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We investigate the existence of solutions for a k-dimensional system of fractional finite difference equations by using the
Kranoselskii’s fixed point theorem. We present an example in order to illustrate our results.

1. Introduction

The fractional calculus revealed during the last decade its
huge potential applications in many branches of science and
engineering (see, e.g., [1-9]). A new and promising direction
within fractional calculus is the discrete fractional calculus
(see [6, 7, 10-14]). The advantages of this type of calculus
are that it treats better phenomena with memory effect (see
[10, 11, 14]). We recall that some researchers have been
investigating discrete fractional calculus for special equations
via very definite boundary conditions (see, e.g., [12, 13, 15-
24] and the references therein). Many researchers could focus
on this field by considering natural potential of fractional
finite difference equations. In this paper, we investigate the
existence of solutions for k-dimensional system of fractional
finite difference equations:

Ay, )+ i E+v =1, 0, (E+r,-1),...,
Vi (t+7—1)) =0,

Ay, O+ L (E+y = 1), (E+v,-1),...,
Vi (t+7-1)) =0,

Ay )+ frn (E+v = 1), 3, (E+v, = 1),
Vi (t+ v —1)) =0,
y(n=2)=Ay (v +b) =0,

Y2 (v, -2) = Ay, (v, +b) =0,

Ve (% =2) = Ay (v +b) = 0,
1

where b € N, 1 < % < 2,and f; : R — R are continuous
functions for i = 1,2,...,k. One-dimensional version of
the problem has been studied by Goodrich [18]. Also, Pan
et al. studied two-dimensional version of the problem [24].
We show that the problem (1) is equivalent to a summation
equation and by using Krasnoselskii’s fixed point theorem we
investigate solutions of the problem. In this way, we present
an example to illustrate our result.
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2. Preliminaries

It is known that the finite fractional difference theory is
important in many branches of science and engineering (see,
e.g., [13,16,18,19, 21, 25, 26] and the references therein). The
Gamma function is defined by I'(z) = jooo e 't*71dt for the
complex numbers z in which the real part of z is positive
(see [8]). Note that the domain of the Gamma function is
R\ {0,-1,-2,-3,...} (see [8]). Now, we recall t* := T(t +
1)/T(t +1—v) for all £, v € R whenever the right-hand side is
defined (see [16]). If t + 1 — v is a pole of the Gamma function
and t + 1 is not a pole, then t* = 0 (see [16]). We recall that
AP = T(u + l)td/l‘(‘u — B+ 1) (see [16]). One can verify
that 2 = L =T(v+ 1) and 22/ = ¢ — ».

In this paper, we use the standard notations N, = {a,a +
l,a+2,...}foralla € R and NZ ={a,a+1,a+2,...,b}for
all real numbers a and b whenever b — a is a natural number.
Let v > 0 with m — 1 < v < m for some natural number m.
Then, the vth fractional sum of f based at a is defined by

B 1 t—=v -
AN ft)=—=) (t—o(k)—f (k) 2
f® r(v),; DA (2)
for all t € N,,,, where o(k) = k + 1 is the forward

jump operator (see [16]). Similarly, we define A” f(t) =
(1/T(=)) ¥ (t— o (k)L f (k) for all ¢ € N, _, Note that
the domain of A7, f(t) is N, n_, forr > 0and N,_, forr < 0
(see [16]). Also, for the natural number v = m, we have to
recall the formula

m

N @) =A"f(t) =) (-1) <”l.">f(t+m— i. (3

i=0

We define the trivial sum A(;f(t) = f(t) forallt € N,.

Lemma 1 (see [13]). Let h : N, — R be a mapping and m
a natural number. Then, the general solution of the equation
A oy(E) = h(t) is given by y(t) = Yi' -Ci(t — a)™ +
AJh(t) forallt € N, where C,,...,C,, are arbitrary
constants.

