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1 Introduction

The HIV infection target is CD4* T cells which are the largest white blood cells of the
immune system [1, 2]. HIV infection infects most cells but has the most destructive ef-
fect on CD4* T cells and weakens the immune system by destroying them [3]. When the
number of CD4" T-cell drops below a certain number, the cell-mediated immune system
disappears, the immune system becomes weaker, and the body becomes susceptible to any
infection [3].

A simple mathematical model for HIV infection was presented by Pearson [4]. This
model has been an inspiration for many mathematicians in the modeling of HIV (see,
for example, [4-6]). The mathematical models presented for HIV are very useful in un-
derstanding the dynamics of HIV infection [7-10]. Many mathematicians and scientists
have shown that using fractional order instead of the correct order in modeling natural
phenomena yields better results [10-13]. In recent years, Caputo and Fabrizio proposed
a new definition of fractional derivative having exponential kernel [14]. Losada and Ni-
eto investigated the properties of the new fractional derivative [15]. The Caputo and Rie-
mann fractional derivatives cannot adequately describe physical phenomena because of
their singularity. Recently, many works related to the fractional Caputo—Fabrizio deriva-
tive have been published (see, for example, [16—39]). In this paper, we use the Caputo and
Fabrizio fractional derivative [14] to express the model of HIV and solve the equations by
a method that combines the homotopy and Laplace transforms [14, 40—42].

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02544-w
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02544-w&domain=pdf
http://orcid.org/0000-0003-3463-2607
mailto:rezapourshahram@yahoo.ca

Baleanu et al. Advances in Difference Equations (2020) 2020:71 Page 2 of 17

Now, we recall some fundamental notions. The Caputo fractional derivative of order v

for a function f via integrable differentiations is defined by

1 [t )
Tn—v) Jo (-1

“D'f (1) =

n=[v]+1.

Our second notion is a fractional derivative without singular kernel introduced by Caputo
and Fabrizio [14]. Let b > a, f € H'(a, b), and v € (0, 1), the Caputo—Fabrizio derivative of

order v for a function f is defined by

M) [ [ -
EDVf(t) = % / exp(i(t—s))j/(s)ds (t>0),

where M(v) is a normalization function that depends on v and M(0) = M(1) = 1. If f ¢
H(a, b), this derivative can be presented for f € L(~o0, b) as follows:

CFDVf(t) _

M b -
:1 _(:; /:w(f(t) ~f(s)) exp(%(t_s)) ds (0<v<l).

Also, for n > 1 and v € (0, 1), the fractional derivative “*D"*" of order v + # is defined by
CEDYf(t) := CEDY(Df (1)) [43].
The Laplace transform of the Caputo—Fabrizio derivative is defined by [15]

s"LLIF(8)] - s"£(0) = 8" f(0) — - - - — f(0)

L[ DY f(8)](s) = s+v(l-s)

where 0 < v <1 and M(v) = 1. The Riemann-Liouville fractional integral of order v,
Re(v) > 0 is defined by I"f(¢) = ﬁ fot(t —5)""1f(s) ds. The fractional integral of Caputo—
Fabrizio is defined by [15]

e =

2(1 — 1)) 2v t
(2- U)M(v)f(t) * (2 - v)M(v) _/(.) f(s)ds (0<v<1).

Also, the left and right fractional integrals of ($¥D) are defined respectively by [44]:

CE v o 1-v v [t
(00 = 50+ o [ fds
o _1-v v b
)0 = 5O+ 55 [ F0)ds.

The Sumudu transform is derived from the classical Fourier integral [45—47]. Consider
the set A = {F: 3, ki, ky > 0,|F(8)] < Aexp(kij), t € (1Y x [0,00)}. The Sumudu transform
of a function f(¢) € A denoted by ST[f(¢); u] = F(u) is defined by

F(u) = ST[f(t); u] = i/oooexp(—t/u)f(t) dt, ue(-ki,ky),
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for all £ > 0, and the inverse Sumudu transform of F(u) is denoted by f(t) = ST~ [F(u)]

[46]. The Sumudu transform of the Caputo derivative is given by

ST[EDYf(e);u] = ™ [F(u) D i (t>]to}

i=0

where (m — 1 < v < m) [45]. Let F be a function such that its Caputo—Fabrizio fractional
derivation exists. The Sumudu transform of F with Caputo—Fabrizio fractional derivative
is defined by [48]

ﬂ)u [ST(F(2)) - F(0)].

