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Abstract:

In this study, the homotopy analysis method is used for solving the Abel differential equation with fractional

order within the Caputo sense. Stabilityand convergence of the proposed approach is investigated. The
numerical results demonstrate that the homotopy analysis method is accurate and readily implemented.
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1. Introduction

Liao proposed the homotopy analysis method (HAM) in
1992, [1] and since then it has been used to obtain the
analytical, and approximate analytical, solutions of many
types ofnonlinear equations and systems of equations. It
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has also been applied to problems in engineering and
science (see for example Refs. [1-7] and the references
therein). With this method , we use a certain auxiliary
parameter h to control and adjust the rate of convergence
and the convergence region of the series solution. The
valid regions of h are obtained by using an h-curve. The
fractional calculus has been used extensively in basic sci-
ences and engineering (see for example Refs. [8-22] and
the references therein). A recent application has included
numerically determining solutions for various classes of
nonlinear fractional differential equations.Many engineer-
ing and physical problems have been modelled using frac-
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tional differential equations (FDEs) [8-16, 23, 24]. Find-
ing accurate and efficient methods for solving FDEs has
been an active research undertaking. Nonlinear FDEs
are difficult to solve, especially analytically. Such solu-
tions tong most nonlinear FDEs cannot be found easily,
thus approximate analytical and numerical methods must
be used. In [6, 13, 15, 21] some numerical methods for
solving FDEs were presented.

Different types of definitions of fractional calculus can be
found. The Riemann-Liouville integraloperator of order a
is defined as [10]

x>0,

x4 0
(Iaf)()() — { [ (a) fO (x—1)1—@ a>0, (1)

£(x) a=0.

and the Riemann-Liouville fractional derivative of or-
dera(a > 0) is also used:

(e 0= () (7o) o

a >0,

)
m—1<a<m meN.

A modification of the Riemann-Liouvill definition, the Ca-
puto fractional derivative [10] is defined as

{lm
Df(x) = { el j Jo e

oxm ! (3)
(>0, m—-1<a<m,)

a=m

where m is an integer. Let f e C" and m—1 < a<m
then

904

(I°D*f)(x) = f(x) — P

x>0, (4)

k=0

In this work, the fractional derivative is considered in
the Caputo sense because of its applicability to real—
worldproblems.
In this paper, we employ the homotopy analysis method
(HAM) [1] for solving an Abel differential equation with
fractional order:

Dy(x) = a(x)y’
O<ax<,

(x) + b(x)y*(x) + c(x)y(x) + d(x), 6)

where a(x) # 0, b(x), c(x) and d(x) are meromorphic func-
tions.
This equation has a long history in many areas of pure

mathematics and applied mathematics [19, 22]. For solving
the following type of nonlinear FDE ,

Nly(x)] =0, (6)

using the HAM [1], we firstly construct the zero-order de-
formation equation as

(1= @)L¢(x; q) = yolx)] = g hHXN[$(x; @), (7)
where g € [0,1] is the embedding parameter, ¢(x;q)
is a mapping of u(x), h # 0 is an auxiliary parameter,
H(x) # 0 is auxiliary function,L = D* is an auxiliary lin-
ear operator,yo(x) is an initial guess of y(x), and ¢(x; q) is
a unknown function, respectively.In the HAM, we assume
that the solution can be written as

é(x; q) = yo(x)

+Y ynl¥)q", (8)
m=1

Substituting (8) in (7) and differentiating it m times with
respect to g, setting g = 0, we will have the m-th order
deformation equation as follows:

hH(x) 9" 'N(g(x; q)]

LIYym(X) = XmYm—1(x)] = (m—1)! dgn- |q:0'
9)
where
0, m<A1,
Xm_{,]’ ms 1 (10)

In view of (4), applying the Riemann-Liouville integral
operator /“ to both sides of Eq. (9), leads to:

Yu(X) = XmYm-(

— X Zy“) (0%)

9" " N[p(x; q)]| }
aqm—1 q=0]-

(1)
+ hI7TH(x)

It is easily to obtain u,(x) for m > 1 using the above
recurrent formula.

2. Compact structures of Abel equa-
tions with time-fractional derivatives

Hereunder, to demonstrate the efficiency of our scheme,
we will implement the homotopy analysis method to con-
struct solutions for compact structures of fractional Abel
equations.
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Example1 Consider the nonlinear fractional Abel differ-
ential equation of the first kind:

D¢y(x) = y3(x) sinx — xyz(x) + Xzy(x) —x}, xe (0,1],

(12)
subject to the initial condition yo(x) = 0. For solving Eq.
(12) using the homotopy analysis method, with the given
initial condition, it is naturalto choose

y(0) = . (13)
We choose the linear operator

L{(x; q)) = Di[o(x; q)] (14)

with the property L[c] = 0, where ¢ represents a con-
stant.Now, we define a nonlinear operator as follows

NI¢(x; q)] = DY p(x; q) — ¢°(x; q) sin x + x¢?(x; q)
— x2¢(x; q) + X,

We construct the zeroth-order deformation equation as-
suming that H(x) =1

(1= q)L{¢(x; q) — yo()] = ghN[p(x; q)).  (15)

Obviously, when g =0 and g =1,

?(x;0) = yo(x),  lx;1) = y(x). (16)

Therefore, the m-th order deformation equation is ob-
tained as follow:

L[ym(x) — XmYm—1 (X)] = hR,,,(g)m_ﬂ, (17)

keeping in mind that

Rm(g)mf” = D{ym-1(x)

m—=1—i m—i

m—1 —i
=Y Ui ) YYmoiksinx+xY_ yyn:  (18)
i=0 k=0 0

i=

=X Ymot + (1= ) ().

