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1 Introduction
Fractional calculus has gained more attention due to its applications in distinct fields.
In the development of fractional calculus, researchers focus on developing several frac-
tional integral operators and their applications in diverse fields. The idea of fractional con-
formable derivative operators was introduced by Khalil et al. [23] with a deficiency that the
new derivative operator does not tend to the original function when the order p — 0. In
[1], Abdeljawad studied studied various properties of the fractional conformable deriva-
tive operators and raised the problem of how to use conformable derivative operators to
generate more general nonlocal fractional derivative operators; the method was demon-
strated in [22]. Later on in [12], Anderson and Unless improved the idea of the fractional
conformable derivative by introducing the idea of local proportional derivatives. In [2, 3,
13, 14, 26], some researchers defined new continuous and discrete fractional derivative
operators by using the exponential and Mittag-Leffler functions in the kernels. General-
izations of such type promote future research to establish new ideas to unify the fractional
derivative and integral operators and obtain fractional integral inequalities via such gen-
eralized fractional derivative and integral operators. Integral inequalities and their appli-
cations play a vital role in the theory of differential equations and applied mathematics.
Certain weighted Griiss-type inequalities and new inequalities involving Riemann—
Liouville fractional integrals are found in [17, 19]. In [29], the authors define several in-
equalities for the extended gamma and confluent hypergeometric k-functions. In [30], the
authors established certain Gronwall inequalities for Riemann—Liouville and Hadamard
k-fractional derivatives with applications. Inequalities involving the generalized (k, p)-
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fractional integral operators can be found in [35]. The generalized fractional integral and
its applications and Griiss-type inequalities via generalized fractional integrals can be
found in [40, 42]. In [39], Sarikaya and Budak have studied the (k, s)-Riemann—-Liouville
fractional integral and applications. In [41], Set et al. established generalized Hermite—
Hadamard-type inequalities via fractional integral operators. In [9], Agarwal et al. intro-
duced Hermite—Hadamard-type inequalities by employing the k-fractional integrals op-
erators. In [18], Dahmani introduced certain classes of fractional integral inequalities by
utilizing a family of # positive functions.

In [10], the authors established fractional integral inequalities for a class of family of
n (n € N) positive continuous and decreasing functions on [a, b] by employing the (k, s)-
fractional integral operators. Recently, the fractional conformable integrals have attracted
the attention of many researchers. In particular, many remarkable inequalities, properties,
and applications for the fractional conformable integrals can be found in the literature [4—
8, 16, 20, 24, 25, 27, 28, 31, 32, 34, 36, 37, 43].

2 Preliminaries
In [21], Jarad et al. introduced the left and right generalized proportional integral operators
which are respectively defined by

AP - 1 ¥ |:“ -1 _ :| _p\B-1
(aJ f)(x) T () /a exp " x—1)|x=)P"flt)dt, a<x (2.1)
and
B B-1
(3571) %) ﬁF(,B) [ (t x)](t x)PTIf () dt, x<b, (2.2)

where the proportionality index u € (0,1], 8 € C, R(B8) >0, and I'(x) = fooo t*Llet dt is the
gamma function [44—46].

Remark2.1 If we consider u = 1in (2.1) and (2.2), then we get the left and right Riemann—
Liouville integrals, which are respectively defined as

("ﬂf /3)/ — )P 1f a<x, (2.3)

and

CN®= 15 / -5y de, x<b, )
where 8 € C and 3(8) >0

Recently Alzabut et al. and Rahman et al. [11, 34] studied generalized proportional
derivative and integral operators and established certain Gronwall and Minkowski in-
equalities involving the operators mentioned above.

Next, motivated by the above, we define the following generalized version of Hadamard
fractional integrals. Rahman et al. [33] presented certain new classes of integral inequal-
ities for a class of n (n € N) positive continuous and decreasing functions on [a, ] by
employing generalized proportional fractional integrals.
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Definition 2.1 The left-sided generalized proportional Hadamard fractional integral of

order 8 > 0 and proportionality index p € (0,1] is defined by

a<x. (2.5)

In t)*“@ dt

(a ”Hﬁ"f lnx—lnt)i|(lnx—

MF B) Ja [

Definition 2.2 The right-sided generalized proportional Hadamard fractional integral of
order 8 > 0 and proportionality index u € (0, 1] is defined by

(1)) = uﬁrw) / [

Definition 2.3 The one-sided generalized proportional Hadamard fractional integral of

()dt x<b. (2.6)