ST(S"D:) () = -2

Let (X, d) be a metric space, a map g : X — X is called a Picard operator whenever there
exists x* € X such that Fix(g) = {x*} and the sequence (g"(x¢)),cn converges to x* for all
xo € X [49].

2 Mathematical model of the HIV-1 infection of CD4* T-cell
The classical order model of HIV-1 infection of CD4* T-cell is given by

d _ g _kVT —dT + bl,

dt
W kvT - (b+)U, (1)
4V - NSU -V,

dat

with initial conditions T'(0) = Ty, U(0) = Uy, V(0) = V, [1]. Model (1) does not include the
internal memory effects of the HIV biological system. To improve the model, we change
the first-order time derivative to the Caputo—Fabrizio fractional derivative of order v as

follows:

SEDVT = B —kVT —dT + bU,
SEDYU = kVT - (b + 8)U, (2)
SEDYV = NSU —cV,

where 0 < v; <1 and the initial conditions T(0) = Ty, U(0) = Uy, and V(0) = V4. In this
model, T represents the concentration of uninfected CD4* T cells, U represents the con-
centration of infected CD4* T cells, and V represents the free HIV infection particles in
the blood. The parameters 8, d, k, §, b, ¢, and N denote the new T-cells supply rate, the
rate of natural death, the rate of infection T-cells, the death rate of infected T-cells, the
rate of return of infected cells to uninfected class, the death rate of virus, and the average
number of particles infected by an infected cell, respectively.

In system (2), the right-hand sides of the equations have dimension (time)~'. When
we change the order of the equations to v, the dimension of the left-hand side would be

(time) ™). To have the dimensions match, we should change the dimensions of the param-
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eters d, k, §, b, c and the system we obtain eventually is

SEDVT =B —k"VT —-d'T + b'U,
SEDYU =k VT — (b* +8")U, 3)
SEDPV = N§"U - V.

Numerical solutions of model (3) are presented by using the homotopy analysis trans-
form method (HATM). We transform the fractional differential equation into the alge-
braic equation by using Laplace transform and solve the resulting algebraic equation by

the homotopy analysis method.

3 Existence of solution

Consider the following model employing the Caputo—Fabrizio fractional derivative:

SEDVT =B -k"VT -d'T +b"U,
SEDYU = k" VT - (b° +8")U, (4)
SEDYV =N§"U - c"V.

We get the Losada and Nieto integral operator [15] on both sides of equations (4), so

T0-00)= o B =K VOT(O - T(0 +5'UC)
r s [ R VOTO - 70+ ) ds
U(t) - g2(8) = %{k“ V(OT() - (b"+8")U(0)} 5
¥ (2_3% /0 TVETE) - (b +8) ()] ds,
V(t) - gs(t) = % {Ns'U() - ' V(5)}
" (2_3% /0 NS UGs) - ¢V (s)] s
We present the differential equations (5) as follows:
To() =gi(®),  Uo(®)=g(t),  Vol(t) =gs(),
Ty(t) = % (B-K'V(O)T(t) - d' T(t) + b U(t)
+ oo || 18- KVOTE) - d'T6) + b)) ds,
Uy, (2) = %{k“ V(OT() - (b"+8")U(0)} (6)

2v ¢ ) o
o T AGACECRCREUCI S
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2(1-v) ; )
Vn+1(t) = m{]\[(s U(t) —C V(t)}

2v t ) ;
+m/0 [N8"U(s) ~ "V (s)] ds.

Now if we take limit from Picard’s repetitive series (6) when # is infinite, the solution of
the equation is obtained as follows:

]imn—>oo Tn(t) = T(t);
limy,,_s o0 U, (2) = U(2), (7)
limy,_ 00 Viu(2) = V().

3.1 Existence of solution by the Picard-Lindelof approach
We use the Picard—Lindelof approach and the Banach fixed point theorem to prove the
existence of the solution. At first, we define the following operators:

at,T)=B-k"VO)T(t)-d"T(¢) + b"U(2),
oEU) =k V()T () - (b" +8")U(¢), (8)
&t V) =Ns"U(t) - c" V().

