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Abstract: This article examines a wire coating technique that considers how viscoelastic Eyring–Powell
fluid is studied with magnetohydrodynamic (MHD) flow, thermal transfer, and Joule heating effects.
Temperature-dependent variable and flexible viscosity models are considered. The interface boundary
layer equalities which describe flux and thermal convective phenomena are evaluated using a dominant
numerical technique—the so-called Runge–Kutta 4th-order method. A permeable matrix which
behaves like a dielectric to avoid heat dissipation is taken into account and is the distinguishing
aspect of this article. The effect of thermal generation is also explained, as it controls power. The
effects of various parameters, such as non-Newtonian fluid, magnetic field, permeability, and heat
source/sink, on wire coating processes are investigated through graphs and explained in detail. For
the sake of validity, numerical techniques are compared with a semi-numerical technique (HAM) and
BVPh2, and an outstanding agreement is found.

Keywords: coating process; MHD flow; Eyring–Powell fluid; temperature-dependent viscosity;
Joule heating

1. Introduction

Various fluids like air, water, and other lubricants are considered to be non-Newtonian fluids in
science and engineering technologies. In many situations, the idea of Newtonian fluid behavior is not
trivial, but it may be more complicated and a perturbed (non-Newtonian) model must be considered.
Non-Newtonian behavior exists in different liquid materials like glue, paint, ketchup, custard, and
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blood. Because of their vast and significant uses in industry, petroleum and chemical engineering, and
in other fluid mechanics, they have gained the attention of researchers [1–8].

Ellahi et al. [9] discussed the non-Newtonian micropolar liquid in blood movement over a
composite stenosis. Eyring–Powell fluid is a non-Newtonian fluid which was first presented in
1944 by Eyring and Powell. Many important features of Eyring–Powell fluid are discussed by
researchers [10–14]. Wire coating techniques are very important as they can help avoid injury and
decrease losses which may be generated by machine oscillation. In manufacturing industries, various
liquid polymers are used in wire coating processes. A polymer melt is put over a wire and then the
wire is dragged over the die, covered by viscoelastic material. Three methods are used for wire coating.
These methods are termed as electrostatic deposition, dipping, and coaxial processes. Compared to
the other two, the dipping method provides a stronger link in the field but is very slow. It involves
a payoff device, a die and extruder device, a cooling device, a preheater, a straightener, a tester, a
capstan, and a take-up roll. In the process, a bare wire is set rolling over the payoff device which goes
through a straightener. Next, heat is delivered to the wire by a preheater and a crosshead die which
has a canonical die accumulating the liquid polymer, and the wire is coated. The temperature of the
hot coated wire is reduced with a cooling device after which it goes through a capstan, then a tester,
and finally, the coated wire is drawn up the take-up reel. Many other researchers [15–20] have used
various non-Newtonian materials for wire coating processes. In magnetohydrodynamics (MHD), the
magnetic field induces the current which has a major effect on the motion of the fluid material. In
recent years, MHD has been an attractive area for researchers because of its vast usage in different
industrial processes, such as those used in magnetic materials and glass manufacturing processes.
Many researchers [21–28] consider MHD as a current-conducting liquid in the presence of an applied
magnetic field.

Fluid flux through a permeable medium has great significance for scientists because of its broad
scope across engineering technologies. Some renowned permeable media include wood, carbonate
rocks, and metal foams. Many researchers [29–33] have drawn attention to permeable media. Currently,
a thin permeable layer is used in different domestic and industrial applications like filters, batteries,
fuel cells, and printing papers. The study of the heat convection in non-Newtonian liquids has
gathered interest with time because of various uses in different industries. For example, Rehman and
Nadeem [34] investigated heat convective analysis for multi-directional stagnation flow movement.
Khan (along with other researchers) [35–40] has studied the effects of thermal convection and MHD
fluid flow. In studying the above articles, it has been found that wire coating techniques with MHD
of a viscoelastic Eyring–Powell liquid as the coating substance has not yet been discussed. This
paper discusses a procedure for wire coating considering the impact of thermal generation and a
permeable medium, along with temperature-dependent flexible viscosity using Vogel’s and Reynolds’
models [41,42].

