ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/265126608

New Spectral Techniques For Systems Of Fractional Differential Equations Using
Fractional-Order Generalized Laguerre Orthogonal Functions

Article in Fractional Calculus and Applied Analysis - November 2014

DOI: 10.2478/513540-014-0218-9

CITATIONS READS
47 302
4 authors:
4 A.H. Bhrawy E Yahia A Alhamed
Beni Suef University King Abdulaziz University
299 PUBLICATIONS 8,217 CITATIONS 65 PUBLICATIONS 851 CITATIONS
SEE PROFILE SEE PROFILE
Dumitru Baleanu == Abdulrahim Ahmad Al-Zahrani
Institute of Space Sciences ﬁ King Abdulaziz University
1,201 PUBLICATIONS 26,375 CITATIONS 111 PUBLICATIONS 766 CITATIONS
SEE PROFILE SEE PROFILE

Some of the authors of this publication are also working on these related projects:

Project Fractional Calculus with Applications in Biology - Special Session ICAME'20 View project

Project New Tau Method for Solving Nonlinear Lane-Emden Type Equations via Bernoulli Operational Matrix of Differentiation View project

All content following this page was uploaded by A. H. Bhrawy on 10 September 2014.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/265126608_New_Spectral_Techniques_For_Systems_Of_Fractional_Differential_Equations_Using_Fractional-Order_Generalized_Laguerre_Orthogonal_Functions?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/265126608_New_Spectral_Techniques_For_Systems_Of_Fractional_Differential_Equations_Using_Fractional-Order_Generalized_Laguerre_Orthogonal_Functions?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Fractional-Calculus-with-Applications-in-Biology-Special-Session-ICAME20?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/New-Tau-Method-for-Solving-Nonlinear-Lane-Emden-Type-Equations-via-Bernoulli-Operational-Matrix-of-Differentiation?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Bhrawy?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Bhrawy?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Beni_Suef_University?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Bhrawy?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yahia_Alhamed?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yahia_Alhamed?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/King_Abdulaziz_University?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Yahia_Alhamed?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru_Baleanu?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru_Baleanu?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Institute_of_Space_Sciences?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru_Baleanu?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Abdulrahim_Al-Zahrani?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Abdulrahim_Al-Zahrani?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/King_Abdulaziz_University?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Abdulrahim_Al-Zahrani?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Bhrawy?enrichId=rgreq-498e76f20328727a488f5cc20d7f2f41-XXX&enrichSource=Y292ZXJQYWdlOzI2NTEyNjYwODtBUzoxMzk3MjEwNjU4OTc5ODRAMTQxMDMyMzUwNjA5NQ%3D%3D&el=1_x_10&_esc=publicationCoverPdf

(

VERSITA J/ ractional Calculus
& £\pplied Chnalysis

An Irternational Journal for Theory and Applications

VOLUME 17, NUMBER 4 (2014) (Print) ISSN 1311-0454
(Electronic) ISSN 1314-2224

RESEARCH PAPER

NEW SPECTRAL TECHNIQUES FOR SYSTEMS

OF FRACTIONAL DIFFERENTIAL EQUATIONS

USING FRACTIONAL-ORDER GENERALIZED
LAGUERRE ORTHOGONAL FUNCTIONS

Ali H. Bhrawy 2, Yahia A. Alhamed 3,
Dumitru Baleanu %%, Abdulrahim A. Al-Zahrani 3

Abstract

Fractional-order generalized Laguerre functions (FGLFs) are proposed
depends on the definition of generalized Laguerre polynomials. In addition,
we derive a new formula expressing explicitly any Caputo fractional-order
derivatives of FGLFs in terms of FGLFs themselves. We also propose
a fractional-order generalized Laguerre tau technique in conjunction with
the derived fractional-order derivative formula of FGLF's for solving Caputo
type fractional differential equations (FDEs) of order v (0 < v < 1). The
fractional-order generalized Laguerre pseudo-spectral approximation is in-
vestigated for solving nonlinear initial value problem of fractional order v.
The extension of the fractional-order generalized Laguerre pseudo-spectral
method is given to solve systems of FDEs. We present the advantages of
using the spectral schemes based on FGLFs and compare them with other
methods. Several numerical example are implemented for FDEs and sys-
tems of FDEs including linear and nonlinear terms. We demonstrate the
high accuracy and the efficiency of the proposed techniques.
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1. Introduction

Fractional calculus is a topic that has challenged researchers in the first
decade of this century and is certain to continue to do so in the next decades
[17, 27, 6], 10, 20], due to their useful applications in many fields of science.
Indeed, we may observe several applications in electrochemistry, viscoelas-
ticity, electromagnetic, control, plasma physics, porous media, fluctuating
environments, dynamical processes and so on. In consequence, fractional
differential equations are gaining much attention from the researchers. For
some recent developments on this subject, see [19] 26| 111 [35] 34, [3T], 33].

In the recent years, there has been a great interest to present efficient
numerical methods to find more accurate approximate solution of fractional
differential equations. As is well known, one of the most accurate meth-
ods of discretization for solving numerous differential equations is spec-
tral method. Spectral method employs linear combination from orthogonal
polynomials as basis functions and so often provides accurate approximate
solutions [9] [7, [13]. The spectral methods based on orthogonal systems like
Jacobi polynomials and their special cases are only available for bounded
domains for approximation of FDEs; see [14] 15 [§]. Indeed, several prob-
lems in finance, plasma physics, porous media, dynamical processes and
engineering are set on unbounded domains.