Let

Ly = sup |gi(5T)
Claci]

a,c1

. Ly=sup |e@W)|,  Li= sup |g@& V), )
Cla,ca] Cla,c3]

where

Cla,c1l=t—a,t+a| X |T —c1, T +c1] =A x Cy,
Cla,ca]=t—a,t+a|l x |U=-cy, U+cy| =A x Cy, (10)
Cla,c3)=|t—a,t+a| x|V —c3,V+c3|=A x Cs.

Assume a uniform norm on Cla, ¢;] (i = 1,2, 3) as follows:

Y@= swp |Yo)l (11)

te[t—-a,t+al

Consider the Picard operator
O: C(A’Cly C2; C3) g C(A’Cl) CZ: C3) (12)

given as follows:

2(1-v) 2v !

So that Y(¢) = {T'(t), U(t), V(£)}, Yo(t) = {T(0), U(0), V(0)} and

G(6Y(®) ={a1(t, T) &t U) gt V)}. (14)
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Let us assume that the solutions to the problem under investigation are bounded within a

time period,
” Y(¢) ”oo < max{c, ¢y, c3} = C. (15)

Let L = max{Lq, L, L3} and there exists ty so that ¢y > ¢, then

|oY(®) - Yo()| = H 2(1 )—A;z 66 Y(0) + G )M( ) / (5, Y(s)) d
= (mwﬂG(t V) + —M(U)/O |GGs, ) ds| ds
: <(2—(1v)_z\;zv) ' (2_?)];;4(V)>L (16)
: ((22_(11;)_1\2\)) e _ZU‘))%(UJL <uL =G, (17)

where we demand that

< % (18)
Also we evaluate the following equality:
|OY; — OY,|| = §2£| Yi(t) - Ya(8)|. (19)
Using the definition of our Picard operator, we have
|OY; - OY,| = HW{G(t Y1(2) - G(t, Ya(2)}
Y v)/ G(s, Y1(s) — G(s, Ya(s)} ds
< &W”Gt Yi(0) = G(t, Ya(0)|
N W / 1Gls, Y(s) - Gls, Yo(s)]| ds
< G0 - Y|
+ @—;)W /0t|| Yi(s) - Ya(s) | ds
= ((22 (—1_):4)?> o Uﬁ()) 1@ - 0]
<A@ - 0| (20)

with A < 1. Since G is a contraction, then uA < 1, so O is a contraction. The proof is com-

plete.
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4 Special solutions via iteration approach
Here, we provide a special solution to the model of HIV-1 infection. Applying the Sumudu

transform to system (3), we get

ST(SEDYT (1)) = ST[B - kK" V(&) T(£) — d’ T(®) + 6" U (1)),
STSEDYU) = STIK V() T(£) — (b + 8")U(2)], (21)
ST(SEDYV(#) = STINS"U(E) — " V(£)).

By using the definition of the Sumudu transform of CF-derivative, we obtain

MO o1 (7)) - T(0)) = ST[BO— K VO T(E) - d'T(®) + B U],
1-v+vu
M(v) ) o
ﬁ(ST(U(t)) —U(0) = STK* V(B T(®) - (b* +8")U®)], @)
M(v) ) )
ﬁ(ST(V(t)) ~V(0)) = ST[N&"U(t) - " V(8)].

Rearranging, we obtain the following inequalities:

ST(T()) = T(0) + I_N‘I)%ST[/B — KV - d"T() + " U)],
ST(U(®)) = U(0) + %ST[k”V(t)T(t) — (0" +8")U()], (23)
1-v+vu

ST(V()) = V(0) + ST[Ns"U(t) - c"V(®)].

M(v)
The following recursive formula is obtained:

1-v+vu

_ -1
Tn+1(t) = Tn(o) +S8T { M(\))

ST[,B —k'V, () T,(t) — d" T,(¢2) + b”L[,,(t)] },

1-v+vu

_ -1
Un+1(t) = U()(t) +8T { M(U)

ST[K'V)T () - (b +8")U(t)] } (24)

1-v+vu

Vn+1(t) = VO(t) + STI{ M(U)

ST[N§"U(t) - "V (8)] }
Finally, the solution of equation (24) approximates to the following:

()= lim T, U= lim U@, V()= lim V(). (25)
4.1 Application of fixed point theorem for stability analysis of iteration method
Consider the Banach space (Y, || - ||), a self-map F on Y, and recursive method P,,;
¢(F, P,). Assume that §2(F) is the fixed point set of F which 2(F) # ¢ and lim,,_, o P, =
p € $2(F). Suppose that {f,} C 2 and e, = ||fus+1 — (F, [0, if lim,, » e, = 0 implies that
lim,, o f = p, then the recursive procedure P,,; = ¢(F, P,) is F-stable. Suppose that our

sequence {f,} has an upper boundary. If Picard’s iteration P,,; = FP,, is satisfied in all these
conditions, then P,,; = FP, is F-stable.
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Theorem 1 ([49]) Let (Y, | - ||) be a Banach space and F be a self-map of Y satisfying
1Ex — Fyll < Rllx — Fyll + rllx =yl
forallx,ye Y, where R>0and 0 <r<1. Then F is Picard F-stable.

Suppose that the fractional model of HIV-1 infection of CD4* T-cell (3) is connected
with the subsequent iterative formula in (24). Consider the following theorem.

Theorem 2 Suppose that F is a self-map defined as follows:

F(Tn(t)) = Tn+1(t)

1-
= Tu(t) + ST %ST[,B — K V(O Tu(t) - d" T(0) + b U (2)] }
F(un(t)) = Un+1(t)
1- (26)
= U0+ ST — (:)WST[k”V(t)T(t) (b +8") U] }
F(Vn(t)) = Vn+l(t)
1—
= Va(t) + ST ﬁST[NS”U(t) — V()] }

Then (26) is F-stable in L' (a, b) if the following conditions are achieved:

(1 -d"fi(n) — k”Mafa(n) — k* M, f3(n) + b*fa(n)) < 1,
1+ (bY +8")fs(n) + K" Mafs(n) + KMy f7(n)) < 1, (27)
(1+N8"fs(n) - c"fo(n) < 1.

Proof At first, we compute the following inequalities for (1,m) € N x N to prove that F
has a fixed point:

F(Tn(t) - F(Tm(t))

1-v+vu

_ _ -1
=T,(t) =T, +ST { M)

ST[B =K' Vu(O) Tu(t) — d" Tu(t) + b U, ()] }

af1=-v+vu v » v
- ST {WST[ﬁ—k Vi) T,(t) —d"T,(t) + b L[m(t)]}. (28)

Now, we apply norm on both sides of equation (28)

“F(Tn _F(Tm)”

1-v+vu

M)

—d" (T = Tyn) + 0" (Uy = Uyy)] } “

ST[-k"(VaTp = ViuTyn)

T,— T, +ST‘1{

Page 8 of 17
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1-v+vu

) ST[||-k" V(T = T) |

< T, =Tl +ST‘1{
o |K TV = Vi) | + [T = T + |0 (U - um)||]}. (29)

Because of the same role of both solutions, we shall consider
“ Tn(t) - Tm(t) ” = ” Un(t) - um(t)“ = ” Vn(t) - Vm(t) ” (30)
From equations (29) and (30), we obtain

“F(Tn(t) _F(Tm(t)) ” = H Tn(t) - Tm(t)H

1-v+vu
M(v)

+ |-k (@) (Tu(®) = Tu(®) |

N ST‘I{ ST[|-k"Vu(®)(To() - T(®) |

o |~ (o) = To(®) | + |5 (To(®) = T(®) ] } 31)

Since V,,, T,,, U, are convergent sequences, then they are bounded, so there exist My, M,,
M3 for all ¢ such that

Vil < Ms, I Tonll < M, [Unll <M,  (m,n) €N x N. (32)

From equations (31) and (32), we obtain the following:

|E(Tu(®) = F(Tw(®) || < {1-d"fi(n) — k" Mafs(n) — k" My fs(n) + b"fa(n) }
x | Tu(®) = Tu(®)|, (33)

where f; are functions from ST7![ 1_”(’;‘;”ST[*]]. In the same way, we get

M
|F(W(@) = F(Un(0)) | < {1+ (B” +8")fs(n) + K" Mafs(n) + K" Mafo(n) }
x | Un(®) = Un(®), (34)

|E(Va(®) = E(Viu@®) || < {1+ N8"fs(n) = " o) }| Va(®) = Viu (D) |, (35)

where

{1-d"fi(n) — k" Mafa(n) — k"M f3(n) + b"fa(n)} < 1,
{1+ (b" +8")f5(n) + k" Mafs(n) + K" My fz(n)} < 1, (36)
{1+N&"fs(n) —c’fo(n)} < 1.

