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1 Introduction

It is well known that several physical phenomena are described by nonlinear differential
equations (both ODEs and PDEs). Therefore, the study of the many analytical and numer-
ical methods used for solving the nonlinear differential equations is a very important topic
for the analysis of engineering practical problems [1-19].

In 2016, the interesting and new derivatives without singular kernel were introduced by
Atangana and Baleanu, which generalized the Caputo—Fabrizio definition [8]. Atangana—
Baleanu derivative contains Mittag-Leffler function as a nonlocal and nonsingular kernel.
Many authors showed their interest in this definition as it holds the profits of Riemann—
Liouville and Caputo derivatives [20—-30]. Last year, Atangana et al. provided the numerical
approximation to the fractional advection-diffusion equation whose fractional derivatives
are Atangana—Baleanu derivative of Riemann-Liouville type [14].

In the last decades, two topics have been densely studied: “fixed point theory” and
“fractional differential/integral equations” Recently, several significant results have been
recorded [7, 31, 32].

In 2012, Samet et al. [33] studied the concept of w-admissible mappings that was ex-
panded by Karapinar and Samet in [34]. Also, Wardowski [35] proposed a new inequality
to guarantee the existence and uniqueness of a given mapping in the framework of stan-
dard metric space. This inequality has been known as F-contraction.
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In 2016, Gopal et al. considered new concepts of a-type F-contractive mappings (see
[12]). Very recently, Jleli and Samet [36] mentioned the concept of F-metric space and
obtained the generalization of Banach contraction principle.

In [1-4], the authors studied generalized Geraghty contractive mappings and their ap-
plications in b-metric spaces.

In this paper by applying some fixed point theorems for contractive mappings, like o-
y-Geraghty type, a-type F-contraction, and some other contractions in F-complete F-
metric space, we study the existence of solutions for some Atangana—Baleanu fractional
differential equations in the Caputo sense. Throughout the article / denotes [0, 1].

Suppose that (M, d) is a complete b-metric space (with constant s;), also let §2 be a set of
all increasing and continuous functions y : [0,00) — [0, 00) satisfying: y (cx) < cy(x) <cx
forall ¢ > 1, and A is the family of all nondecreasing functions A : [0,00) — [0, 51%), s1>1.

Definition 1.1 ([2]) The mapping g: M — M is a generalized «-y -Geraghty contraction
mapping whenever there exists o : M x M — [0, 00) with

a(w,2)y (s:°d(gw, g2)) < A(y (d(w,2)))y (d(w, 2)) (1)
forw,ze M, A€ A,and y € £2.

Definition 1.2 ([33]) Let ¢ : M — M, where M is nonempty, and @ : M x M — [0, 00) be
given, g is a-admissible if

aw,z)>1 = oalpw,pz)>1, Vw,zeM. (2)

Theorem 1.3 ([2]) Let (M, d) be a complete b-metric space and ¢ : M — M be a general-
ized a-y -Geraghty contraction such that
(i) @ is a-admissible;
(i) 3 wo € M with a(wg, pwy) > 1;
(iii) {w,} SM, w, — uin M and a(W,,, w,,1) > 1, then a(w,, w) > 1.
Then ¢ has a fixed point.

Definition 1.4 ([8]) Let § € H'(a,b), a < b, and 0 < k < 1. The Atangana—Baleanu frac-
tional derivative in the Caputo sense of § of order « is defined by

B s _ )«
(reprs)s) - 2[5, [_K S ]du, )
1-«J, 1-«
where E, is the Mittag-Leffler function defined by E, (z) = 2;:01*(57}21)
malizing positive function satisfying B(0) = B(1) = 1 (see [15, 19]). The associated frac-

and B(x) is a nor-

tional integral is defined by

AB i _l-x N
(G51°6)(s) = p 8(s) + 3 (K)(al 8)(s), (4)

where ,I is the left Riemann-Liouville fractional integral given as

1 S
(a18)(s) = m/a (s=v)<18(v) dv. (5)
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Consider d : M x M — [0, 00) given by
ds,0)=|6-0)|,, = su}a(a(s) -a(s),
S

where M = C(J,IR) denotes the set of continuous functions, (M, d) is a complete b-metric
space with s = 2.