In the last few years, there has been a growing interest in the use of
spectral method for numerical treatments of FDEs in bounded domains.
Doha et al. [16] introduced the fractional derivatives of Jacobi operational
matrix which was applied in combination with the Jacobi tau scheme for
solving linear multi-term FDEs. The authors of [28] presented a Legendre
tau scheme combined with the operational matrix of Legendre polynomials
for the numerical solution of multi-term FDEs. Recently, Kazem et al.
[25] define a new orthogonal functions based on Legendre polynomials to
obtain an efficient spectral technique for multi-term FDEs, the authors
of [32] extended this definition and presented the operational matrix of
fractional derivative and integration for such functions to construct a new
tau technique for solving two-dimensional FDEs. Moreover, the authors
of [I] adopted the operational matrix of fractional derivative for Legendre
polynomials which is applied with tau method for solving a class of fuzzy
FDEs. Indeed, with a few noticeable exceptions, a little work was done
to use spectral methods in unbounded domains to solve such important
classes of FDEs.
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For fractional differential equations in unbounded domains. The opera-
tion matrices of fractional derivatives and fractional integrals of generalized
Laguerre polynomials were investigated for solving multi-term FDEs on a
semi-infinite interval, see [l [2]. The generalized Laguerre spectral tau and
collocation techniques were given in [2] to solve linear and nonlinear FDEs
on the half line. These spectral techniques were developed and generalized
by using the modified generalized Laguerre polynomials in [3 [4]. Indeed,
the authors of [22] 22] presented a Caputo fractional extension of the clas-
sical Laguerre polynomials and proposed a new C-Laguerre functions.

The objective of this manuscript is to define new orthogonal functions
on the half line namely, fractional-order generalized Laguerre functions
(FGLFs) based on the definition of the generalized Laguerre polynomi-
als and then the Caputo fractional-order derivatives of FGLF's in terms of
FGLF's themselves is stated and proved. We, therefore, propose a direct
solution technique for solving linear FDEs of fractional order v (0 < v < 1)
using the fractional-order generalized Laguerre tau (FGLT) approximation.

We also aim to propose a new fractional-order generalized Laguerre
collocation (FGLC) method, for solving fractional initial value problem of
fractional order v (0 < v < 1) with nonlinear terms, in which the the non-
linear FDE is collocated at the N zeros of the new function which defined
on the interval A = (0, 00). The resulting algebraic equations together with
one algebraic equation resulted from treating the initial condition constitute
(N + 1) nonlinear algebraic equations which can then be solved by imple-
menting Newton’s iterative technique to find the unknown fractional-order
generalized Laguerre functions coefficients. We extend the application of
FGLC method based on these functions to solve a system of FDEs with
fractional orders less than 1. Several illustrative examples are implemented
to confirm the high accuracy and effectiveness of the present method for
solving FDES of fractional order v (0 < v < 1).

What remains of this paper is organized as follows: We start by pre-
senting some definitions of the fractional calculus. In Section Bl we define
the fractional-order generalized Laguerre functions. Section [dlis devoted to
derive the main theorem of the paper which provides explicitly a new for-
mula that expresses the fractional-order derivatives of the fractional-order
generalized Laguerre functions in terms of themselves. In Section [Bl we
apply the spectral methods based on FGLF's for solving FDEs and systems
of FDEs including linear and nonlinear terms of fractional order less than
1. Several examples to illustrate the main ideas of this work are presented
in Section
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2. Preliminaries and notations

In this section, we give some basic definitions and properties of frac-
tional calculus theory which are further used in this article.

DEFINITION 2.1. The Riemann-Liouville fractional integral operator
of order v (v > 0) is defined as

Y f() :F('L) /O (@— ) f)dt,  v>0, x>0,

T f(x) =f(z).

(2.1)

DEFINITION 2.2. The Riemann-Liouville fractional derivatives of order
v and the Caputo fractional derivatives of order v are defined as

v _ tm—v nmym _ 1 v m—v—1 am
D@ =repi@ = e i
m—-—1<v<m, x>0,

where D™ is mth order differential operator.

The Caputo fractional derivative operator satisfies

D"C =0, (C is a constant), (2.3)

0, for € Ny and 8 < [v],
F(E(f—i_i)y) P~V for B € Ny and B > [v] (2.4)
or ¢ N and > |v],

where [v] and |v] are the ceiling and floor functions respectively, while
N ={1,2,...} and Ny ={0,1,2,...}.
The Caputo’s fractional differentiation is a linear operation,
DY(Af(x) + pg(x)) = AD” f(x) + pD"g(x), (2.5)

where A and p are constants.