2. Modeling of Wire Coating

In Figure 1, the geometry of our problem is described. Different parameters are set out, like the
length of pressure die L, radius Rd, and the saturated temperature θd due to incompressible viscoelastic
Eyring–Powell material. As the temperature of the wire reaches θW , the radius equals RW , and the
velocity becomes UW in the permeable medium. Next, the wire is pulled over the center length of
the die in a static pressure die. The out flux fluid is acted on simultaneously by uniform pressure
gradient dp

dz , along the axis of the object and a magnetic field of strength B0. The magnetic field is
perpendicular to the direction of the Eyring–Powell incompressible fluid movement. To reduce or
neglect the perturbation in the magnetic field, we used the Reynolds number in our problem. The wire
and die have a common axis of symmetry which is also taken as a reference of the coordinated system.
The appropriate expressions for the fluid velocity

→
q , the stress tensor S, and the field temperature for

this problem can be taken as follows:
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Figure 1. Geometry of the model problem. 
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→
q = oi + 0 j + w(r)k, (1)

S = S(r), (2)

θ = θ(r). (3)

The Cauchy stress tensor for Eyring–Powell viscoelastic fluid can be taken as

S = µ∇v+
1
β

sin−1
( 1

C
∇v

)
, (4)

where µ denotes the viscosity, S denotes the Cauchy stress tensor, V is the velocity, and C is the material
constant. Equation (4) can be expressed as

sin−1
( 1

C
∇v

)
=

1
C
∇v−

1
6

( 1
C
∇v

)3
, |

1
C
∇v| � 1. (5)

The boundary conditions for the proposed model take the form of:

w(Rw) = Uw, θ(Rw) = θw, w(Rd) = 0, θ(Rd) = θd. (6)

Governing equations are given by:
∇
→
q = 0, (7)

ρ

D
→
q

Dt

 = →

F −∇p +
→

j ×
→

B +
µ
→
q

K∗p
, (8)

ρCp

D
→
q

Dt

 = k∇2 + ϕ+ Q0(θ− θw) + jd (9)

where
→
q is the velocity vector, ρ represents density and is a temporal derivative,

→

j ×
→

B indicates
electromagnetic origin per unit volume appearing due to the correspondence of the magnetic arena,
current Q0 represents the rate of volumetric heat generation, and Jd is the Joule dissipation term. The
magnetic body force produced along the z-direction can be defined as

→

j ×
→

B =
(
0, 0, σβ2

0w
)
. (10)

Applying Equations (1)–(3), the continuity of Equation (7) is identically satisfied and we get
non-vanishing components of extra stress tensor S as

Szr =

(
µ+

1
βC

)
dw
dr
−

1
6βC3

(
dw
dr

)3

. (11)
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Putting the velocity field and Equations (10)–(11) in Equation (8), we get

∂p
∂r

= 0, (12)

∂p
∂θ

= 0, (13)

∂p
∂z

=
1
r

d
dr

r

(
µ+

1
βC

)
dw
dr
−

1
6βC3

(
dw
dr

)3

− σβ2

0w−
µw
K∗p

. (14)

However, Equation (14) shows the flow following the pressure gradient. When we leave the die,
only drag of the wire occurred. This is why the pressure gradient is contributing nothing in the axial
direction. So, Equation (14) takes the form:

1
r

d
dr

r

(
µ+

1
βC

)
dw
dr
−

1
6βC3

(
dw
dr

)3

− σβ2

0w−
µw
K∗p

= 0, (15)

the energy Equation (9) becomes

K
(

d2θ
dr2 + 1

r
dθ
dr

)
+

((
µ+ 1

βC

)
dw
dr −

1
6βC3

(
dw
dr

)3
)
. dw

dr

+Q0(θ− θw) + σβ2
0w = 0.