We discuss the problem
(55D 8)(s) = h(s,8(5)), sel 1<k <1, ®)
8(0) = 807 (7)

where D is the Atangana—Baleanu derivative in the Caputo sense of order « and /:J x
M — M is continuous with /(0,5(0)) = 0.

Proposition 1.5 ([10]) For 0 <« < 1, we have
(ABIEABCD 8)(s) = 8(s) — 8(b). (8)

2 Main result
Theorem 2.1 Suppose
(i) Jdw:R? — R such that

’h(s,S(s)) —h(s,cr(s))‘
1 B(x)I" (k)
T2 /20 -k) (k) +1

A (86 =06 ))r (156 -0 )

forse],y € 2,and $,0 € Rwith w(8,0) > 0;
(i) 381 € C(J) with w(81(s), T81(s)) = 0 for s € ], where T : C(J) — C(J) is defined by

(T8)(s) = 80 + o I h(s,8(s));

(ili) forseJand$,o € C(J), w(5(s),0(s)) > 0 implies w(TS(s), To (s)) > 0;
(iv) {8,} € C(), 8, — & in C(J) and w(8,,8,41) > 0, then w(8,,8) >0, n € N.
Then problem (6) has at least one solution.

Proof Applying the Atangana—Baleanu integral to both sides of (6) and using Proposi-
tion 1.5, we get

8(s) = 80 + oI h(s,8(s)).
We show that T has a fixed point:

| T8(s) - Tor (s)|”

= I3 1 [1(5,5() = (s, 0(5) ]

2

1-
=< ‘[B(KI; [h(s,8(s)) = h(s, o (s))] + jﬁoﬁ [A(s,8(s)) - h(s,o‘(s))]i|
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1- 2
ey 16:69) s 0)] + gt (s59) -0
{ 1 1-k B (k)

22 Bl) =0T w) +1

IA

VA (56 -0 &)y (86) -0 0))

IA

2

s 1 « B(k)I (k)
22 Bk) (1 —x) (k) +1

1 BT (k) . .
) {2ﬁ<1—x)r(x)+1JA(V(|5(S>—U(S)| )y (|8s) - (s)] )}

o Y A(r (156 - o 6) )y (|65 —a(s)|2)}

2

1—« K 1 2
) { B(x) ' B(x) xr(x)}

1 B()I (k) 2 Nk
=[rvtZomosy Lo o) (oo -or)

1—-« K 1 2

) { B(c) ' B(x) xr(x)}

1 B()T (k) 2 1-« 1 2
v orw iV e aoen| |5 |

- %}\(y(d(&d))))’(d(s»a))'

Hence, for 8,0 € C(J), s € ] with w(5(s), o (s)) > 0, we have
8||(T8 - To)? ||oo < A(y(d(B,a)))y(d(S,a)).
Puta: C(J) x C(J) — [0,00) by

1 w(8(s),o(s)) >0forallse],
a(8,0) =

0 else,
and

a(8,0)y (84(T8, To)) <8d(Ts,To)

< 1 (5,00 (d(5,0).
Then T is an -y -contractive mapping. From (iii),

a(8,0)>1 = a)(é(s),a(s)) >0

U

a)(T(5), T(a)) >0

4

a(T(5),T(0)) =1,

for 8,0 € C(J). Therefore, T is a-admissible. From (ii), there exists 8, € C(J) with
a(80, Tdp) > 1. By (iv) and Theorem 1.3, we conclude there exists §* € C(J) with §* = T'§*.
Hence, §* is a solution of the problem. 0

We denote by F the family of all functions that satisfy the following conditions:

Page 4 of 11
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(i) F:R, — Ris a strictly increasing mapping;
(i) lim,— o F(a,) = —o0 if and only if, for each sequence {«,},en of positive numbers,
lim,, o0 &ty = 0;

(iii) there exists k € (0,1) such that limy_ o+ @*F(a) = 0.

Definition 2.2 Let (M,d) be a metric space, g : M — M is said to be an «-type F-
contraction on M if there exist v > 0 and two functions F € F and o : M x M — {—o0o} U
(0, 00) such that, for all §,0 € M satisfying d(gs,go) > 0, we have

v+ a(B,o)F(d(gS,ga)) < F(d(S,a)).