DV2P =

3. Fractional-order generalized Laguerre functions

We recall below some relevant properties of the generalized Laguerre
polynomials (Szego [29] and Funaro [I8]). Let A = (0,00) and w(® (z) =
%" be a weight function on A in the usual sense. Define

Li(a) (A) = {v | v is measurable on A and ||v||, @) < oo},
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equipped with the following inner product and norm
1
(0 0)uier = [ @) vl) 0 a) do, ol = (00 o

Next, let LEQ) (z) be the generalized Laguerre polynomials of degree i.
We know from [29] that for o > —1,
L@ =, Ci+at1-0L0@ -+l @], =12,
(3.1)
where L(()a) () =1 and Lga) (x)=1+a—u=x.
The set of generalized Laguerre polynomials is the Lfﬂ(a) (A)-orthogonal
system, namely

/0 L (2) LI (2)w'® () dz = hydjp, (3.2)

F'k+a+1)
k!
The generalized Laguerre polynomials of degree ¢ on the interval A, are
given by [2]

where ¢;;, is the Kronecker symbol and hj, =

[ : I'(: « 1 .
L () :g(_l)kr(k+é++1) Z—)k)! . o, i=0,1,... (3.3

The special value

v @=i-D
=D~ —at

I'j+a+1)
I(a+1)4!
We define a new “fractional” orthogonal functions based on the gen-

eralized Laguerre polynomials to obtain the solution of some FDEs more
simply and efficiently.

DL (0) = (~1)* 0, izq  (34)

where Lg-a) (0) = , will be of important use later.

The fractional-order generalized Laguerre functions (FGLFs) can be de-
fined by introducing the change of variable t = z* and A > 0 on generalized

Laguerre polynomials. Let the FGLFs LZ(-a) () be denoted by Lga’)‘) (z),
by using (B1]) Lga’)‘) (z) may be obtained from the recurrence relation

LY ()

o (2i + a+1— 2LV (@)= (i+) LDV (@), i =1,2,...,

(3.5)

T4l

with L(()a’A) () =1 and Lga’)‘) () =1+a—2™
It is clear that the analytic form of Lga’)‘) (z) of fractional degree i\ is:
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LV (@) =3 (1",
k=0

Li+a+1) N
=0,1,... 3.6
(ktat+1)@G—klk* > 700 (36)
LEMMA 3.1. The set of fractional-order generalized Laguerre functions
is a Li(ayk) (A)-orthogonal system,

/ LN (@) LY (@)w N (2)da = by, (3.7)
0
I'k+a+1) -
where w(@N (z) = A z(@+tDA-1e=2* and py = k! A
0, J# k.

P r oo f. The proof of this lemma can be accomplished directly by
using the definition of FGLF's and the orthogonality condition of generalized
Laguerre polynomials.

A function u(z) € Li(a» »(A) may be expressed in terms of fractional-
order generalized Laguerre functions as

= a,\
u(@) =Y a; L (@), (3.8)
§=0
and the coefficients a; are obtained from
1 [ o
a = / u(:z:)L/,(€ ’)‘)(aj)w(o")‘)(aj)d:r:, k=0,1,2,---. (3.9)
kJo

In particular applications, only the first (/V + 1)-terms fractional-order gen-
eralized Laguerre functions are considered. Then we have

N
un(z) = Z anga’)‘) (z). (3.10)
5=0

Now, we construct the fractional-order generalized Laguerre-Gauss quad-
ratures rule. We may have the privilege of using the generalized Laguerre-
Gauss quadrature rule. We denote by xg\o,l)], 0 < j < N, the nodes of
the generalized Laguerre-Gauss interpolation on the interval A. Their cor-
responding Christoffel numbers are w](\(i;-, 0 < j < N. The nodes of the
fractional-order generalized Laguerre-Gauss interpolation on the interval

A are the zeros of Lg&:‘l)(a:), which we denote by xg\?])‘), 0<j <N

Clearly :Eg\o;j‘) = (ZL‘E\O;)]) i, and their corresponding Christoffel numbers are
WieN, <G <N,
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/ B(2)w @ (z)dz =
A

S

N
oz )w® (2)de = Y witho((2l)) )
j=0

(3.11)
al (a,\) (a,\)
= Z N] ¢(‘TN773 )7
§=0
and from the previous relation, we have
(N F(z’+a+ 1)
Nj T, a,\ a,A a,\ a,\
g (i + DL @G M)) 0, LY ()
(@) (3.12)

B F(z’+a+1)xN] 0<j<i

(i + a+ 1)+ DL @)

4. The fractional derivatives of FGLF's (LZ(.O“)‘) (x))

The main objective of this section is to prove the following theorem
for the fractional derivatives of the fractional-order generalized Laguerre
functions. This theorem will be of fundamental importance in what follows.

THEOREM 4.1. The fractional derivative of order v, 0 < v < 1 in
the Caputo sense for the fractional-order generalized Laguerre functions is
given by

N
DLV (@) = Y 0 Gig) LV @), i=[v]- N, ()
7=0
where
i EJ: 1)k+s 'F(z+a+1) Me+1DI(k—Y4+a+s+1)
— Uk (i k) (j—5)T(\e — v+ DDk + a + DT (a + 5+ 1)°

P r o0 o f. The analytic form of the fractional-order generalized Laguerre

functions Lga’)‘) () of degree i\ is given by (B.6). Using Eqgs. (2.4)-(235)
and (3.0, we have '

Y @) o o L(i+a+1) v Ak
DL (@) = 3 (1) (=R M Tktrat1) "

k=0
: T(i+a+ )T(Ak+1) N
=) (-1 v o i=1,...,N.
2 Rk — v+ ) Tt T T
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The approximation of 2*~" by N + 1 terms of fractional-order gener-
alized Laguerre series yields

al A
= 4LV (@), (4.3)
=0

where b; is given by

X JTk=5+at+s+1)

Mu.