(16)

and the dimensionless parameters are defined as

r∗ = r
Rw

, w∗ = w
Uw

, M2 =
σβ2

0R2
w

µ , Kp =
R2

w
K∗p

, w = v0
Uw

, N = 1
µβC , θ∗ = (θ−θw)

(θd−θw)
,

Q =
Q0R2

w
K , Br = µU2

w
K(θd−θw)

, Rw =
βv0
µ , ε = µ

6w2(βC)3 .
(17)

Using these new variables in Equations (15) and (16) with Equation (6), and after removing
asterisks, we get the following form:

(1 + N)

(
r

d2w
dr2 +

dw
dr

)
− ε

(dw
dr

)3

+ 3r
(

dw
dr

)2 d2w
dr2

−M2wr−Kpwr = 0, (18)

w(1) = 1 and w(δ) = 0, (19)

d2θ

dr2 +
1
r

dθ
dr

+ Br(1 + N)

(
dw
dr

)2

+ εBr

(
dw
dr

)4

+ Qθ+ BrM2w2 = 0, (20)

θ(1) = 0 and θ(δ) = 1. (21)

3. Temperature-Dependent Viscosity

Two basic models are used for the temperature-dependent viscosity: Reynolds’ model and Vogel’s
model. The details of both are given below.

3.1. Reynolds’ Model

Here, we have used Reynolds’ model to explain temperature-dependent viscosity. The
temperature-dependent viscosity for the Reynolds model can be expressed by the following relation:

µ = 1− β0mθ (22)
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This will be applied for the variation of temperature-dependent viscosity, while m is used for
viscosity parameter. The following equation uses nondimensional parameters:

r∗ = r
Rw

, w∗ = w
Uw

, M2 =
σβ2

0R2
w

µ0
, Kp =

R2
w

K∗p
, w = v0

Uw
, N = 1

µ0βC , µ∗ = µ
µ0

,

θ∗ =
(θ−θw)
(θd−θw)

, Q =
Q0R2

w
K , Br = µ0U2

w
K(θd−θw)

, Rw =
βv0
µ0

, ε = µ0

6w2(βC)3 .
(23)

After removing asterisks, we obtain a nondimensional form of a momentum and energy equation
along boundary conditions:

d2w
dr2

(
r(1− β0mθ) + rN − 3rε

(
dw
dr

)2
)
+ dw

dr

(
1− β0mθ+ N − β0mr dθ

dr

)
−ε

(
dw
dr

)3
−Kpwr−M2wr = 0,

(24)

w(1) = 1 and w(δ) = 0, (25)

d2θ

dr2 +
1
r

dθ
dr

+ (1− β0mθ)Br

(
dw
dr

)2

+ Br

(
dw
dr

)2

(N + ε) + Qθ+ BrM2w2 = 0, (26)

θ(1) = 0 and θ(δ) = 1. (27)

3.2. Vogel’s Model

In this case, we take temperature-dependent viscosity as:

µ = µ0 exp
( D

B′ + θ
− θw

)
. (28)

Applying expansions, we get:

µ = Ω

1−
Dθ

(B′)2

, (29)

where D, B are parameters of viscosity and

Ω = µ0 exp

 D

(B′)2 − θw

.