Leth : N,_,, x R — R be a mapping and m a natural
number. By using a similar proof, one can check that the
general solution of the equation A’_, y(t) = h(t + v —m +
L, y(t +v—m+ 1)) is given by

y ()

, (4)
—Ct=+A"h(t+v-m+1L,y(t+v-m+1))

1

™z

]
—_

1
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forall t € N,_,. In particular, the general solution has the
following representation:

xi(t—a(s))ﬂh(s+v—m+l, ©)
s=0

y(s+v-m+1))

forallt € N,_,,. By considering the details, note that Zi: L=
a(k))ﬂf(k) = 0 whenever b < a. Also for v, > 0 with
m—-1< v <mandn—-1 < u < n, the domain of the
operator A is given by 2{A" f} = N,,,, D2{A” f} = N_,,._,»
Q{Aiv A#f} = Na+n+v—w Q{AV Aiﬂf} = Naﬂ”m"”

atn-u=—a aty—a
Q{Aq;.m_#AI;f} = Na+nj4+mfw and Q{A;’;#A;Hf} = Na+v+y

(for more details see [13, 21, 22]). One can find next result
about composing a difference with a sum in [12].

Lemma?2. Let f: N, — R beamap, k € Ny, and yu > k with
n—-1<u<n Then ANNFF(t) = NFF(E) forallt € N,
and NN £(t) = A (1) forall t € N

a+n—up*

By using Lemma 1 and last lemma for k = 1, we get

Ay(t):Z—c,.(v—i)t@+ F(vl— 5
t—v+1
X Y (t-o () Zh(t+v-m+1, (©)

s=0
yt+v-m+1)).

We are going to use this in our main results. A nonempty,
closed subset P # {0} of a topological vector space E is called
a cone whenever P N (-P) = {0} and ax + by € P for all
X, ¥y € P and nonnegative real numbers a, b (for more details
and examples see [27] and references therein).

Lemma 3 (see [28]). Let X be a Banach space and K a cone
in X. Assume that B, and B, are open subsets of X such that
0 € B, and B, € B,. Suppose that T : KN (B, \ B,) — K is
a completely continuous operator. If either |Ty| < ||yl for all
y € KNoB, and |Ty|l = |yl forall y € KNoB, or [Tyl > ||yl
forall y € KNoBy and |Tyl|l < ||yl for all y € K N 0B,, then
T has at least one fixed point in K N (B, \ B,).

3. Main Result

In this section we provide the main results. For next result,
consider the problem (1).

Lemma 4. The fractional finite difference equation
ANy, + fi(n (E+v = 1), (E+vy - 1),

et +7.-1))=0

(%)
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via the boundary conditions y;(v; —2) = Ay;(v; +b) =0 has a
solution y;, if and only if y,, is a solution of the summation
equation y;(t) = ZbHG & 8) [yt + v, = 1)t + v, —
1), ..., ¥(t+v,—1)), where the Green function G(t, s) is given
by

G; (¢, s)

(%)
tv -1
W(V +b- o(s))

s<t—-v<b+1,

v;—-1
(t+—b)(')/ +b- O'(S))
Vi

t—v+1<s<b+1

—(t-oc&) (9

for all s € Ni*'. Here, i € {1,2,...,
equations of the system.

k} and (x) is one of

Proof. Let hy(t + v; — 1) := fi(y;(t +v; = 1), y,(t + v, — 1),
.o Ye(t + v, — 1)) and lety; be a solution of the fractional
finite difference equation A y;(t) + f;(y,(t+v, = 1), y,(t+v,—
D,..., ¥y (t+v,—-1)) =0.By using Lemma 1, we get y,,(t) =
CitZ 4+ 22— (1/T(w)) Yt —0(s)“hy(s+v; - 1). By

using the boundary condition y,,(v; — 2) = 0, we obtain
0=C,(v;-2)"—
= o (8)
- mg(% —h;(s+v - 1)

and so C, = 0. Now by using the boundary condition
Ay (v; +b) = 0, we get
0 = Cl ('Vl - 1) (1/1 + b)yi72
1 b+1 (9)
F(V_I)Zvﬂa o (s))"2 ).
Hence, C, = %2 b W2 (s+
y; — 1) and so
v;—-1
oo (t) = ——— 55—
T b ()
b+1 ,
XY (y+b-0 () ~h(s+v-1)
s=0
t—v;
z (t _ V-1 )