:0 G=—sN(NT(s+a+1)’ (44)
Thanks to (£2])-(4.4) we can write
DL (2 Z\y (i, ) L'*N(z), i=[v], - ,N, (4.5)

where

(i—kNG—s)I TNk —v+1)(k+a+1)(a+s+1)
(4.6)

_z’:i: )k+S]'F(z+a+1) TMe+1) T(k—Y +a+s+1)
stk!(
k=15=0

5. Spectral methods for FDEs

In this section, we consider spectral tau and collocation methods based
on the fractional derivative of FGLFs to solve numerically the linear and
nonlinear FDEs of order v.

5.1. Tau Method for Linear FDEs

We are interested in using the FGLT method to solve the linear multi-
order FDE

D’u(z) +vyu(z) = f(z), in A, (5.1)
with initial condition

u(0) = uo, (5.2)
where 7y is constant and 0 < v < 1. Moreover, D”u(z) denotes the Caputo
fractional derivative of order v for u(z), and f(x) is a source function. It
is known that {Lga’)‘) () : i > 0} forms a complete orthogonal system in

Li;(aw (A). Hence, if we define
Sw() = span{ 1§V (@), LIV (@), - LGV @)} (53)

then the standard fractional-order generalized Laguerre-tau approximation
to (B.J) is to find uy € Sy(A) such that
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(D"un, L (@) oy + (uns L (@) o)
= (£, LV (@) oy, k=01, N—1, (5.4)
un(0) = up.

Let us denote

N
un(z) = ZajL§-a’/\)(33), a=(ag,a1, -+ ,an)",
—0

7 o (5.5)
fk’:(f7Lka’ (x))w(oz,/\), k:()vl) 7N_17

f=(fo, f1, » fn—1,do)".

It is now clear that the variational formulation of Eq. (5.4]) is equivalent to
N
A A A A
> a; [(D LSV (@), LY (@) o + ALY @), LV @) o |
j=0

= (f7 L](ga’)\)(aj))w(a»A% k= 07 17 e 7N - 17

N
S DFNLEN0) = ey, k=N
=0
(5.6)
Let us also denote

A = (apj)o<k,j<n, B = (brj)o<k,j<n-
Then equation (5.6]) is equivalent to the following matrix equation
(A+yB)a=Hf, (5.7)

where the nonzero elements of the matrices A,and B are given explicitly
in the following theorem.

THEOREM 5.1. If we denote ayj = (D”LS.O“)‘) (a;),L,(f’)‘) (@) an (0 <

(G

k<N-1,0<j<N),a=L"0) k=N, 0<j<N)and

brj = (LS,aA)(x),L,(faA)(m))w(a,A) (0<k<N-1,0<j<N). Then the
nonzero elements of ay; and by are given as follows:
hk‘llu(jyk)a 0<kE<N-1,1<j<N,
apj = I'(j+a+1) _
k=N, 0<7<N.
Fla+1) 417 =T
brj = hi, 0<k=j<N-1.
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5.2. Collocation Method for Nonlinear FDEs

We use the FGLC method to numerically solve the nonlinear FDE,
namely

D'u(z) = f(z,u(z)), z€A, (5.8)
with initial conditions
u(0) = up, (5.9)
where 0 < v < 1.
Let
N
= 4LV (@), (5.10)
j=0

then, making use of formula (4I]) enables one to express explicitly the
derivatives D”u(x), in terms of the expansion coefficients a;. The crite-
rion of spectral fractional-order generalized Laguerre collocation method
for solving approximately (5.14)-(5.15]) is to find un(x) € Sy (A) such that

D¥un(z) = F(z,un(z)), (5.11)
is satisfied exactly at the collocation points x&?}i‘), k=0,1,---,N—1.
In other words, we have to collocate Eq. (5.17)) at the N fractional-order
generalized Laguerre roots :L‘g\o;}j), which immediately yields

N
A A) A) A) A
Z%DVLE'O[ (@ g\oflk = g\oflk ’Z% i xﬁk)))’ (5.12)
§=0
with (5.I5) written in the form
N

S a; 2V (0) = wo. (5.13)

=0

This constitute a system of (N + 1) nonlinear algebraic equations in the
unknown expansion coefficients a; (j = 0,1,--- ,N), which can be solved
by using any standard iteration technique, like Newton’s iteration method.

5.3. FGLC method for solving systems of FDEs

We use the FGLC method to numerically solve the general form of
systems of nonlinear FDE, namely

DViu;(z) = fi(w,u1(z), uz(x),...,un(z)), z€A, i=1,....n, (5.14)
with initial conditions

UZ(O) = U;0, 1= 1, ey, (5.15)
where 0 < 1; < 1.



NEW SPECTRAL TECHNIQUES FOR SYSTEMS ... 1147

Let
uin (z Zam (@) (). (5.16)

The fractional derivatives D’jlu( ) can be expressed in terms of the
expansion coeflicients a;; using (4.1). The implementation of fractional-
order generalized Laguerre collocation method to solve (B.14))-(G.15) is to
find u;n(x) € Sy(A) such that

D"u;n(z) = E(az,ulN(az),UQN(m), A )), x €A, (5.17)

is satisfied exactly at the collocation points ac( le k=0,1,--- ,N—14=
1,--- ,n, which immediately yields
N

ZQZ]DVZL(Q)\ ( Z(o]zv)\k ,EO]lV)\k7Z L(a)\ (a,A Z L(a)\ oz7 ))

§=0

(5.18)
with (5.I5) written in the form
N

Zaz‘nga’)\)(O) =up, 1=1,---,n. (5.19)

This means the system (5.14]) with its initial conditions has been reduced
to a system of n(NN + 1) nonlinear algebraic equations (5.18])-(5.19]), which
may be solved by using any standard iteration technique.