We obtain nondimensional equations of momentum and energy along boundary conditions after
removing asterisks:

d2w
dr2

(
rΩ

(
1− Dθ

(B′)2

)
+ rN − 3rε

(
dw
dr

)2
)
+ dw

dr

 Ω
(
1− Dθ

(B′)2

)
+ N

−Ω D
(B′)2 r dθ

dr


−ε

(
dw
dr

)3
−Kpwr−M2wr = 0,

(30)

w(1) = 1 and w(δ) = 0, (31)

d2θ

dr2 +
1
r

dθ
dr

+ Ω

1−
Dθ

(B′)2

Br

(
dw
dr

)2

+ Br

(
dw
dr

)2

(N + ε) + Qθ+ BrM2w2 = 0, (32)

θ(1) = 0 and θ(δ) = 1. (33)

4. Solution Procedure via Runge–Kutta 4th-Order Method

Equations (24)–(27) in the case of Reynolds’ model and Equations (30)–(33) for Vogel’s model
are solved by using the Runge–Kutta 4th-order method along with shooting techniques. First of
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all, the above governing higher-order differential equations are converted into first-order ordinary
differential equations.

Equations (24) and (26) can be written as follows:

d2w
dr2 =

ε
(

dw
dr

)3
− (1 + N) dw

dr + M2wr + Kpwr

(1 + N)r + 3rε
(

dw
dr

)2 (34)

d2θ

dr2 = −

1
r

dθ
dr

+ Br(1 + N)

(
dw
dr

)2

+ εBr

(
dw
dr

)4

+ Qθ+ BrM2w2

. (35)

Defining new variables to convert higher-order ordinary differential equations into first-order
ones are as follows:

w = z1, w′ = z2, w′′ = z′2 and θ = z3, θ′ = z4, θ′′ = z′4, (36)

z′2 =
ε(z2)

3
− (1 + N)z2 + M2z1r + Kpz1r

(1 + N)r + 3rε(z2)
2 , (37)

z′4 = −
[1

r
z4 + Br(1 + N)(z2)

2 + εBr(z2)
4 + Qz3 + BrM2z1

2
]
. (38)

The boundary conditions given in (25) and (27) are changed into initial conditions as

z1(1) = 1 and z1(δ) = 0, (39)

z3(1) = 0 and z3(δ) = 1. (40)

4.1. Reynolds Model

Equations (30) and (32) may be written after using (36) as

z′2 =
ε(z2)

3 + Kpz1r + M2z1r− z2(1− β0mz3 + N − β0mrz4)(
r(1− β0mz3) + rN − 3rε(z2)

2
) , (41)

z′4 = −
1
r

[
z4 + (1− β0mz3)Br(z2)

2 + Br(z2)
2(N + ε) + Qz3 + BrM2z1

2
]
. (42)

The boundary conditions given in (31) and (33) are changed into initial conditions as

z1(1) = 1 and z1(δ) = 0, (43)

z3(1) = 0 and z3(δ) = 1. (44)

4.2. Vogel’s Model

Using (36) in (30) and (32), we get the desired first-order differential equation as

z′2 =
ε(z2)

3 + Kpz1r + M2z1r− z2

(
Ω

(
1− Dz3

(B′)2

)
+ N −Ω D

(B′)2 rz4

)
rΩ

(
1− Dz3

(B′)2

)
+ rN − 3rε(z2)

2
, (45)

z′4 = −

1
r

z4 + Ω

1−
Dz3

(B′)2

Br(z2)
2 + Br(z2)

2(N + ε) + Qz3 + BrM2z1
2

. (46)

This is given along with the transformed boundary conditions:
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z(1) = 1 and z1(δ) = 0, (47)

z3(1) = 0 and z3(δ) = 1. (48)

5. Validation of the Method

To validate our numerical solution, we can make the following comparison which proves the
thoroughness of the proposed method. Our comparison is illustrated in Tables 1 and 2. An excellent
agreement is noted between Runge–Kutta 4th-order method, the semi-numerical method HAM,
and BVPh2.

Table 1. Comparison of numerical, HAM, and BVPh2 methods for the velocity profile.

w(r) Numerical Solution HAM Solution BVPh2

1.0 1.0000000000 1.0000000000 1.0000000000

1.2 0.6369559249 0.6369559343 0.6369559239

1.4 0.4274349292 0.4274349325 0.4274349352

1.6 0.3071882095 0.3071882321 0.3071882632

1.8 0.1968612792 0.1968612624 0.1968612547

2.0 0.00000000000 0.00000000000 0.00000000000

Table 2. Comparison of numerical, HAM, and BVPh2 methods for the temperature profile.