3
b+1
= ZGi(t,s)fi(yl(t+v1 -1),p,E+7r-1),...,
s=0
v (E+ v = 1)).
(10)
Now, let y;, be a solution of the fractional sum equation
b+1
yi (1) = ZGi(t7s)ﬁ(y1 (Lt =1),p, (t+9,-1),...,
s=0
Vi (t 47 =1)).
(11)
Then, yo(t) = (£ 2T (y) Y + b -

W (s+v,-1).

o (s))2hy(s+v;— 1)~ (1/T (%) Yo

Since (v; — 2)%7L = 0, we get y,,(v; — 2) = 0. Also,
( . V=2
Ay (t) = ———F5——
U b))
b+1
1/"_zhi (s+7-1)
s=0
1 t—v;+1
o) 2 Z (t -0 () 2h; (s+v, - 1).
(12)
Hence, we get
1) (v, + b2
Ay (v +b) = iz 1) (:/l_; )
(v; +b)*=T (v;)
b+1
52 (s+ v 1)
s=0 (13)
b+1
e _1)2 v +b) =0 (s))2
xh(s+7-1)=0.
Moreover, A"y, (t) = (A" 5= vi2 b+é(v +b-

Y2h(s+ v, — 1) — AMA” h,(s +v; - 1) Smce AL =
we get

Ny @O+ fin (E+v =1), p (E+v, - 1),

(14)

)/k(t'f'vk— 1)) =0.
This completes the proof. O
Vi +b+1

Hereafter, for simplicity we use the notations I; := N
and J; == [((v; + b)/4), (B(v; + b))/4)] foralli = 1,2,. k



Lemma 5 (see [18]). The Green function (7) satisfies G;(t, s) >
Oforallt € I;and s € Ng” and max,¢; G;(t,s) = Gi(s+7;—1,5)
foralls e Ng and there exist A; € (0, 1) such that

min G (t,s) = A, max Gi(ts) =AG;(s+7vi - Ls) (15

b
foralls e NJ™.

Goodrich showed that A; = min{yi,y;} (see [18]), where
Y{ =(b+ Vi)/4)vi_1 f et

i

)’2:(

[y

b+ By) /4-1)"=
T(b+3) (v, +b—1)"

V=1

)

(16)

Note that y} can be written in the simple form y, = (v; +
2)/3(b + 2), because

S S
(3(b+,) /4=

X[<3(b:vi)>v"l

B+ D)EBY) /A=) (v +b+1)
T(b+3) (v +b—1)22

i
Y2 =

1

) BB+ A= 1) =T (v +b+1)
(B (b+7) [4Y=T(b+3) (v +b-1)"—

G+1)BB+Y)/4-v,+ )T (v, +b+1)
" (B(b+7)/4)T(b+3) (T (v+b)/T(b+1))

- b+1)3MB+v)/4=v;+1)(v;+b)T (v; +b)
BB+2)/4)+1)(b+2)T (B +1)(T(v;+b) /T (b +1))

v+ 2
T30b+2)

(%)

Note that (**) hold because (a — l)k/aé = (a—b)/a. Suppose

that /; is the Banach space of the maps u : Nv"+b — Rvia
the usual maximum norm |u|| = max{|lu(t)| : t € N;’ ”;}

Consider the space & = of; x &, x --- X 9f} via the norm
1 v oo Yl = il + Ipoll + - + [yl Tt is clear that
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(2, - Il4) is a Banach space (see [29]). Now, define the map
T:2 — Xby