COROLLARY 5.1. In particular, the special case for fractional Laguerre
polynomials may be obtained directly by taking A\ = 0, which are used in [2].
However, the classical Laguerre polynomials may be achieved by replacing
A =1 and o = 0, which are used most frequently in practice for solving
ordinary/partial differential equations and often denoted by L;(x).

6. Applications and numerical results

In this section, we give some numerical results obtained by using the
algorithms presented in the previous sections. Comparisons of our results
with those obtained by other methods reveal that our methods is very
effective and convenient.
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N n (=X a=0 a=2 n=(=2A a=0 a=2

8 09 05 3.56.1073 9.34.1073 0.75 5.55.10~17 4.37.10716
16 9.38.10~* 2.42.10°3 5.55.10717 4.44.10716
24 3.98.107* 1.31.10°3 5.55.10717 4.51.10716
32 2.31.107* 7.35.107¢ 5.55.10717 4.44.10~16
40 1.49.10~% 4.38.107* 5.55.10717 4.44.10716
48 1.12.107% 2.69.10~* 5.55.10717 4.51.10716
8 08 06 869.1073 2.30.1072 0.999 5.55.10~'7 3.33.10716
16 2.90.107% 9.69.1073 5.55.107'7 3.33.10°16
24 1.61.1073 5.85.1073 5.55.10~17 3.12.10716
32 1.08.1073 4.11.1073 5.55.10~17 3.33.10716
40 7.90.107%* 3.09.1073 5.55.107'7 3.33.10°16
48 6.16.10~* 2.37.10°3 5.55.10~17 3.12.10716

TABLE 1. Maximum absolute error with various choices of
7, ¢, vand N in z € [0, 1]

EXAMPLE 6.1. Consider the equation, see [5]

Déu(x) + u(z) = F(E(iz_i)l)

the exact solution is given by u(zx) = x".

2"+, 0<(<n<l, z€A,

The solution of this problem is obtained by applying FGLT method. In
Table 1, The maximum absolute errors of u(x) —uy(x) using FGLT method
based on treating the right hand side of this problem by Gauss quadrature
of fractional order generalized Laguerre functions, with various choices of
1, ¢, « and N are compared with the results of the improved generalized
Laguerre tau (GLT) method (see [5]) with various choices of 7, ¢, a and N.
From Table 1, we see that we can achieve a good approximation with the
exact solution by using fractional-order generalized Laguerre functions and
our method is more accurate than (GLT) [5]). Fig. [l displays comparisons
between the curves of exact solutions and approximate solutions at N = 10,
« = 3 and variable choices of 7, (, and A\. Meanwhile, maximum absolute
errors (MAE) for N = 10 and different values of n = ¢ = X\ and « are
shown in Fig. 2 and Fig. Bl

ExaMPLE 6.2. Consider the following nonlinear initial value problem
xl/—i—l

2
<2
roag) 0<Vs2
i
I'(v+2)

D"u(z) + u*(z) =z + (

whose exact solution is given by u(x) = vl



NEW SPECTRAL TECHNIQUES FOR SYSTEMS ... 1149

w
n
T

u(x), n=0.2

@
=)
T

Uy (X), =¢=1=0.2

o
n
T

11— uw.p=04

Uy (X), N=¢=A=0.4

o

u(x), n=0.6

n
T

Uy (). n=£=1=0.6

Exacte and approximate solutions

°
T

4 |—  ux),n=08

=)
O

=4 <
= g
L e A

uy (x), p={=1=0.8

FIGURE 1. Comparing the exact and approximate solutions
at N =10, =3 and n=( =X ={0.2,0.4,0.6,0.8}.

~7.x10716 |

-8.x10716 * *

~9.x 10716 |

Maximum Absolute error

—1.x10715

—11x10715 |

FIGURE 2. Graph of maximum absolute error functions at
N =10, =3 and n = ( = A = 0.85 for Example 6.1.

In Tables 2 and 3, we list maximum absolute errors using FGLC method
in Section 5.2 with various choices of the fractional-order v and A for
the fractional-order generalized Laguerre parameter a = {1,2} and N =
4,8,12,16 in the interval [0, 10]. Moreover, Fig. 4 displays comparisons be-
tween the curves of exact and approximate solutions at o = 0 of proposed
problem subject to u(0) = 0 in case of N = 10 and two different fractional
orders v = 0.5,0.8.
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,_.
9]
X
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I

Maximum Absolute error
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X

FIGURE 3. Graph of maximum absolute error functions at
N =10,a =0 and n = = A = 0.25 for Example 6.1.

vooA FGLC v FGLC v FGLC
0.8 0.8 1.00.107* 0.7 0.6 2.83.1072 0.5 0.5 1.77.1074

6.08.1073 4.28.1073 1.42.10~14
1.87.1073 1.74.1073 1.42.10~ 14
9.51.10% 8.19.10~% 1.06.10~ 14

