0 ykym−1−i−k

− x
m−i∑
i=0 yiym−i −

√
xym−1(x)− (1− χm)(tanx).

Now the solution of the equations (24) can be obtainedwith the form
ym(x) = (χm + h̄)ym−1(x)− (χm + h̄)ym−1(0)
+ h̄Iα [−x2 m−1∑

i=0 yi
m−1−i∑
k=0 ykym−1−i−k

− x
m−i∑
i=0 yiym−i −

√
xym−1(x)− (1− χm)(tanx)].

In view of (8), we have
y(x) = y0(x) + ∞∑

m=1 ym(x). (25)

The first components of u(x) are obtained from (2) as fol-lows:
y0(x) = − h̄xα+1(α2 + α) Γ(α) − 2h̄xα+3Γ(α + 4) − 16h̄xα+5Γ(α + 6)
y1(x) = − h̄2xα+1(α2 + α) Γ(α) + h̄2Γ (α + 52) x2α+ 32(α2 + α) Γ(α)Γ (2α + 52)

− 2h̄2xα+3Γ(α + 4) − 16h̄2xα+5Γ(α + 6) + 2h̄2Γ (α + 92) x2α+ 72Γ(α + 4)Γ (2α + 92)
+ 16h̄2Γ (α + 132 ) x2α+ 112Γ(α + 6)Γ (2α + 132 ) − h̄xα+1(α2 + α) Γ(α)
− 2h̄xα+3Γ(α + 4) − 16h̄xα+5Γ(α + 6)...

Hence
y(x) = y0(x) + y1(x) + y2(x) + . . . . (26)

Figure 3 shows a h̄-curve, and in Figure 4, we drawthe exact solution, and the solution obtained after 3iterations.h̄ = −1.5, α = .98
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Figure 3. The h̄-curve of y(0.8) based on the fourth-order HAM
approximations.

2.1. Convergence and stability analysis
This section is devoted to proving the convergence andstability of solutions to fractional initial value problems,on a finite interval of the complex axis in spaces of con-tinuous functions.
Theorem 1.
If the seriesyi(x, y, t) = ∑M

m=0 yim(x, y, t) converges (i =1, 2, · · · , n), where yim(x, y, t) is governed by Eq. (9), un-
der the definition (10), it must be the solution of Eq. (6).
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Figure 4. Numerical convergence of the exact solution and the HAM-
solution.

Proof. This proof is similar to Theorem 3.1. in [2]. Aclear conclusion can be drawn from the numerical resultsand Theorem 1 that our approach provides highly accu-rate numericalsolutions without spatial discretization ofthe problems. Overall, results show that the proposed ap-proach isunconditionally stable and convergent. In otherwords, we can always find a proper value of the conver-gence control parameterh̄ to ensure the convergent seriessolution, and our approximate results agree well with nu-merical ones. It should bepointed out that the responseand stability of this type of problem, in general, can alsobe studied in a similar way.
3. Conclusion
In this manuscript the homotopy analysis method is usedto solve non-linear Abel differential equations with frac-tional order. The method provides a simple way to controlthe convergence region of the solution by introducing anauxiliary parameter h̄ and auxiliary function H(x) . Thisis an obvious advantage of the HAM. It is also provedthat homotopy perturbation and Adomian decompositionmethods are only a special cases of the homotopy analysismethod. This work illustrates the potential and the valid-ity of the homotopy analysis method for solving nonlinearfractional differential equations. In this paper Mathemat-
ica has been used for computations and programming.
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