Now applying /* to both side of (17) leads to

Ym(X) = (Xm + D)Ym-1(x) = (Xm + h)ym_1(0)

m—1 m—1—i
FhIl =Y yi Y YeYmor-iksinx
i=0 k=0

m—i

XD YiYmi + X Ynor + 57|
i=0

Finally, we assume that

y(x) = yo(x) + Y ym(x). (19)

m=1

By using (13) and (2), we obtain

B 6hxa+3
Yo(x) = m
_Bh(h + )X 6h7T (o + 6)x2*D
Y1l = TrGE4  TarAT2at0)
Hence
y(x) = yolx) + y1(x) + ya(x) + ... (20)

Figure 1 shows the h-curve, and in Figure 2, we show the
exact solution together with the solution obtained after 4
iterations. h = —.7,a = .98

Figure 1. The h-curve of y(0.5) based on the fourth-order HAM

approximations.
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Figure 2. Numerical convergence of the exact solution and the HAM
solution.
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Example2 Consider a nonlinear fractional Abel differential
equation of the first kind:

D%y(x) = x*y3(x) + xy*(x) + Vxy(x) + tanx,  x € (0,1],

(21)
subject to the initial condition yo(x) = 0.To use the ho-
motopy analysis method to solve Eq.(21), we choose the
initial linear operator as follows:

y(0) =0, Lo(x: q)l = Di[o(x: q)l.  (22)

with the property L[c] = 0. The nonlinear operator is

N[¢(x; q)] = D{ p(x; q) — x*¢*(x; q) — x¢*(x; q)
—Vx(x; q) — tanx.

Using the above definition and assuming H(x) = 1, we
construct the zeroth-order deformation equation

(1= q)L{p(x; q) — yo(x)] = ghN[p(x; q)].  (23)
Thus, we obtain the m-th order deformation equation as

L[ym(x) —XmYm—1 (X)] = hRm(g)m%)r (24)

where

m=1 m=1—i

Ro(Gmt) = D{yma() =X 4i D yxYm1-ik

i=0 k=0

=X YilYmi — VXY 1 (x) = (1 = xu)(tanx).
i=0

Now the solution of the equations (24) can be obtained
with the form

Yn(X) = (X + 1) Ym-1(x) = (Xm + 1)yn-1(0)

m—1 m—=1—i

+ hl"[—x2 Z yi Z YkYm—1—i—k
i=0 k=0

—X Z YiYm—i — VXYm-1(X) = (1 = xm)(tanx)].

i=0

In view of (8), we have

y(x) = yo(x) + Y ym(x). (25)

m=1

The first components of u(x) are obtained from (2) as fol-
lows:

B 2hxet3 B 16hx+>

Ma+4) T(a+06)

h2r (0( + %) x20+3

(@2 + )T (o) (2a + 3)
207X 16K+ 20T (o + 9) X2t
Ma+4)  T(@+6)  Fatdr(2a+9)
16071 (o + B) x2e+ 7 hxet!
Na+6) (2a+ %)  (e?+a)l(a)
2hxot3 16hxa*>

 T(a+4) T(a+6)

hxa+1
(a2 + a) ()
h2xa+1
yilx) = — (a2 + a)T(a)

Yolx) = —

Hence

y(x) = yol¥) + ya(x) + ya(x) + ... (26)

Figure 3 shows a h-curve, and in Figure 4, we draw
the exact solution, and the solution obtained after 3
iterations.h = —1.5, a = .98
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Figure 3. The h-curve of y(0.8) based on the fourth-order HAM

approximations.

2.1. Convergence and stability analysis

This section is devoted to proving the convergence and
stability of solutions to fractional initial value problems,
on a finite interval of the complex axis in spaces of con-
tinuous functions.

Theorem 1.

If the seriesy;(x,y,t) = Z:\::o Yim(X, y, t) converges (i =
1,2,---,n), where y;n(x, y, t) is governed by Eq. (9), un-
der the definition (10), it must be the solution of Eq. (6).
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Figure 4. Numerical convergence of the exact solution and the HAM-
solution.

Proof.  This proof is similar to Theorem 3.1. in [2]. A
clear conclusion can be drawn from the numerical results
and Theorem 1 that our approach provides highly accu-
rate numericalsolutions without spatial discretization of
the problems. Overall, results show that the proposed ap-
proach isunconditionally stable and convergent. In other
words, we can always find a proper value of the conver-
gence control parameterh to ensure the convergent series
solution, and our approximate results agree well with nu-
merical ones. It should bepointed out that the response
and stability of this type of problem, in general, can also
be studied in a similar way. O

3. Conclusion

In this manuscript the homotopy analysis method is used
to solve non-linear Abel differential equations with frac-
tional order. The method provides a simple way to control
the convergence region of the solution by introducing an
auxiliary parameter h and auxiliary function H(x) . This
is an obvious advantage of the HAM. It is also proved
that homotopy perturbation and Adomian decomposition
methods are only a special cases of the homotopy analysis
method. This work illustrates the potential and the valid-
ity of the homotopy analysis method for solving nonlinear
fractional differential equations. In this paper Mathemat-
ica has been used for computations and programming.
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