Then the F self-mapping has a fixed point. In addition, we show that F satisfies the con-
ditions in Theorem 1. Let (33), (34), and (35) hold, so we assume

(L= dfu(n) = K" Mafo(n) — K" Mfs(n) + Ba(m)),
R=(0,0,0),  r=1(1+ (" +8)s(n) + K Myfy(n) + K" Mfs(n)), (37)
(1 +N8“fy(n) = *fo(m)).

Then all conditions of Theorem 1 are fulfilled and the proof is complete. d
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5 Solution of equations by HATM method
To solve equations (3), we apply the Laplace transform on the both sides of equations:

LISFDYT(OI(S) = LIB - k" V()T (¢) — d" T(t) + b*U(2)],
LISEDyU®)](s) = LIK" V(@) T(8) — (b° + 8")U(2)], (38)
LISEDYV(8)I(s) = LINS U(t) - ¢ V(¢)].

So
IO - (8- kYT —d* T + b ),
LU0 _ (0T — (b7 + 8°)U), >
sL(V)-V(0) _ v v
) = LINS"U = c"V).
We get

L(T) -2 20978 VT - d"T + b"U) =0,
LU) - 201Gy — (b +8")U) =0, (40)
L(V)- Y - s NS U - V) = 0.

Using the homotopy method, the nonlinear operator is defined as follows:

Ni(o1(5p), 02t p), 93(t; )

To s+v(l-5s)

=L(p1(t;p)) - o P

X L[ -k o3(; )1 (t:p) — d" o1 (&5 p) + b a8 p) ],

N (01(5p), 02t p), 93(t; p))

= L(pa(tp)) - % _ Hl)fg;s) N

X LK g3(t; p)er (&) — (B" + 8" ) pa(t; p)],

Ni(01(5p), 02t p), 93(t; p))
= L(ps(t:p)) - % BEARICEL)
x L[N8"¢s(t; p) - ¢ 03(5:p)].

The so-called zero-order deformation equations of the Laplace transform equation (41)
have been shown by Liao [41] to have the form

(1 - p)L{@1(5p) — To(t)]| = phH (£)N1 (1(5 p), @2(5 ), 03(8: p))s
(1-p)L[@a(t;p) — Uo()] = phH(t)Na (91 (& p), 02(8 p), 93(5 p)), (42)

(1-p)L[gs(t; p) - Vo(8)] = phH ()N3(¢1(t; ), 02t p), 93(5 ),

where p € [0, 1] is the embedding parameter, 4 # 0 is a nonzero auxiliary parameter, H(t) #
0 is an auxiliary function, L is an auxiliary linear operator, Ty(t), Uy (t), and V;(£) are initial

Page 10 of 17



Baleanu et al. Advances in Difference Equations (2020) 2020:71 Page 11 of 17

guesses of T'(¢), U(¢), and V(¢), and ¢;(t; p),i = 1,2, 3, are unknown functions respectively.
It is important that one has great freedom to choose auxiliary things in HAM. Obviously,

whenp=0andp=1,

@1(5;0) = To(2), 1(t;1) = T(¢),
©2(£;0) = Uy(2), eo(£51) = U(2), (43)
@3(£0) = Vo(t), p3(t;1) = V(1)

Then as p increases from 0 to 1, the solution (¢1 (£; p), 2 (¢ p), 3 (t; p)) varies from the initial
guess (To(2), Up(t), Vo(t)) to the solution (T'(2), U(t), V(t)). Expanding ¢; (¢ p), ¢ (t; p), and

@3(t; p) in Taylor series with respect to p, we have
=To+ Z T,
m=1

ea(tip) = Uo + Y Up()p", (44)

m=1

P) =Vo+ Z Vm(t)p
m=1

where T,,(t) = + ‘)m"’l tp)|p oand U,,(t) = L "m"’z ealtip) lp=0 and V() = L. mbj, If the

m! m! ml

auxiliary linear operator, the initial guess, the aux111ary parameter /1, and the auxiliary func-
tion H(t) are properly chosen, then series (44) converges at p = 1 as proved by Liao [41]