(lnt—lnx):|(lnt Inx)?~ S

order 8 > 0 and proportionality index p € (0,1] is defined by

(ML) ) M%(m/p[“‘

Remark 2.2 If we consider p = 1, then (2.5)—(2.7) will lead to the following well-known

lnt)ﬂ_ﬂ?dt t>1. (2.7)

1 (Inx —In t):|(lnx -

Hadamard fractional integrals:

(HPf) (%) = %,3) /x(lnx —In t)ﬂ’lﬂTt) dt, a<x, (2.8)

(Hof) () F(l 5 / (Int - Inx)P~ 1@ dt, x<b, (2.9)
and

(Hf,f) (x) = %,3) /x(lnx —In t)ﬂ’lg dt, t>1. (2.10)

1
One can easily prove the following results:

Lemma 2.1

(H’ff exp |: p-l (In x)i| (In x)’\l) ()

I" (%) m—1 e
oot el i 210

and the semigroup property holds:

(R (L) @) = (MET")F 0. (2.12)

Remark 2.3 1f u =1, then (2.11) will reduce to the result of [38] as defined by

()

B+r-1
71_,(’3 ) (Inx) . (2.13)

(’fo(ln x) 1) () =
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3 Main results
In this section, we employ the generalized proportional Hadamard fractional integral op-
erator to establish generalizations of some classical inequalities.

Theorem 3.1 Let f and h be two positive continuous functions on the interval [1,00) and
f<hon(l,00). If% is decreasing and f is increasing on [1, 00), then for a convex function @
with @(0) = 0, the generalized proportional Hadamard fractional integral operator given
by (2.7) satisfies the inequality

@) H ()]
H Th(x)] H",“mh(x))]

where i € (0,1], B € C, and R(B) > 0.

Proof Since @ is convex with <1§(0) = 0, the function % is increasing. As f is in-

creasing, so is the function 2 f( Obv1ously, the function {1( is decreasing. Thus for all

t,% € [1,00), we have

<q>(f(t)) ) cb(f(ﬁ))) <f(17) _@) - (3.2)
I0) f) J\h@) kK@)~ '
It follows that

W) f)  PUWNS@)  PE@)fB) @) f(2) (3.3)

70 w0 T TI@) Ko @) k) o) ko) -

Multiplying (3.3) by h(t)h(?), we have

2 (f(2) D(f()) (D )
£ f(9)h(t) + ) f(&)h(D) — ) f(z?)h(t) < FOh®) > 0. (34)
exp[ (lnx In#)](Inx-Ing)P~1

Multiplying (3.4) by m ,31{ ® ;

1 and integrating the resulting identity from 1 to x, we have

, which is positive because ¢ € (1, %), x >

1 /‘x exp["T_l(lnx —Int)](Inx — Inz)#-1 D (f(2))

wfr(B) ), P 10 f(0)h(t)dt
Mﬂr(ﬁ) / exp[ £ (Inx — lntt)](lnx—lntﬂ 1 @f(}(cﬁ) oo
Mﬂr(ﬂ) /x - l(lnx_]ntt)](lnx_lnt)ﬁ ld’f(/;(f f(9)h(t) dt
_ M]l* . /x exp “T’I(Inx-lntt)](lnx—ln £)p-1 q)f(;(”t()t)) (D) de = 0. 63
This follows that
o (4820s) (st o

o (f( o
- (2 o otz o) - o (2w o (36)
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1 exp[%(lnx—lnﬁ)}(lnx—ln 9)p-1
r ) v
because ¥ € (1,%), x > 1 and integrating the resulting identity from 1 to x, we get

B (£ (x ))7—[’3"<¢ f(’:x’)‘) hx )) HY “((p f<’: : h(x))Hf,;i‘ (@)

H (BRI (@ (F)) + HLX (D (F ) HT Y (k). (3.7)

Again, multiplying both sides of (3.6) by 7

, which is positive

It follows that

Hi (@) M (@)

> - . (3.8)
HEL ()~ HEL (D ()
Now, since f </ on [1,00) and 2% s an increasing function, for ¢, ¥ € [1,x), we have
D(f(t D (h(t
(e) _ ohv) 9)

f@&  — k(@)

£=L (Inx—In £)](In x-In £)~1
Multiplying both sides of (3.9) by -k “2r s

cause ¢ € (1,x), x > 1 and integrating the resulting identity from 1 to x, we get

h(t), which is positive be-

1 /x exp[“ L(lnx - In?)](Inx — In£)#- 1<D(f(t

h d
T ) ‘ o "%
x exp[”T_l(lnx —Int)](Inx - In2)f~ @ (n(r))
< T (B) /1 P 0 h(t)dt, (3.10)
which, in view of (2.7), can be written as
e “(¢ f(fg) hix )) < 1 (@ (h())). (3.11)
Hence from (3.8) and (3.11), we get (3.1). O