TABLE 2. Maximum absolute error for « = {1} with various
choices of v, A and N in z € [0, 10]

vooA FGLC v FGLC v FGLC
0.8 0.8 3.50.1072 0.7 0.6 3.46.1072 0.5 0.5 7.10.1071%

9.15.103 7.99.1073 1.51.10~14
4.73.1073 3.79.1073 2.84.10714
2.30.1073 2.07.1073 2.13.10714

TABLE 3. Maximum absolute error for o« = 2 with various
choices of v, A and N in z € [0, 10]
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L —  u®x),v=0.5
2 30+ |
g
g r uy (x), v=A=0.5
E .
£ u(x), v=0.8 S o 1
g T o i
2 20F ,' e .
e L uy (x), v=1=0.8 - e
& . P
< P
k=) e
I S ]
2 e
2 100 T i
m e
E 5 = -
Opr=—~ L | . | | ]
0 2 4 6 8 10

FIGURE 4. Comparing the exact and approximate solutions
at N =15,a =0 and v = X\ = 0.5 for Example 6.2.

ExampLE 6.3. Consider the following system of fractional differential
equations, see [24]:

N

DX, () = X1 (z) — 22 X3 (z) +

DX, (z) = —2X; () + Xo (33)4—1;;%)%) 2 (6.1)
D} X3 () = £X) () — Xo (2) + X3 (2) — b + "2

with initial conditions
X1(0)=0, X»(0)=0, X3(0)=0, zel[0,10.  (6.2)

The above system has a unique solution given by Xi(x) = z, Xa(x) =
22, X3(z) = 2.

The solution of this problem is obtained by applying the FGLC method.
The maximum absolute error for N = 4 and various choice of « is shown in
Table 4. Moreover, Fig. 5 displays the maximum absolute error at o = %

for X1(z), X2(x) and X3(z) in the interval [0, 100].
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a FE for Xi(x) E for Xo(x) E for X3(z)

5 737107 502107 5.02.107M
1.13.10~ 2.06.10~13 2.06.10~13
9.69.10~1° 4.74.10714 2.0.10~14
6.98.10~ 14 1.45.10~13 1.45.10713
1.49.10~13 1.99.10713 1.99.10713

N R~ O [

TABLE 4. Maximum absolute error for N = 4 with various
choices of v = A = 0.5, and «

1.x 10_13 f‘ T T T T T T T T T T T T T T T ]
0=
5
2 [
o - 4
2-1.x1075 ]
= [ i
'—O‘ L
-ﬁ [ ]
_ -3 [ ]
=2 X107 1
= L
£ i
g ENN ]
§—3‘>< 1077 ¢ — Error(X,) }
[ Error(X,) ]
—4.x10713 F — Error(X3) h
il L L L L L L L L L L L L L L L L L L L \:
0 20 40 60 80 100

X

FIGURE 5. Graph of maximum absolute error functions at
N =4 and a = j for Xi(z), Xo(z) and X3(x) for Example
6.3.

EXAMPLE 6.4. We next consider the following initial value problem
for the inhomogeneous Bagley-Torvik equation [12]

Py ()  deoy ()

da2 d 3 +y(z) =2 +1, y(0) =1, y/(O) = 1. (6.3)
T

The exact solution is given by y(z) = x + 1.
Before coming to the description of our numerical scheme, we find it

convenient to rewrite the original Bagley-Torvik equation (6.3]) in the form
of a system of fractional differential equations of order 1/2, that will later
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« E
0
2.22.10716
1.77.10715
8.88.1016
0
3.55.10~1°

N —

W N == O

TABLE 5. MAE using FGLC method with various choices
of o for Example 6.4.

8.x107 1 -
6.x 1071 |

4.x 1071 ¢

Maximum Absolute error

S2.x 1071

O [ ‘ ‘ ‘ ‘ ‘ ‘ ,

L 1 L L 1 L L L L 1 L L
0 2000 4000 6000 8000 10000

X

FIGURE 6. Graph of maximum absolute error functions at
o = in the interval [0,10000] for Example 6.4.

be solved numerically. In particular, let y(x) = y;i(x), the system that we
shall consider is of the form [12]

nyl () = y2 (),

Dayz (@) =ys (@), (6.4)
ny?,(x) =y4(x),

D2yy(z) = —y1 (z) —ya(z) + 2 +1,

with initial conditions

y1(0) =y(0),  qy2(0)=0, y3(0)=y'(0), wi(0)=0. (6.5

The maximum absolute error for y(z) = yi(z) using FGLC method

at various choices of o are shown in Table 5. Moreover, Fig. 6 plots the
maximum absolute error at o =  in the interval [0,10000].
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Conclusions

In this article, we have defined a fractional-order generalized Laguerre
function depends on generalized Laguerre polynomials to obtain. In addi-
tion, we have stated and proved a new formula expressing explicitly any Ca-
puto fractional-order derivatives of FGLF's in terms of FGLFs themselves.
This formula was employed in the construction of spectral tau technique to
obtain an accurate solution of FDEs with leading order v (0 < v < 1).