θ(r) Numerical Solution HAM Solution BVPh2

1.0 0.00000000000 0.00000000000 0.00000000000

1.2 0.9500451152 0.9500451271 0.9500451321

1.4 1.9209191828 1.9209191651 1.9209191658

1.6 2.7196458893 2.7196458689 2.7196458567

1.8 2.7456308985 2.7456308634 2.7456308695

2.0 1.00000000000 1.00000000000 1.00000000000

6. Results and Discussion

In this paper, for coating a wire, we considered the Eyring–Powell fluid. The method of coating a
wire takes place in a die with a constant magnetic field and thermal generation effects in permeable
media. Different measurable emerging parameters which called the non-Newtonian parameter β0,
like the viscosity parameter m, the thermal generation parameters Q and Ω, for Reynolds’ and Vogel’s
models, permeable medium parameter Kp, Brinkman number Br, and other parameters D and M
respectively on velocity and temperature profiles which are explained through graphs. The geometry
of the problem is explained in Figure 1. Figure 2 displays the Brinkmen number Br over velocity
distribution for Reynolds’ model and it is observed that the velocity profile shows an increasing
behavior with increasing Br. In Figure 3, the results of the permeability parameter Kp on the velocity
distribution for Reynolds’ model were investigated when M = 0.6, Q = 0.1, β0 = 0.1, m = 0.3 and
Br = 0.1. From this it is noticed that the velocity profile decreases with increasing values of Kp. By
raising the value of N, the velocity curve shows a decreasing behavior as is predicted in Figure 4 for
Reynolds’ model. In Figure 5, it is observed that by increasing the Brinkman number Br for Vogel’s
model, the velocity profile increases when some parameters are fixed. Figure 6 represents the velocity
profile for different values of D. Note that the velocity profiles increase with an increasing value of D.
In Figure 7, it is shown that taking D = 0.2, Br = 0.2 and M = 0.11, the velocity profile rises as Q rises
in Vogel’s model.
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Figure 8 describes the inequality in temperature profile as a result of ε for uniform viscosity while
keeping other parameters fixed. The velocity profile decreases as the value of ε increases. Figure 9
illustrates the output of Br on temperature distribution for uniform viscosity. Increasing the value of Br

decreases the velocity profile. In Figure 10, the impact of Q on the temperature profile is observed
while the viscosity and other parameters are kept constant. Increasing the value of Q causes an increase
in the velocity profile. In Figure 11, it is observed that the temperature curve increases by increasing ε
for Reynolds’ model. Figure 12 shows that for an increment in M for Reynolds’ model, the temperature
profile increases. A decreasing behavior in the velocity curve is observed in Figure 13 at the same rate
as Q increases. Figure 14 shows that the temperature profile increases as the values of M increase in
the case of Vogel’s model. In Figure 15, a decreasing behavior in temperature profile is observed when
Ω is increased in Vogel’s model, keeping N = 0.2, B′ = 1.3, Kp0.1 and D = 0.3.
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Figure 5. The influence of Br on velocity distribution in the case of Vogel’s model (VM) when
Q = 0.3, B′ = 1.0, M = 0.12, N = 0.3, D = 0.2, Ω = 1.0, Kp = 0.2.
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Figure 7. The influence of Q on velocity distribution for Vogel’s model (VM) when Br = 0.2, B′ =
1.0, M = 0.12, N = 0.3, D = 0.2, Ω = 1.0, Kp = 0.2.
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Figure 8. The influence of ε on temperature when Q = 0.6, Br = 1.4, M = 0.6, N = 0.01, Kp = 0.6.
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Figure 9. The influence of Br on temperature when Q = 0.6, ε = 1.5, M = 0.6, N = 0.2, Kp = 0.1.
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Figure 10. The influence of Q on temperature when Br = 0.1, M = 0.6, N = 0.2, Kp = 0.5, ε= 1.5.
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Figure 11. The influence of ε on temperature distribution for Reynolds’ model (RM) when β0 =