(and see [4, 5]), we have

X(0) = Xo + ) Xu0),
" (45)
Y(£)=Yo+ Y ym(®).

m=1
The mth-order deformation equation is presented by
L[T (t) m (t) hHRl m( m—l)r

L[um(t)_ m (t)] = HRZm(um 1) (46)
LIVu(t) = xm Vin-1 (t)] = hHR3 (V1)

So that

Ripn(Trns (O, Uppr (£), Vi1 (0))
= [T @] - 201~ 1)

1-
- m X L[IB _kva—l Tm—l _dva—l + bvum_l]’
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Ropn (Tt (O, Uppr (£), Vi (2))

= LUy (8] - %(1 )

_ Hviés) X LK Vi1 Ty = (0 + 8") Up-a ],

and

-

R (Tns (O, U1 (8), Vi a (1))

Vi 1-
O(1= x,) — stvl-s) LINS U1 =" Vi . (47)

Using the inverse Laplace transform, we obtain

Tm(t) = Xm Tm—l (t) + hHL_l [Rl,m(Tm—l)]:
U (t) = xmUm-r (t) + hHL_l[RZ,m(Umfl)]’ (48)
Vin(t) = Jon Vin-1(€) + "HL™ [R3,5 (V1))

On solving the above equations for m = 1,2,3,..., we get

Ti(t)=-hHQ +v(t - 1))(B - k" VoTo—d" Ty + b* Uy)
=-hH( + v(t - 1))My,

Uy () =—-hH1 + v(t - 1))(k" Vo To — (b¥ + 8")Uyp)
=-hH(1 + v(t - 1))M,,

Vi(t) =-hH(1 + v(t - 1))(N8" Uy — ¢* Vo)
=-hH(1 + v(t - 1))Ms,

(49)

whereM1 = ﬁ—kv VoTo—dvTo +b“L[0,M2 =kv V()To—(bv +5V)U0, andM3 = N(SUUO—CV Vo.

Consequently, the solutions of equations (3) are given as follows:
T(t)=To+T1+Ty+---= To—hH(1+v(t—1))M1+~~~ ,
u(t)ZU()+U1+U2+"'=U0—hH(1+V(t—1))M2+"', (50)
V) =Vot+ Vit Vat-=Vo—hHQ+v(t-1)M;s+---,

where Ml = ,3 —kUVOTo —dUTo + buU() and M2 = kUV()TO - (bv +8V)U() and M3 =N5UU0 -
CVVO.

5.1 Convergency of HATM for FDEs

We prove the convergence of the HATM method for equation (40) as our next result.

Theorem 3 Let the series Yy,  T(t) and Y .. o U(t) and Y, V,u(t) converge uni-
formly to T(t), U(t), and V (t) respectively, where T, (t), U,,(t), Viu(t) € L(R") are produced
by the mth-order deformation (46), and besides .- D" T,,(t) and y .. D' U,,(t) and
Y oo D" Viu(2) also converge. Then T (t), U(¢), V(¢) is the solution of (40).
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Proof Suppose that Y - T,,(£) converges uniformly to T(), then clearly lim,,—, oo T} (£) =

0 for all £ € R*. Since Laplace is a linear operator, we have

ZL Xm m— l(t)]

=Y [LTw(®) = XL T 1 (8)]

= LT(t) + (LTo(t) = LT1(£)) + - -+ + (LT(t) = LT,_1(2)) = LT,(2). (51)

Thus, from (51) we derive

n—00

S L[Tu®) = st T a (0] = lim LT, ()= L( lim T,,(0)) =0, (52)
m=1

Hence hHZ Rl m( m—l(t) = anozl LITu() = xmTim-1(8)] =
Since 1 #0, H #0, this yields ) >, Rl_m(Tm_l(t) = 0. Similarly, we can prove

D Ro(Una(8)=0, Y Ryu(Viua(£) =0. (53)
Now from (47) we have

0= Z{ m1(t)——(1_ )_w

m=1

L[ﬂ -k’ Vm—l Tm—l -d’ Tm—l +b" Um—l] }

[ZTm 1(t>] ——Z( - g - Y

m=1

x L [ﬂ — K" Va0 =d" Y Trua(t) + 5"y umlu)}

”v(sﬁL[ﬁ —KV(@OT@) - d" T + b U()]. (54)