T (Y1 Yoo Vi) (E b o i)
T, ()/1’)’2)-'-’)%) (tl) T
B T, (J’p)’z’-“’)’k) (tz) (17)
Tie (V1> Yo+ ) (ti)

where T;(y;, ¥, > Y)(E) = Zb“G(t s)f,(yl(s + v -

D, y,(s+v,=1),..,m(s+v.— 1)) fori =1,2,...,k. Also,
consider the cone # defined by
H={(oyp- ) €Ly, 20,
Iy, D1 () 02 (82) .
ot g (8]
> A (yi> 5 >)’k)|l5[}

where A = min,_;_,A;. First, for the operator T we show that
T(X) ¢ K whenever the functions f; are nonnegative for

i=12,....k. Let (yy, ¥5>- .- ) € F. Then, we have
min s Varenns t,
o le (V0 00 9 (8)
k
Z in T, (Yo v ) ()
. b Es +v, - 1%
+1 y(s+v, -1
= meZG () f, P
n= 1" "5 0 .
Vi s+ = 1)
b2 gs +vy - 1; (19)
k b+1 _
Yy(s+v,—1
> z maxZG (t,9) 1o 2 . ?
n=1 ta€l, s=0 .
V(s +7—1)
k
= > LT 1 205 90|
n=1
k
2 "Z I T, (715 255 20|
n=1
= AT (31 205 ¥l g

where A = min,_,,A,. Hence, T(y,, y,,..., ¥) € # and so
T(X*) < K. For providing our main result, we use similar
conditions which have been given by Goodrich in [18] and
Henderson et al. in [30].
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Theorem 6. Suppose that f; € C([0,00)%) for all i
1,2,....k:

fi Oy 30 _

Odimon) = (000%) Y1+ Vbt y
(20)
i fi Y2055 1) e

(F1:y2m03k) = (+00,400,..400) Y1 + Yo + o0+ Y

such that Y720 Gy(s+v;— 1, s)(f +€) < 1/k and Y70 AG(s +

S= S=

v; — L s)(f;" —€) > 1/k for some
0<e<min{f" :1<i<k}, (21)

where G; is the Green function (7) and A = min,_4A;.
Then the k-dimensional system of fractional finite difference
equations (1) has at least one solution.

Proof. Consider the operator T : & — X defined by (17)
and the cone . It is clear that T is completely continuous
because it is a summation operator on a finite set. Choose §; >
0 such that

fiuyesy)<s(ffrve)n+y++3)  (22)
for all [(y1, ¥ .- Yi)llg < 81 Put By = {(y1> yas- -5 Vi) €
X Nyn Yy syly < 61} Then, 0 € 3B, and
1(y1s yas oo yidllg = ) forall (y1, y5,..., y;) € F NORB,.
Also, we have
IT: > 2 2l
b+1

= max) G (t;5) f; (51 (s + 1 = 1),
i€ 520

Y (st = 1)y (s+ 7 - 1))

b+1

<Y Gils+r=L9)(ff +€) (i +yn+ )

s=0

b+1
<N oo 3 D Gi (s +v=1L,5) (7 +¢)
s=0

1
< %||(y1,y2,.--,}’k)"5r

(23)
forall (y;, ¥5,..., V) € F N0%AB,. Hence,
k
1T G 320 9 = 2T (s 3o 90
i=1
1 (24)
Skx E“()’pyz’-'-’)’k)||%

=y 2l

for all (¥, 5> ¥) € F N 0%RB,. Now, choose 8 € R such
that § > §, and

fipye-osn) =2 (=) +ym+-+m) (25

for all |(yy, y55--> vl = B. Also, choose §, such that
(1/k)B < 8, < APmin, ;o Zf;ré Gi(s+v-1,5)(f"" —€). Now,
put B, = {6y o) € X (s Yoo ydllg < k6,3
Then, %, ¢ %, and

yi(t) +y (8) + -+ y ()