1.2, m = 0.1, Q = 0.1, Br = 0.5, M = 0.5, N = 0.3, Kp = 0.4.
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Figure 13. The influence of Q on temperature distribution in the case of Reynold’s model (RM) when
β0 = 2.1, m = 0.2, ε = 0.2, Br = 0.5, M = 0.6, N = 0.2, Kp = 0.1.
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7. Conclusions 

In this paper, we studied the effects of magnetohydrodynamic stream movement and heat 
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a Joule heating effect and fluctuating viscosity. The wire is layered into a pressure type die to interact 
with the Eyring–Powell liquid. A permeable matrix is used as a dielectric to enhance the 
heating/cooling process and to reduce the Joule heating effect during the flow and heat conduction 
process. The result is derived from the Runge–Kutta 4th-order method and sketched on velocity and 
temperature profiles. The results are also verified by utilizing the semi-numerical method HAM and 

 

Figure 14. The influence of M on temperature distribution in the case of Vogel’s model (VM) when
Ω = 1.2, D = 0.2, Q = 0.6, Br = 0.5, B′ = 1.1, N = 0.1, Kp = 0.1.

Crystals 2020, 10, 168 15 of 18 

 
Figure 14. The influence of M  on temperature distribution in the case of Vogel’s model (VM) when 

1.2,  0.2,  0.6,  0.5,  ' 1.1,  0.1,   0.1.r pD Q B B N KΩ = = = = = = = . 

 
Figure 15. The influence of Ω  on temperature distribution for Vogel’s model (VM) when

' 1.2,  0.5,  0.5,  0.3,  0.21,  0.4,   0.5.r pB Q D B M N K= = = = = = =  

7. Conclusions 

In this paper, we studied the effects of magnetohydrodynamic stream movement and heat 
conduction in wire coating development using liquid polymers in a permeable medium along with 
a Joule heating effect and fluctuating viscosity. The wire is layered into a pressure type die to interact 
with the Eyring–Powell liquid. A permeable matrix is used as a dielectric to enhance the 
heating/cooling process and to reduce the Joule heating effect during the flow and heat conduction 
process. The result is derived from the Runge–Kutta 4th-order method and sketched on velocity and 
temperature profiles. The results are also verified by utilizing the semi-numerical method HAM and 

 

Figure 15. The influence of Ω on temperature distribution for Vogel’s model (VM) when B′ = 1.2, Q =

0.5, D = 0.5, Br = 0.3, M = 0.21, N = 0.4, Kp = 0.5.

7. Conclusions

In this paper, we studied the effects of magnetohydrodynamic stream movement and heat
conduction in wire coating development using liquid polymers in a permeable medium along with a
Joule heating effect and fluctuating viscosity. The wire is layered into a pressure type die to interact with
the Eyring–Powell liquid. A permeable matrix is used as a dielectric to enhance the heating/cooling
process and to reduce the Joule heating effect during the flow and heat conduction process. The
result is derived from the Runge–Kutta 4th-order method and sketched on velocity and temperature
profiles. The results are also verified by utilizing the semi-numerical method HAM and BVPh2, and
these methods also find good agreement. Some valuable points which are obtained in this study are
the following:
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1. An increasing behavior of the fluid velocity is observed as the values of Br, M, N, D, and ε increase
respectively and show a decreasing behavior as the values of Q, ε and Kp increase, respectively.

2. The temperature distribution displays an increasing effect as the values of M and ε are increased,
while a decreasing effect is shown with increasing values of Q, ε and Br.
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