Theorem 2.3 ([12]) Let (M,d) be a metric space and g : M — M be an «-type F-
contraction such that:
(i) 380 € M with «(89,g80) > 1,

(i) gis a-admissible,

(iti) if {8} S M with a(8,,8441) = 1 and 8, — 8, then «(8,,8) >1,n €N,

(iv) F is continuous.
Then g has a fixed point §* € M and, for every 8, € M, the sequence {g"8o},en is convergent
to §*.

Theorem 2.4 Suppose
(i) dw:R? — R such that

B(k)I(x)

me% |6(S) —U(S)|

|h(s,8(s)) = h(s,0(s))| <

forse ] and§,0 € Rwith w(s,0) > 0;
(i) 381 € C(J) such that w(81(s), T81(s)) =0 fors € ], where T : C(J) — C(J) is defined
by

(T8)(s) =80 + 5" Ih(s,8(s)); (9)
(iii) forseJand$, o € C(J), w(8(s),0(s)) > 0 implies w(Té(s), To(s)) > 0:
(iv) {8,} € C(), 8, — & in C(J) and w(8,,8441) > 0, then w(8,,8) >0, n € N.

Then problem (6) has at least one solution.

Proof Similar to the previous theorem, we demonstrate that 7 has a fixed point:

’TS(S) - Ta(s)‘2

= [ 1 [1(s,5(9)) - (s, o)

2

1—
= || iyt ) - s )] i o) - e o]

IA

1- 2
{ B(KI; [1(s,8(5)) = hls,0 ()] + l%OIK‘h(S»S(s)) —h(s,o(s))‘}

1-« B(k)I (k)
{B(K) A=) +1

IA

e? |8(s)—<7(s)|2

Page 5of 11



Afshari and Baleanu Advances in Difference Equations (2020) 2020:140 Page6of 11

K B(k)I (k)
"B A=) (k) +1

B B(k)I' (k)
- {(1—K)F(K) +1

2
oI (1)e™ \/[5(s) —a(s)|2}

2
e !8(s) - cr(s)|2}

1-« K 1 2

* { Blx) © B(k) KF(K)}
B(k)I" (k) = 5 2
= {me sup|8(s) = )] }

1-« K 1 2
x {B(K) " B(K)KF(K)}

B(k)I (k) 2 2 1-« 1 2
={(1-K)F(K)+1e d(‘s’“)} X{ * (K)}

=ed($,0).
Hence, for 8,0 € C(J), s € ] with w(8(s), o (s)) > 0, we have
d(Ts, To) <e'd(8,0).
So
ln(d(Té, To)) < ln(e’”d(S,o)),
therefore
v +In(d(T$, To)) <In(d(s,0)).

Now, let F: [0,00) — R given by F(u) = Inu, u >0, then F € F.
Put o : C(J) x C(J) - {—o0} U [0, 00) by

1 w(38(s),0(s)) >0forallse],
a(8,0) =
—-00 else.

Therefore v + a(8,0)F(d(T8, To)) < F(d(8,0)) for §,0 € M with d(T8,To) > 0. For this
reason, T is an a-type F-contraction. From: (iii),

a,0)=1 = (8s),0(s)=0

= o(T0),T())>0

= a(T0©),T(0)) =1,

for all 8,0 € C(J). Thus, T is «-admissible. From (ii), there exists 8o € C(J) with
a(89, Tdp) > 1. By (iv) and Theorem 2.3, we conclude §* € C(J) with §* = T§*. Hence,
8* is a solution of the problem. O

Now let F be the set of functions g : (0,00) — R with the conditions:
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(F1) If0<s<t, then g(s) <g(¢);
(F2) If{s,} C (0, +00), then

lim s,=0 ifandonlyif lim g(s,)=—oc.
n—+00 n—+00

The space of an F-metric is defined as follows.

Definition 2.5 ([36]) Let M be nonempty, d: M x M — [0,+00) and (g,4) € F x [0, +00)
such that

(d1) B,0)eM xM,dS,0)=0%68=0;

(dy) d(8,0)=d(o,d), for (§,0) € M x M;

(d3) For (8,0) € M x M,N € N,N > 2,and for (u;)¥, C M with (uy, un) = (8,0), we have

N-1
ds,0)>0 implies g(d(8,0)) < g(Z d(u;, um)) +a.

i=1
Then d is said to be an F-metric on M, and the pair (M, d) is said to be an F-metric space.

