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Abstract

A user-friendly approach depending on nonlocal kernel has been constituted in this study to
model nonlocal behaviors of fractional differential and difference equations, which is known as
a generalized proportional fractional operator in the Hilfer sense. It is deemed, for differentiable
functions, by a fractional integral operator applied to the derivative of a function having an
exponential function in the kernel. This operator generalizes a novel version of Cebysev-type
inequality in two and three variables sense and furthers the result of existing literature as
a particular case of the Cebysev inequality is discussed. Some novel special cases are also
apprehended and compared with existing results. The outcome obtained by this study is very
broad in nature and fits in terms of yielding an enormous number of relating results simply
by practicing the proportionality indices included therein. Furthermore, the outcome of our
study demonstrates that the proposed plans are of significant importance and computationally
appealing to deal with comparable sorts of differential equations. Taken together, the results
can serve as efficient and robust means for the purpose of investigating specific classes of
integrodifferential equations.

Keywords: Integral Inequality; Generalized Proportional Fractional Operator in the Hilfer

Sense; Cebysev Inequality; Generalized Riemann-Liouville Fractional Integral.

1. INTRODUCTION

In the recent years, some researchers have demon-
strated a lot of interest in the field of fractional
calculus which reports the derivatives and inte-
grals with any order. In fact, this deal has sprung
out by the impression of the significant outcomes
derived when the researchers utilized the tools in
this calculus so as to concentrate a few mod-
els from this present reality™ Moreover, the role
of the fractional derivative operator can be dis-
played the nonlinear oscillation of earthquake and
the fluid-dynamic traffic can wipe out the lack
emerging from the suspicion of the continuum traf-
fic stream. A few equations emerge from mathe-
matical models of most real-life situations. Hence,

electromagnetic theory on Maxwell’'s equations,
quantum mechanics depend on Schrodinger’s equa-
tions and fluid mechanics in different forms of
Navier—Stokes’ equations. Analytical and numer-
ical solution strategies for fractional differential
equations have been quite concentrated in the
literature®® There is a wide range of methods
for characterizing fractional derivatives and frac-
tional integrals such as Riemann-Liouville, Caputo,
Saigo, Hilfer, Marchaud, tempered, Katugamploa,
Atangana-Baleanu, to give some examples 58 Var-
ious definitions might be sorted into general classes
as indicated by their structure and properties ™8
Almeida? and Kilbas et al1% introduced the Caputo
and generalized fractional derivative of a function
in the sense of another function reported fertile
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applications in Laplace, Fourier and Mellin trans-
form. Recently, another methodology was initially
proposed by Jarad et al. M to determine nondiffer-
entiable issues in a fractional Schrodinger equation,
and its significant properties were created. Later
on, Rashid et al™ proposed a more general version
of generalized proportional fractional integral oper-
ator, which has become progressively famous and
attained significant progression owing to its remark-
able properties in demonstrating complex nonlinear
dynamical frameworks in various parts of scientific
material science, such as integrodifferential equa-
tions, heat transforms, probability density functions
and others 1323

Fractional integral inequalities?® 30 have a par-
ticularly worthwhile place in the development of
integrodifferential and difference equations. Their
significant role in understanding the universe by
employing the classical fractional integral, deriva-
tive operators and their speculative ideas in this
matter is available to find the uniqueness and exis-
tence of the linear and nonlinear differential equa-
tions 2233 T this account, fundamental integral
inequality by Chebyshev¥ contributes a significant
part in statistical theory, numerical analysis and
approximation theory in order to find the prob-
ability density functions and solutions of integral
equations. Recently, Nisar et al3® obtained certain
Cebysev-type inequalities involving fractional con-
formable integral operators. In Ref. [36], the authors
contemplated the extended version of Cebysev-
type inequalities via generalized fractional integral
operator. Some new inequalities involving general-
ized IC-fractional integral operators are found in
the work of Rashid et al.B?7 Also, Deniz et al38
introduced several new extensions of Cebysev-type
inequalities using conformable fractional integral
operator via Polya—Szeg6 inequality.

The well-known celebrated functional for two
integrable functions is stated as

! / P UV(S)ds

@2 —q1 Jg

- (q2 — /q Iﬂu(g)dg)
: <(J2 i 0 /quQ Wg)dg)’ W

where U and V are two integrable functions on
[q1,¢2]. If U and V are synchronous, i.e.

U(s) ~UW)V(S) = V(@) = 0

TU,V) =

for any ¢,w € [q1, ¢2], then T(U,V) > 0. Recently,
the functional ({I]) has been tremendously improved
by the insistence of their significance and intrinsic
incentive in various parts of the applied sciences.