> min [ (8) + 3 ()
(tusta i) €T XTpxex 26)
+e e ()]
2 A (v y25 - )’k)"sz

forall (y;, ¥5,...> ¥) € F N0RB,. Thus, by using (25) we get

"Ti (J’p)’z’---r)’k)”
b+1
:I{lngi(ti’s)ﬁ(J’l s+ -1, (s+v,-1),...,
i€ 520
Vi (s +7 = 1))
b+1
>YGis+v=1Ls)(f7 =) (n+ 3+ +n)
s=0
b+1
2 M2 9l 2 Gils +v = L) (£ ~e)
s=0
1
S (G DI 1Y) P2
(27)
forall (y, ¥5,..., ¥x) € F N0%AB,. Hence,
k
"T ()’1’)’2’---7)’k)”1 = Z ”Ti (3’1’)’27--”)%)"
i=1
1 (28)
>k x E“(J’ls)’z’--w)’k)“%

=y vl

forall (y,, ¥5,..., ¥x) € X NOSRB,. By using Lemma 3, T has at
least one fixed point (y,9, ¥ap» - - - » Vo) in F N (B, \ B,) and
so by using Lemma 4, the k-dimensional system of fractional
finite difference equations (1) has at least one solution. O



4. Example
Here, we provide an example to illustrate our last result.

Example 1. Consider the 5-dimensional fractional finite dif-
ference equation system:

A2y (8) + i (7, (£ +02), 3, (E+0.4), y; (£ +0.5),
Yy (t+0.6), ys (t +0.8)) = 0,
AMJ’Z )+ f>, (3 (£+0.2), y, (t+0.4), y; (£ +0.5),
Y4 (t+0.6), y5 (t +0.8)) = 0,
Ay, (1) + £y () (£ +0.2), y, (£+04), y; (£ +0.5),
¥4 (t+0.6), ys (t +0.8)) = 0,
Ay, () + £, (3 (£ +0.2), y, (£+04), y; (£ +0.5),
y, (£+0.6), ys (£ +0.8)) =0, (29)
ASy, () + f5 (3, (£ +0.2), y, (£+04), y; (£ +0.5),
¥4 (t+0.6), ys (t +0.8)) = 0,
¥; (-0.8)
¥, (=0.6)
¥5(-0.5)
¥4 (=0.4)
¥5(-0.2)

=Ay, (9.2) =0,
=Ay,(94) =0,
=Ay;(9.5) =0,
=Ay,(9.6) =0,
=Ay;(9.8) =

We show that the problem has at least one solution, where

h (J’l’}’z’)’s’)’wys)

()’1 + Y, +C08 y3) (1) + Y+ Y+ Yu + ;Vs)
Y1+ y, +1000

f (J’l’ J’z’)’37J’4>)’5)

= 3¢ 10/ttt i+t ys+yatys)

f3 (yl’ Y2 )’37)’4»)’5)

5y, + y <1,

1000

3
2.001 + —
N1

=N+t ys+yatys)
Nzl
a1 y2 3 Y0 5)

_(3;\/3—siny5+ 1
O\ 2y 41 1000

)()’1+)’2+J’3+)’4+)’5)’

Abstract and Applied Analysis

fs ()’1’ Y2 J’s’)’zp)’s)

¥, >0,
y, =0.
(30)

e—85in(y2)/y2
=N+t ys+ Yt ys)

Letv, =1.2,v, =14,v, = 15,7, =1.6,v; = 1.8,b = 8, and
k = 5. Thus, the system (29) is a special case of the system (1).
It is easy to check that f; € C([0, 00)°) fori = 1,2,3,4,5. Put
Y= (5 +2)/3(8 +2),