The Gauss quadrature rule for this new function was constructed. We
have proposed the fractional-order generalized Laguerre pseudo-spectral
approximation for solving nonlinear initial value problem of fractional or-
der v. Moreover, we have extended the application of the fractional-order
generalized Laguerre pseudo-spectral method for solving systems of FDEs.
The main advantages of using the spectral schemes based on FGLFs and
compare them with other methods. Several numerical example are im-
plemented for FDEs and systems of FDEs including linear and nonlinear
terms. We demonstrate the high accuracy and the efficiency of the proposed
techniques.

Numerical examples were given to test the applicability and validity of
the proposed algorithms. During several numerical examples, it is observed
that the proposed methods are simple and accurate. Indeed, while a lim-
ited number of fractional-order generalized Laguerre collocation nodes is
utilized, very accurate numerical results are obtained.

Acknowledgements

This paper was funded by the Deanship of Scientific Research (DSR) at
King Abdulaziz University, Jeddah, under grant No. (4-135-35-RG). The
authors, therefore, acknowledge with thanks DSR technical and financial
support.

References

[1] A. Ahmadian, M. Suleiman, S. Salahshour, An operational matrix
based on Legendre polynomials for solving fuzzy fractional-order dif-
ferential equations. Abstr. Appl. Anal. 2013 (2013), Article ID 505903,
29 pages.

[2] D. Baleanu, A.H. Bhrawy, T.M. Taha, Two efficient generalized La-
guerre spectral algorithms for fractional initial value problems. Abstr.
Appl. Anal. 2013 (2013); doi:10.1155/2013/546502.

[3] D. Baleanu, A.H. Bhrawy, T.M. Taha, A modified generalized Laguerre
spectral methods for fractional differential equations on the half line.
Abstr. Appl. Anal. 2013 (2013); doi:10.1155/2013/413529.



NEW SPECTRAL TECHNIQUES FOR SYSTEMS ... 1155

[4] A.H. Bhrawy, M.M. Alghamdi, T.M. Taha, A new modified generalized
Laguerre operational matrix of fractional integration for solving frac-
tional differential equations on the half line. Adv. Differ. Equ. 2012
(2012), Article ID 179, 12 pages.

[5] A.H. Bhrawy, D. Baleanu, L.M. Assas, Efficient generalized Laguerre-
spectral methods for solving multi-term fractional differential equations
on the half line. J. Vib. Contr. 20 (2014), 973-985.

[6] A.H. Bhrawy, M.A. Alghamdi, A shifted Jacobi-Gauss-Lobatto colloca-
tion method for solving nonlinear fractional Langevin equation involv-
ing two fractional orders in different intervals. Boundary Value Prob-
lems 2012 (2012), Article ID 62, 13 pages.

[7] A.H. Bhrawy, A Jacobi-Gauss-Lobatto collocation method for solv-
ing generalized Fitzhugh-Nagumo equation with time-dependent co-
efficients. Appl. Math. Comput. 222 (2013), 255-246.

[8] A.H. Bhrawy, M.M. Al-Shomrani, A shifted Legendre spectral method
for fractional-order multi-point boundary value problems. Adv. Differ.
Equ. 2012 (2012), Article ID 8, 19 pages.

[9] C. Canuto, M.Y. Hussaini, A. Quarteroni, T.A. Zang, Spectral Methods
in Fluid Dynamics. Springer-Verlag, New York, 1989.

[10] M.D. Choudhury, S. Chandra, S. Nag, S. Das, S. Tarafdar, Forced
spreading and rheology of starch gel: Viscoelastic modeling with frac-
tional calculus. Colloid. Surface. A 407 (2012), 64-70.

[11] J. Deng, Z. Deng, Existence of solutions of initial value problems for
nonlinear fractional differential equations, Appl. Math. Letters (2014);
doi:10.1016/j.aml1.2014.02.001.

[12] K. Diethelm, N.J. Ford, Numerical solution of the Bagley-Torvik equa-
tion. BIT Numerical Mathematics 42, No 3 (2002), 490-507.

[13] E.H. Doha, A.H. Bhrawy, M.A. Abdelkawy, R.A. Van Gorder, Jacobi-
Gauss-Lobatto collocation method for the numerical solution of 1 + 1
nonlinear Schrédinger equations. J. Comput. Phys. 261 (2014), 244—
255.

[14] EH. Doha, A.H. Bhrawy, An efficient direct solver for multidi-
mensional elliptic Robin boundary value problems using a Legendre
spectral-Galerkin method. Comput. Math. Appl. 64 (2012), 558-571.

[15] E.H. Doha, A.H. Bhrawy, R.M. Hafez, On shifted Jacobi spectral
method for high-order multi-point boundary value problems. Commun.
in Nonlinear Sci. and Numer. Simulation 17 (2012), 3802-3810.

[16] E.H. Doha, A.H. Bhrawy, S.S. Ezz-Eldien, A new Jacobi operational
matrix: an application for solving fractional differential equations.
Appl. Math. Modell. 36 (2012), 4931-4943.



1156  A.H. Bhrawy, Y.A. Alhamed, D. Baleanu, A.A. Al-Zahrani

[17] F. Flandoli, C.A. Tudor, Brownian and fractional Brownian stochastic
currents via Malliavin calculus. J. Funct. Anal. 258 (2010), 279-306.

[18] D. Funaro, Polynomial Approximations of Differential Equations.
Springer-Verlag, 1992.