Theorem 3.2 Let f and h be two positive continuous functions on the interval [1,00) and
f<honll,00). If% is decreasing and f is increasing on [1, 00), then for a convex function @
with @(0) = 0, the generalized proportional Hadamard fractional integral operator given
by (2.7) satisfies the inequality

ﬂ“[f(x)]H L@ ()] + HYY )] HY 2 (@ (h())] 1

o o (3.12)
PETHE)THYE TP (F ()] + HY L )T HYE (@ (f ()]

where 1 € (0,1], B, 0 € C, R(B) >0, and R(p) > 0.

Proof Since @ is convex with @(0) = 0, the function w
ing, so is the function q%(c %)) . Obviously, the function i(x; is decreasing for all t, ¥ € [1,x).

L1 (1 x—n 9)] (Inx—In )P~
Multiplying (3.6) by W’Il" exp[ 7 (Inx nﬁ )(Inx—In )

is increasing. As f is increas-

, which is positive because ¢ € (1,x),
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¥ > 1 and integrating the resulting identity from 1 to x, we get

ez (i (5o ) -t (20 hw et (1)

S&x) fx)
8, ) (f(x 24P D (f(x) )
zﬂ¢wm»mw(ﬂ)fu) “(ﬂ@quHmwmy (3.13)

Now, since f < /4 on [1, 00) and @ is an increasing function, for ¢, ¥ € [1,x), we have

(D) _ D)
f0 = Tho

(3.14)

221 (1n x-In¢)] (Inx—In £)B~1
Multiplying both sides of (3.14) by uﬁ; ol o ntt)](nx o)

cause t € (1,%), x > 1 and integrating the resulting identity with respect to ¢ from 1 to x,

h(t), which is positive be-

we get
x exp[“L(Inx — In¢)](Inx — Int)P (p(f(t
h(t)d
MFWL/ : o 0"
* exp[“= L(lnx - Int)](Inx — In¢)#~! @ (h(t))
pcf‘F B / . 0] h(t) dt, (3.15)
which, in view of (2.7), can be written as
pu PUE) ) B
HY ( I hx) ) < Hy2 (@ (h(x))). (3.16)
Hence, from (3.11), (3.13), and (3.16), we get the desired result. a

Remark 3.1 If we consider 8 = p, then Theorem 3.2 will lead to Theorem 3.1.

Theorem 3.3 Letf, h, and g be positive continuous functions on the interval [1,00) and f <
hon|l,00). If% isdecreasing and f and g are increasing on [1, 00), then for a convex function
@ with ®(0) = 0, the generalized proportional Hadamard fractional integral operator given
by (2.7) satisfies the inequality

HL @) _ L [ (@)g )]

5 , (3.17)
Hy [h(x)] Hl,x [P (h(x))g(%)]
where u € (0,1], B € C and R(B) > 0.
Proof Since f < hon [1,00) and @ is increasing, for ¢, ¥ € [1,x), we have
QW) _ Ph(t) 518)

f@® T k@)
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A= (1nx—In£)] (Inx—In £)f -1
Multiplying both sides of (3.18) by u/311"(,3) exp[ 7 (Inx ntt)](nx nt)

because ¢ € (1,x), x > 1 and integrating the resulting identity from 1 to x, we get

h(t)g(t), which is positive

. 1
. / exp[“ (Inx — 1ntt)](lnx Int)? q)f(}(c )t) H0e)de
; - ; - /1x exP[MT_l(lnx—lntt)](lnx—lnt)ﬂ‘l @}(l}(zt()t)) HOg)de, (319)
which, in view of (2.7), can be written as
H <¢f(,(:(:;)) h(x)g(x)> < HY2 (@ (h(x))g®)))- (3.20)
20

Also, since the function @ is convex and such that @(0) =

@(f(t §i0)
70 . Clearly, the function 0

.~ is increasing. Since f

is decreasmg forall £, € [1,x), x > 1.

is increasing, so is
Thus,

OUW) . BYW)
( 70 97 )

g(z‘x‘)) (f@)h(e) —f()h(®)) = 0. (3.21)

It follows that

D(f(2)g(2) (f(9))g(?)
70 f (9)h(t) + ) f(©)h(9)

