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In this manuscript, three novel schemes (Generalized direct algebraic; Improved simple equation and Modified F-
expansion methods) are successfully utilized to find the solitary solutions of generalized form of Pochhammer-
Chree equation.The concerned wave model has been used in the scrutiny for the propagating of harmonic waves
in a cylindrical rod and several problems in fluid mechanics and waves theory in physics. The obtained results
have imperative role in the field of the nonlinear science.

1. Introduction

The dynamical behaviors of solitons have altered the life style of the
people. For exemplar, discussions of internet phone tricks are allocated
with help of soliton transmission, over transcontinental and transo-
ceanic distances, in the itinerary of optical fibers cables. Moreover, in
the previous few decades important progress has been made and many
powerful and capable techniques for acquiring the analytical traveling
wave solutions for nonlinear partial differential equations have been
discussed in the literature [1-10]. Many efficient methods have been
discovered for nonlinear wave equations such as; Homogeneous bal-
ance method [11], G/G'-expansion method [12,13], Extended tanh
function method [14], Extended F-expansion method, Jacobi elliptic
function method [15], Transformed rational function method [16],
Weierstrass elliptic function expansion method [17], Hirota’s bilinear
method [18], Generalized Kudryashov method, Trial equation method
[19], Solitary ansatz method [20], Auxiliary equation method [21],
Modified Kudryashov method [22,23], Sine-Gordon equation expan-
sion method [24], Modified F-expansion method [25], Exp(p(—£)-ex-
pansion method [26] and many more in [27-43].

Here our focus in this article is to study Pochhammer -Chree
equation which is used in the propagation of harmonic waves in a cy-
lindrical rod. Distinct methodologies to find the exact solution of gen-
eralized PC equation were used, algebraic method was imposed in [44]
for explicit and exact solutions of generalized PC equation. Similarly
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Exp-functional technique in [45] was employed for PC model. More-
over recently authors in [46] discussed the solitary wave solutions of PC
equation via Exp (—¢(£))-expansion method. But our main focus is here
successfully implementation of three novel analytical techniques, so
called generalized direct algebraic, Improved form of simple equation
and modified F-expansion on the generalized PC equation. The
achieved results are more general as compared to discuss in [44-46].
Hence our adopted methods are general and powerful tools for non-
linear problems. The remainder of this article is arranged as; Descrip-
tion of proposed methods are illustrated in Section 2, application in 3.
Discussion and conclusion in Sections 4 and 5.

2. Description of proposed methods

Consider

Hy (U, Uy, Upy Uy, Uy, Uy, o) = 0. (@D)]
Let

u=V(E), &=x—-wxt @3]
Substitute Eq.(2) into Eq. (1).

HWV,V,Vv".)=0, 3
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2.1. Generalized direct algebraic method

Let solution (3) has,

N -N N N
V=) i=0AW + Y, i=—1B Wi+ Y i= 2090 4+ Y

v 4

Suppose ¥ satisfies following,

W= B Y2+ BP0 + B0 (5)

Put (4) with (5) in (3), solve for require destination of Eq. (1).

2.2. Improved simple equation method

Let (3) has solution,
m
— P = A
V=) i=—mAY. ©
Let ¥ gratify,
¥ =cy+ ¥ + e, P? + ;P2 )
Put (6) with (7) in (3). after solving achieved the require solution of

.

2.3. Modified F-expansion method

Let us suppose that (3) has solution as:
V=ag+ ), i=1aF ¢+ ), i = 1Ib,F7 ().
®
Let F gratifies,
F' = A + BF + CF2. ©)]

Put (8) with (9) in (3), after solving obtained solution Eq. (1).

3. Applications
3.1. Application of generalized direct algebraic method

Consider the generalized form of Pochhammer-Chree equation in
[46]

Uy — Upee — (au — bu?),, = 0. (10)

Put (2) into (10), integrate twice with neglecting constant of in-
tegration, yields following ODE form as;

—aV+bV3— V" + V=0 an
Let Eq. (11) has solution form as,

B, DV
V=AY + A + =L +
! oy v 12)

Put (12) along with (5) in (11) (See Fig. 1);

Ag=0, 4 =% A Bi=0

0= Y 1 = ) 1= > 1= Y
JB.b +2b JbB, +2)

0=— V2a

VB +2 13)

Put (13) in (12) (See Fig. 2),
Case- 1
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\/753(;31(5 coth(%\s‘ﬁl €+ go)) + 1))
- By Bib+2b

ﬁ(ﬁl3/2 . csch2(§\557<§+ 5(,)))

1/1:
v“‘m[(zﬁz)[_ﬁl (E Co[h(%@?l(§+ 50)) * 1))]
B2

B; = 4B.By =0,

B, >0, a>0, b>o.
14)

Case- 11

va| [P Brecos(BiC+en JAT € sinh? (Fy € +£0))
VB3| cosh(JBLE+E)+n  (cosh(By G+&p)) +n)?