[19] F. Gao, X. Lee, H. Tong, F. Fei, and H. Zhao, Identification of un-
known parameters and orders via cuckoo search oriented statistically
by differential evolution for noncommensurate fractional-order chaotic
systems. Abstract and Applied Analysis 2013 (2013), Article ID 382834,
19 pages.

[20] A. Ghomashi, S. Salahshour, A. Hakimzadeh, Approximating solutions
of fully fuzzy linear systems: A financial case study. Journal of Intelli-
gent and Fuzzy Systems 26 (2014), 367-378.

[21] M.H. Heydari, M.R. Hooshmandasl, F. Mohammadi, Legendre
wavelets method for solving fractional partial differential equations with
Dirichlet boundary conditions. Appl. Math. Comput. 234 (2014), 267
276.

[22] M. Ishteva, L. Boyadjiev, On the C-Laguerre functions. C.R. Acad.
Bulg. Sci. 58, No 9 (2005), 1019-1024.

[23] M. Ishteva, L. Boyadjiev, R. Scherer, On the Caputo operator of frac-
tional calculus and C-Laguerre functions. Math. Sci. Res. 9, No 6
(2005), 161-170.

[24] Y.L. Jiang, X.L. Ding, Waveform relaxation methods for fractional dif-
ferential equations with the Caputo derivatives. Comput. Math. Appl.
238 (2013), 51-67.

[25] S. Kazem, S. Abbasbandy, S. Kumar, Fractional-order Legendre func-
tions for solving fractional-order differential equations. Appl. Math.
Model. 37 (2013), 5498-5510.

[26] F. Gao, X. Lee, F. Fei, H. Tong, Y. Deng, H. Zhao, Identification time-
delayed fractional order chaos with functional extrema model via dif-
ferential evolution. Expert Systems with Applications 41 (2014), 1601
1608.

[27] R.L. Magin, C. Ingo, L. Colon-Perez, W. Triplett, T.H. Mareci, Char-
acterization of anomalous diffusion in porous biological tissues using
fractional order derivatives and entropy. Micropor. Mesopor. Mat. 178
(2013), 39-43.

[28] A. Saadatmandi, M. Dehghan, A new operational matrix for solving
fractional-order differential equations. Comput. Math. Appl. 59 (2010),
1326-1336.

[29] G. Szegd, Orthogonal Polynomials. Amer. Math. Soc. Colloq. Pub. 23,
1985.



NEW SPECTRAL TECHNIQUES FOR SYSTEMS ... 1157

[30] C. Yang, J. Hou, An approximate solution of nonlinear fractional dif-
ferential equation by Laplace transform and Adomian polynomials. J.
Inf. Comput. Sci. 10 (2013), 213-222.

[31] A.M. Yang, Y.Z. Zhang, C. Cattani, G.N. Xie, M.M. Rashidi, Y.J.
Zhou, X.-J. Yang, Application of local fractional series expansion
method to solve Klein-Gordon equations on Cantor sets. Abstract and
Applied Analysis 2014 (2014), Article ID 372741, 6 pages.

[32] F. Yin, J. Song, Y. Wu, L. Zhang, Numerical solution of the fractional
partial differential equations by the two-dimensional fractional-order
Legendre functions. Abstr. Appl. Anal. 2013 (2013), Article ID 562140,
13 pages.

[33] F. Yin, J. Song, H. Leng, F. Lu, Couple of the variational iteration
method and fractional-order Legendre functions method for fractional
differential equations. The Scientific World Journal 2014 (2014), Ar-
ticle ID 928765, 9 pages.

[34] Y. Zhao, D. Baleanu, C. Cattani, D.F. Cheng, X.-J. Yang, Maxwell’s
equations on Cantor sets: A local fractional approach. Advances in
High Energy Physics 2013 (2013), Article ID 686371, 6 pages.

[35] Y. Zhao, D.F. Cheng, X.-J. Yang, Approximation solutions for lo-
cal fractional Schrodinger equation in the one-dimensional Cantorian
system. Advances in Mathematical Physics 2013 (2013), Article ID
291386, 5 pages.

L Department of Mathematics, Faculty of Science
King Abdulaziz University, Jeddah, 21589 — SAUDI ARABIA

e-mail: alibhrawy@yahoo.co.uk

2 Department of Mathematics, Faculty of Science
Beni-Suef University, Beni-Suef, EGYPT

3 Chemical and Materials Engineering Department, Faculty of Engineering
King Abdulaziz University, Jeddah, 21589 — SAUDI ARABIA

e-mail: yhamed@kau.edu.sa; azahrani@kau.edu.sa

4 Department of Mathematics and Computer Sciences
Cankaya University, Ankara, TURKEY

e-mail: dumitru@cankaya.edu.tr Received: March 31, 2014

Please cite to this paper as published in:

Fract. Calc. Appl. Anal., Vol. 17, No 4 (2014), pp. 1137-1157;
DOI:10.2478/s13540-014-0218-9


https://www.researchgate.net/publication/265126608

	Abstract
	1. Introduction
	2. Preliminaries and notations
	3.  Fractional-order generalized Laguerre functions
	4. The fractional derivatives of FGLFs (L(,)i(x)) 
	5. Spectral methods for FDEs
	5.1. Tau Method for Linear FDEs
	5.2. Collocation Method for Nonlinear FDEs
	5.3. FGLC method for solving systems of FDEs

	6. Applications and numerical results
	Conclusions
	Acknowledgements
	References