_P(f())g(®) _P(f(0)g(®)
ECORE £ (9)h(t) 0 ———=—f(Oh(®) > (3.22)

£ (Inx-In )] (lnx-In )1
Multiplying (3.22) by HBI{ - exp[ T~ (Inx ntt)](nx nt)

x > 1 and integrating the resulting identity from 1 to x, we have

, which is positive because ¢ € (1,x),

x exp[&- 1(lnac Int)](nx — Inz)A-1 D (f(2))
uﬁF(ﬂ)/ t f@)

f (@)h(0)g(t) dt
* exp[ &2 (Inx — In )] (Inx — In )P @ (£(9))
Mﬂ]"(ﬁ)/ t f@)

1 x exp[“Tl(lnx—lnzf)](lnac—lnt)/g‘1 (f(9))
N0 / t f@)

1 prexplE (e - Ing)](na— 0P g ((s))
uﬁF(ﬁ)/ t 0 f(t)gt)h(9) dt

> 0. (3.23)

f (Oh(9)g(9)dt

f(9)g(D)h(t)dt

This follows that

), o(®), ”
D eetn) ) + (2 o) )1l (o)
2(/(2)

- (205 e )tz ) - oyl (2D s e ) z 0. 2w

f(ﬁ)%f,;’;‘(
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1 exp[M (Inx=In9)](Inx—In®)~~1
() 9
because ¥ € (1,x), ¥ > 1 and integrating the resulting identity from 1 to x, we get

HeL (o)t (PP nwgo)) « 1t (2 norgen |t (1)

> HY () HPE (@ (F(0)g () + HEE (@ (F () g() HY L (h(x)). (3.25)

It follows that

Again, multiplying both sides of (3.24) by i

, which is positive

“"’“(f(x)) "“(fb(f(x))g(x))

— (3.26)
PG A (D n(x)g (%)
Hence, from (3.20) and (3.26), we obtain the required result. O

Theorem 3.4 Letf, h, and g be positive continuous functions on the interval [1,00) and f <
hon|l,00). If% is decreasing and f and g are increasing on [1, 00), then for a convex function
@ with ®(0) = 0, the generalized proportional Hadamard fractional integral operator given
by (2.7) satisfies the inequality

Hf"" FQOIHL D (F()g(x)] + HYE [ )M [@ (F()g@)] _

(3.27)
P TG HYL (@ (F (x)g(@)] + HI% T H [@(f(x)g(x)]

where 1 € (0,1], B, 0 € C, R(B) >0, and R(p) >0

Inx-In9)](Inx-In»)P~1
Proof Multiplying both sides of (3.27) by u/le"( expl 22 (Inx- n;)](nx n?9)

because ¥ € (1,x), ¢ > 1 and integrating the resulting identity from 1 to x, we get

et (el (20 noe) + HW(‘W("” e ) 2 (109)

, which is positive

fx) Sx)
= My (h))HTL (@ (F()g(0) + HYY (@ (F@)g ) H () (3.28)
Since f < hon [1,00) and @ is increasing, for ¢, ¥ € [1,x), we have
D(f (1) h(t))
o= e 329

2 (Inx-In£)] (Inx~In £)f 1
Multiplying both sides of (3.29) by uﬁll“( cxpl i (i n:)](nx n

and integrating the resulting identity from 1 to x, we get

h(t)g(t), t € (Lx), x> 1

(0]
Hf,‘ﬁ( f(’(:(:)c))h(x)g(x)> < HP (@ (h(x))g(®))). (3.30)
ex p-l nx—In nx—Ing)P-1
Similarly, multiplying both sides of (3.29) by 7 1{ Pl (ne tt)](l no” h(t)g(®), t €
(1,%), x > 1 and integrating the resulting identity from 1 to x, we get
L @ X L
pt (2 b)) < 12 (@ (109)eto). (31)

Hence, from (3.28), (3.30), and (3.31), we obtain the required inequality (3.31). O

Page 8 of 10
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Remark 3.2 If we consider B = p, then Theorem 3.4 will lead to Theorem 3.3.

4 Concluding remarks

In this paper, first we defined nonlocal generalized proportional Hadamard fractional in-
tegral operators and then we established certain inequalities by employing the general-
ized proportional Hadamard fractional integral operator. The inequalities obtained in this
present paper will lead to the classical inequalities which are established earlier by Chin-
chane and Pachpatte [15]. The results established in this paper give some contribution in
the field of fractional calculus and Hadamard fractional integral inequalities. One can es-
tablish various integral inequalities by employing the newly defined Hadamard fractional
integral operators.
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