Vo=

[Br ( esinh(JBy ¢ +5&))
b — ‘\7 ——
B +2) [2( V%5 [coswﬁl Crin+n 1]))

(s Ry
\/TES(\“ 4p3 (cosh(v“ﬁi(fﬁo))ﬂ *
JBib+2b ’

63 >0, 52 = \/45153’

B, >0, a>0,

b> 0. (15)
Case- III

ﬁ(_[ﬁ[ JBi < cosh (B G+ &) _\sﬁiesinh(\s‘ﬁimso»(sinh(\s/?l(ﬂswm]]]

v ! cosh( /By ¢+ &) +7yp? +1 (cosh(,[By ¢+ o)) +nyp? +1)? )
3= t

[bB1+2)| 82| A1 M +1
A cosh(vfﬁ_l) + n\fpz +1

et || SR,
cosh({By (¢ + &) +nyp° +1

Ba\Bib+2b ’ b>0.

B >0, a>0,

(16)

3.2. Applications of improved simple equation method
Suppose solution of (11) is;

Aoy
V=AY +—+A
! v 0 a7

Put (17) into (11) along with (7) (See Fig. 3),
Casel: c; =0,

Family-I
A = 2Jac, _ Jacey
]l — ’ - ’
Jb(2 = (4coc, — cf)) Jb(2 = (4coc, — c))
A1=0, w= V2a

2= Gee— ) (1)

Substitute (18) in (17) (See Fig. 4),

\/E\/4COCZ — 012 tan(%\/4006’2 - 012 (5 + 50))

V= ,  4cocy > clz,
J=b(dcoc, — ¢} —2)
a>0, b>0. 19)
Family-II
A =0, A= _L,
be? — 4bcyc, + 2b
4 = 2Vacy _ V2va
-1 = -——, -_———
Jb(c? — 4cocy + 2) Jei — depey + 2 (20)
Put (20) in (17),
ﬁ(co (01 - \/40002 - cftan(%\/%ocz —c2E+ 50))) - clcz)
Vs = ,
cayb(cf — 4cocy + 2)
4coc; > ct, a>0, b>o0. (21)

CaseIl: ¢cp=c3=0,
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Figute(l —a)

Figure(1 - )
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-10

Fig. 1. Profile of solution (15) with 8, =8,=1, ,=20, n=1, §=-.5 e=1, a=001, b=04.

L 1 Ai=0, w=—12
1 = T/ 0 - > -1 =Y - T/
Jb(cf +2) \bef + 2b Je2 +2
Put (22) in (17),
v, = Qvacy)(cexp(e§ + €))) n Jace .o >0
Jb(e2 +2)(1 — ciexp(ei(§ + €))) /b +2b
V= _Yaa (2vacy)(ciexp(ei(§ + €)))
7= - , ¢ <0.
Jbe? +2b \Jb(c} + 2) (caexp(ei (€ + €) + 1)
CaseIll: c;=c3=0,
Family-I
\/5«/500 Ja
A =0, Ag=0, A =-———=¥%% = - ___ Y2
' 0 ! w/b - 2bCOC2 J1 = 2¢coc;

Put (25) in (17),
_ V2 a Jegezcot((Jeoc; (6 + &)

17 cc > 0.
s \/b - 2bCOC2 20
V2 V@ =y coth(=cot; (€ + &)
Vo=— , €Co <O0.
Jb — 2bCOC2

(23)

(24)

(25)

(26)

(27)

-3 5 10
Family-II
\/5\/502 Ja
Ay=——22 0 4=0, A, =0, w=-———o
! \/b - szQCz 0 ! J1 - ZCOCZ
Put (27) in (17),
V2@ Jeocz tan((fCoc; (€ + §)))
Vio = — , € > 0.
Jb — 2bCOC2
Ve = V2@ \[=co; tanh(=¢oc; (€ + &) rca < 0
11 m , GG .
Family-III
A = \/5\/502 A =0 A = \/5\/560
| =, 0=0, -1 = e,
\/4bCOC2 +b \/4bCOC2 +b
P
1/4>C0C2 +1
Put (31) in (17),
22 2 +
Vi = — V2@ Jeoc;esc(24/coc; (€ §o))’ eyco > 0.

\/4bCOC2 +b

Figurs(2 — 5)

Fig. 2. Profile of solution (21) witha =12, b=5, ¢;=1, ¢, =05, ¢ =1, § =05.

(28)

29

(30)

(3D

(32)
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2J3 V@ [~agesch y=66 € + &)
\/4bCOCz +b

Viz=-—

3.3. Applications of modified F-expansion method
Let solution of (11) is;
b
V=ay+aF+ Fl

Put (31) in (11),
For A=0,B=1,C= -1, we have,

a=—m a=\/a by =0 w=2—a
1 N 0 Neh 1=0, 3

Put (35) in (34),
Via = ~a V2a (1 + tanh(%g))

V3b 23
A=0,C=1, B=-1,
@ =— 2Va , Qg = va , bh=0, w= 2a
V3b NEND) 3
Put (37) into (34),
e Bl

Figure(4 —a)
o

5 cycp < 0.