=L[T()]- % -

Similarly,

0= Z{ @]~ L0 -, 0] - -

m=1
_s+v(1—s) [

P L|k” Vm—l Tm—l - (bv + SU)LIm_l]}

= L|:Z Uml(t):| - % D (1=
m=1 m=1
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_ HV(S;S)L |:kv Y Vi Tua— (07 +8") ) le—l:|
m=1 e
~1[u] - L U e v T - (60 + 8] )

N N

and

0= Z{L[le(t)] - %(1 — Xm) - WL[VWAL‘)]

Vo ML[N(s”Um_l, " Vit ] }

o]

s+v(1 [ i j|
- NS”ZU l—c“Zle

- L[V(©)]- E - WL[N(S”UG) -c'V(9)]. (56)

Therefore T'(¢t), U(t), and V(¢) are the solutions of equation (40) and the proof is com-
plete. d

6 Numerical results

In this section, we present a numerical simulation of the results of the HIV-1 infection T-
cells system (3). The values of the parameters are also selected as N = 1000, § = 0.16, k =
0.000024, b = 0.2, ¢ = 3.4, $ = 10, d = 0.01 and the initial conditions are given by V; = 0.001,
Uy =0, Ty = 1000 (see [9]). Next, we compute the HATM solutions for different values
of v =0.95,0.96,0.97,0.98,0.99,1, i1 = -1, and H = 1. Figures 1, 2 show the results and
indicate that as v — 1, the approximate solutions tend to the classic integer solution with
v = 1. A comparison between the noninteger order model with v = 0.95 and the integer
order v = 1 is also given in Tables 1-3. The results verify the efficacy and accuracy of the
new fractional model.

0.00005
4000

0.00004

2000, 0.00003

() o

0.00002
2000

0.00001

1000

0
0 50 100 150 200 250 300 350 400 0 1
#

|— v=0.99 —— v=0.98 —— \':0.9"’ — 1 v=0.99 —— v=0.98 —— v=0.97

v=0.96 — v=0.95 5 = v=0.96 — v=0.95
1-U.gjpg

1—-T.jpg

Figure 1 Dynamics of uninfected and infected CD4* T-cells, respectively T and U for various values of v
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Figure 2 Dynamics of free HIV virus particles in the blood for various values of v

Table 1 Results of three types of derivative: ordinary derivative DY, Caputo fractional derivative DY,
and Caputo—Fabrizio fractional derivative “FDV for T(t)

t 0 1 2 3 4 5

DV (v="1) 1000 1010 1020 1030 1040 1050

DY (v =0.95) 1000 1007.6 1014.5 10214 1028 1034.5
CFDY (v =0.95) 1000.49999 1009.9999 1019.4998 1028.9996 1038.49909 1047.9983

Table 2 Results of three types of derivative: ordinary derivative DY, Caputo fractional derivative DY,
and Caputo-Fabrizio fractional derivative “FDV for U(t)

t 0 1 2 3 4 5

DV (v="1) 0 0.00001934 0.0000281 0.00002802 0.00001968 0.0000034
DY (v =095) 0 0.00004318 0.0001218 0.0002826 0.0005667 0.0010129
CEpY (v =095) 0.000002 0.0000322 0.0000486 0.0000517 0.0000421 0.0000205

Table 3 Results of three types of derivative: ordinary derivative DY, Caputo fractional derivative DY,
and Caputo-Fabrizio fractional derivative “FDV for V(1)

t 0 1 2 3 4 5

DV (v=1) 0.001 0.003572 0.018088 0.04455 0.08295 0.1333

DY (v =0.95) 0.001 0.0037256 0.017048 0.040028 0.072244 0.11341
CEpY (v =0.95) 0.0008677 0.0058764 0.0244969 0.0567293 0.1026 0.1620

7 Conclusion

In this work, we extend the model of HIV-1 infection of CD4* T-cell to the concept of
Caputo—Fabrizio fractional derivative. We solve the related fractional differential equa-
tions by using the HATM method. The existence and uniqueness of the solutions are
studied with a fixed point theorem. We present the special solution by using the Sumudu
transform of the Caputo—Fabrizio derivation. Also, some numerical results are presented
for different values of v to show the effect of the fractional order. Finally, we compare the

results of the ordinary, Caputo, and Caputo—Fabrizio derivatives.
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