[ (3 +;/4) x T (10)

i ((8+) /4)%_1 _
- ST (4-3v,/4)xT(9+)

b (8t

(31)

and A; = min{y}, 9} fori = 1,2,3,4, 5. Then, by a calculation
we get A, = 0.1066, A, = 0.1133, A5 = 0.1166, A, = 0.1200,
and A; = 0.1266. Thus, A = min{A; : i = 1,2,3,4,5} =
0.1066. On the other hand by calculation of some limits, one
can get that fi=107 fi* =1, fz’I= =3¢ £ =3, ff =
107, =2.001, f; =107, = 1501, f; = ¢ and

L

.= 1 Moreover, we have

b+1

ZGI (s+v,-1,5)
s=0

9
= ZG1 (s+0.2,5)

s=0

Z(s+02)°2

p=] (9.2 - (s)) 22

- if(s +12)T(1)T (9.2 -5)
B ZT(s+1)I(102)T (10 -5)
(32)

, ray Zr(92

> 6x6 =36,
T (10.2) 5T (10 - s)

b+1

ZGI (s+v,-1,5)

s=0

Zr(s+12)r (11T (9.2 -s)
<T(s+1)T(10.2)T (10 —s)

I(11) wT(s+1.2) -
r(102)Z I(s+1) <6x13=78.

Similarly, we obtain

b+1
Y G, (s+7,-1,5) 2 6x6 =36,
s=0

b+1
Y Gy (s+v,-1,5) <6x19 =114,
s=0
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b+1
DGy (s+v,-1,5) 26 x6 =36,
s=0

b+1
Y Gy (s+v;—1,5) <6x22 =132,
s=0

b+1
Gy (s+v,-1,5) 26x6 =36,
s=0

b+1
Gy (s+v,-1,5) <6x27 = 162,
s=0

b+1
D Gs(s+v5-1,5)26x7 =42,
s=0

b+1
Y Gs(s+7v5-1,5) < 6x38 =228
s=0

(33)

Now, let € = 0.0001. Then, 0 < € < min{f;"" : i =1,2,3,4,5}
and we have

b+1

ZAGI s+ -139)(fi " -¢)

s=0

> 0.1066 x 36 x (1 —0.0001) = 3.8372 >

>

ur | —

b+1

ZGI (s+v -1 (f] +¢)

<78 % (107 +0.0001) = 0.0858 < <,
5
b+l
ZAGZ (s+7-139)(f, —¢)
s=0

1
> 0.1066 x 36 x (3 — 0.0001) = 11.5124 > —,

9]

b+1

ZG2 (s+v,-Ls)(f, +e)

< 114 (371 +0.0001) = 0.02692 < -,
b+1
ZAG3 (s+vs-Ls)(fy" —¢)
s=0
1
> 0.1066 x 36 x (2.001 — 0.0001) = 7.6786 > g,

b+1

ZG3 (s+73-Ls)(f5 +e)

<132 % (107> +0.0001) = 0.1452 <

| =

7
b+1
ZAG4 (s+v,-1,9)(f," -¢)
s=0

> 0.1066 x 36 x (1.501 — 0.0001) = 5.7598 > é
b+1
ZG4 (s+vs—Ls)(f; +e)
s=0

S 1

< 162x (107 +0.0001) = 0.1782 < -,
b+1
Z)‘Gs (s+75-1,5)(fs" ~e)
s=0

1

> 0.1066 x 37 X (1 - 0.0001) = 3.9438 > _,
b+1
ZG5 (s+vs—Ls)(fs +e)
s=0

s 1
<228 x (¢ +0.0001) = 00992 < .
(34)

Thus by using Theorem 6, the 5-dimensional system of
fractional finite difference equations (29) has at least one
solution.

5. Conclusions

In this paper, based on main idea of Goodrich we review the
existence of solutions for a k-dimensional system of fractional
finite difference equations. In fact we are going to extend the
work of Goodrich in a sense. We give an example to illustrate
our last result.
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