(33)

(34)

(35)

(36)

37)

(38)
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Figure(3 - 5)
0.004 |
0.003
4
/7
0.002 / //
YA A
W
o.001 7 7. //
e s i’
N 5,555/45>

ForA=-, B=0, C=_E’
Family-I
Ja 2a
=0, a=0 b=—-——  w=,—
1 0 1 30 3
Put (39) in (34),
Vo= —Ja
T\ V3 Vb (coth(§) = esch ()
Family-II
Ja 2a
Gg=——, a=0, b=0, w=-[—
1 \/g\/g 0 1 3

Put (41) in (34),

( Va (xesch(§) + coth(§))
Wr=|-

), a>0, b>0.

V3Jb
Family-III
a - e ay=0, b= va w=—£
1 \/E\/E’ 0 5 1 \/g\/z, \/5

Put (43) in (34),

Vo= Yo [ 1
87" /6 b \ (coth+csch)

+ (csch + coth))

-10

Fig. 4. Profile of solution (40) witha = 2.1, b=0.5, w = 1.18.
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ForC=-1, B=0, A=1,

Family-I

a =0, ag =0, b1=

Put (45) in (34),

2a
3

1
Vlg:ﬁ(tanh(f))’ a>0, b>0.

Family-II

NENG
N
Put (47) in (34),

aq =— ll()=0, b]

2
3
Jb
Family-III
A2
1 3\/5 >
Put (49) in (34),
V2va
3Jb

For A=, C=
Family-I

Vo = —

ap =0, 1=

Va = (tanh(f) +

1
2

_1
tanh(§)

=0, w =

a
(tanh(¢)), a>0, b>0.

J2Ja w_«/ﬁ
3Jb 3

, B=0,

a =0, ap=0, blz—ﬂ, w = —+2a

Jb
Put (51) in (34),
Vi = _ﬂ(;),
Vb  tan(§) + sec($)
Family-II

Put (53) in (34),

Vi = —%aan@) + sec(?)),

Family-III

_~Na
2’

Put (55) in (34),

My = a =0, b=

veo_Naf 1
27 72U | sec(€) (tan(&)+

A=C=-3, B=0
Family-I

=0, a=0, b =

sla

Put (57) in (34),

veodef_ v
27 b (—tan(®) + sec(®) )’

Family-II

a>0, b>0.

a>0, b>0.

_Na
2Jb’

+ (tan() + sec(§1))

a>0, b>0.

w=—2Ja

), a>0, b>0.

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54

(55)

(56)

(57)

(58)

(59)
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Put (59) in (34),

u=%+m@+m@

/b (60)
Family-IIT
Ja +a
G=b== =0 w= |
RPN A 2 (61)

Put (61) in (34),

_ & N
Vay = 2B ((tan(é‘l) + sec(&)) + @n@) + sec (§1)] 2

ForC=-1, B=0, A=-1,

w=£ a=—\/§\/a a, =0, b =- %\/E
NGk 1 \/5 s 0 s 1 \/3 63)
Put (63) in (34),
Jiva 1
Vg = — tan +
® Jb ( © tan(§)) (64)
ForA=0,B=0,
2aC
CU=\/E, a1=\/\/_az, a0=0, b1=0 (65)
Put (65) in (34),
\/ﬁc( -1 )
Vg = s 0, b>0
270 \ct+y (66)
ForC=0,B=0,
2JaA
w=+Ja, a=0, a=0, blz‘/—T‘/ﬁ 67)
Put (66) in (34),
=)
Voo= ——|—1|, >0, b>0.
w0 lag) ¢ (68)
ForC =0,
coz—iﬁﬁ aq =0, a =7\/HB b =72ﬁ14
B2 Y B+ b(B+2)
(69)
Put (69) in (34) (See Fig. 5),
JaB 2JaA B
Var = ap = , a>0,
BT JbB + 2b Jb(B? +2) ((eXP(B§) - A))
b>o0. (70)

4. Results and discussion

The achieved analytical solutions of generalized PC equation via
three novel techniques, having different form solutions as compared to
results derived several researchers in [47-50]. With assigning the dis-
tinct particular values to the parameters in Egs. (4), (6), (8) have nu-
merous solutions. However, our derived solutions have few resem-
blance with previously results in distinct research literature. Solutions
(66) and (68) are likely similar form of solutions in Egs. (17) and (20) in
[47]. Further our solutions (23) and (24) are approximately same form
of solutions in Egs. (18) and (21) in [48]. Solutions (23) and (24) are
also likely form as solutions in Egs. (11) and (12) in [49] gradually.
Furthermore Our derived solutions in (26) and (27) are also likely form
as solutions in Egs. (34) and (35) in [50] respectively. Hence from these
details deliberation about our discovered solutions and previous results
in different research literature, we have concluded that our solutions
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Figure(5 - 5)
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Fig. 5. Profile of solution (64) with a = 2.1, b =0.5, w = 0.28.

are general and powerful as compared in earlier results discussed in
[47-50]. From this we predict that presentation of our techniques are
best mathematical tools nonlinear wave problems.

5. Conclusion

In this work, we have successfully implementation of three novel
methods so called Generalized direct algebraic, Improved simple
equation and modified F-expansion methods are utilized on the gen-
eralized PC equation, variety of solutions in distinct types are
investigated.Our novel solutions of the mention equation are fruitful in
mathematical physics.
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