A sequence {3,} in (M, d) is convergent to § with respect to the F-metric d if

lim d(8,,8) = 0.

n—00

A sequence {§,} in (M, d) is called F-Cauchy if

lim  d(5,,8,,) = 0.
#,11—>+00
(M, d) is F-complete if every F-Cauchy sequence in M is F-convergent to a specified
element in M. Let I" be the set of functions y : [0, 00) — [0, 00) such that
(y1) y is nondecreasing;
(2) o2, 7"™(s) < oo for s € R*, where y” is the nth iterate of y.

Definition 2.6 ([37]) Let o : M x M — [0,00), then g: M — M is said to be an «-orbital
admissible if, for s € M, we have

als,gs)>1 = a(gs,gzs) >1. (10)

Theorem 2.7 ([9]) Assume (M, d) to be an F-complete metric space and g : M — M such
that

a(8,0)d(gs,go) <y (d(3,0))

foré,0 € M, where y € I". Suppose
(i) g is orbital a-admissible;
(ii) there exists 8o € M with a(80,280) > 1;
(iii) g e F verifying (ds) is assumed to be continuous; also, y is chosen to be continuous
and to satisfy that g(u) > g(y (u)) + a, u € (0,00), where a is also given in (ds);
then f has a fixed point.
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Consider the F-metric d : M x M — [0, 00) with M = C(J,N), given as

|§—0a| ifs
e i o,
d(s,o) = 7
0 ifd =0,
where M ={0,1,2,...}, g(s) = —< for s> 0 a= 1 and g is continuous on (0, 00). The condi-
tion g(u) > g(y(u)) + a, u > 0, becomes - > y( > 1, that is, y is chosen to be continuous
such that
u
y(u) <
u+1

Also consider that y satisfies the following additional condition:
e’ < y(es), s€{0,1,2,3,...}.

Theorem 2.8 Assume
() Jo:R?> — R with

B(k) I (k)

[1(5:86) - s o0 < 7= 5o a1

v([|86) = ()])

forse ] and§,0 € R with w(s,0) > 0;
(i) 3681 € CY) with @(81(s), T1(s)) > 0 for s € J, where T : C(J) — C(J) is defined by

(T8)(s) =80 + "I h(s,8(s)); (11)

(iii) forse ] and § € C(J), w(5(s), T8(s)) > 0 implies w(T8(s), T>8(s)) > 0.
Then (6) has at least one solution.

Similar to the previous theorem, we demonstrate that T has a fixed point:

| T8(s) - To(s)]
= [o°1[h(s,8(s)) = h(s, 0 (s)) ]|
1-—

< {;(‘—Kﬂh(s,s@)) ~h(s,0(s))] + moﬂh( $)) - h(s,a<s>)|}

1-« B(k)I (k)
{B< X Goorw 1 (10 "(S)D}

B(k)I' (k) I
{B(K) 1-k)(k)+1° (1)7(‘5(5)—0(5)‘)}

B (k) . 1
{(1 arw 17 1P0)- “(S’D”BU B(x)xroc)}

=y(|8(s) —G(S)|).

IA
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Hence, for 8,0 € C(J), s € J with w(8(s), o (s)) > 0, we have
(T3, Tc) = eTPO-To61 < (5606 < (BO-0) = (d(5,0)).
Put a: C(J) x C(J) — [0,00) by

1 w(8(s),o(s))>0forallse],
a(8,0) =
0 else.

Therefore a(8,0)d(T68, To) <d(TS,To) < y(d(8,0)) for all §,0 € M with d(T$, To) > 0.
From (iii),

a8, T8)>1 = w(S(s), T8(s)) >0
= o(T(), 7)) =0

= a(T0), 7)) >1,

for § € C(J). Thus, T is orbital a-admissible. From (ii), there exists §; € C(J) with
(81, T81) > 1. By (iii) and Theorem 2.7, we get o* € C(J) with §* = T'§*. Hence, §* is a
solution of the problem.

3 Conclusion

In this manuscript, we extend some of the fractional differential equations of Riemann—
Liouville and Caputo type to the fractional differential equations of Atangana—Baleanu in
the Caputo sense.
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