Our point in this paper is to consolidate the con-
cepts of the generalized proportional fractional inte-
gral operator in the Hilfer sense and the propor-
tional derivative in a new way, to make a novel
rendition of Cebysev-type inequalities related for
two and three variables. In fact, we propose cer-
tain novel generalizations with power for Remark [
which can be utilized as a prevailing tool to demon-
strate the classifications of integral inequalities and
integral equations. For our definitions, in this paper,
we will discover a relationship via an elementary
fractional differential equation to a bivariate expo-
nential kernel which is gaining prominence nowa-
days in various applications.

In this work, a new concept of generalized pro-
portional fractional operators in form of two and
three variables in the Hilfer sense are proposed and
its properties are elucidated in Sec. 2 In Sec. B
we present the Cebysev-type inequalities of a new
fractional scheme and investigate the several new
cases. Section @also contains the results of Cebysev-
type inequalities of the generalized proportional
fractional integral operator in the Hilfer sense in
three variable form. Finally, conclusions of this
work describe the adaptive technique for the sug-
gested fractional operators and related applications
in other stimulating areas of research.

2. PRELIMINARIES

In this section, we introduce the basic definitions
and properties of fractional calculus/S10

Now, we present a new fractional operator which
is known as the the generalized proportional frac-
tional integral in the Hilfer sense which is proposed
by Rashid et ol

Definition 1 (Ref. 12)). Let (q1,¢2)(—00 < q1 <
g2 < o0) be a finite or infinite real interval with
p > 0. Let ®(z) is an increasing, positive monotone
function with continuous derivative W'(z) defined
on (qi,q2]. Then, the left-sided and right-sided
d-generalized proportional fractional integral oper-
ators of U are defined as

" _ 1 rexp[PF(D(s) — (2)]9 ()
q)jq16u(§) - 6pr(p) /q1 6(1)(g) _ (I)(l‘))l_p

xU(z)dz, q1<g (2)
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and
PIEU)
1 / expl 551 () — B())]'(2)
6°T'(p) J¢ (P(2) = @(c))!°
xU(x)dx, << qo, (3)

where the proportionality index § € (0,1],p €
C,R(p) > 0 and T'(c) = [,Za5 e “dx is the

Gamma function.

Jarad et al® gave the concept of general left- and
right-sided fractional derivative of U with respect to
® as follows.

Definition 2 (Ref. 39). Let (q1,¢2)(—0c0 < 1 <
g2 < o0) be a finite or infinite real interval and
p > 0. Let ®(z) be an increasing, positive mono-
tone function with continuous derivative ®'(z) > 0
defined on (¢1,¢2]. Then, the left-sided and right-
sided generalized proportional fractional derivative
operators of U are defined as

1)
DO ()
@Dn—é P

0", (n — p)

 exp[EL(B(s) — B())]¥/(2)
/ @) — d@)ien dwd

— <I>an<1>jn 6pu( )

(4)
and
*DOU(S)
n75,
%2 exp[ 25 (O(x) — ())]<I>’(fr)
X/g (@) — o)) A
(5)

where n = R(0) + 1.

Now, we are in a position to present the gener-
alized proportional fractional partial integral and
derivative operator of a function in the Hilfer sense
as follows.

Definition 3. Let ¥ = (p1,p2) and p = (p1,p2)
with p1,p2 € (0,1]. Consider an interval Z =
[P1,q1] X [p2,q2] where p;,q; > Ofori = 1,2 and
let ®(x) is an increasing, positive monotone func-
tion with continuous derivative ®'(z) defined on

(p1,4q1] X (p2,q2]. Then, the left-sided generalized
proportional fractional integral operator of U of
order p > 0 in the Hilfer sense is defined as
q)jgp’éu(ChQ)
1
6716721 (p1)I(p2)

S1[S2 eXp[JTTl((I)(gl) — @(.’E))](I)/(l’)

g /pl /p2 (®(s1) — ()t
y exp[‘STTl(‘I’(Q) — ®(y))]®'(y)
(P(s2) — (y)) 2

U(z,y)dzdy.
(6)

The generalized proportional partial fractional
derivative is defined as follows.

Definition 4. Let ¥ = (p1,p2) and p = (p1, p2)
with p1,p2 € (0,1]. Consider an interval 7 =
[p1,q1] X [p2,q2] where p;,q; > 0for i = 1,2 and
let ®(x) is an increasing, positive monotone func-
tion with continuous derivative ®’(z) > 0 defined on
(p1, 1] % (p2, g2]. Then, the left-sided and right-sided
generalized proportional fractional integral opera-
tors of U of order p > 0 in the Hilfer sense are
defined as

5
‘I’Dg”” U(s1,s2)

_ <1>j2—5,p ( 1 &p L{) (1, 2)
v D' (1) P’ (s2) 052051 b2

We use the following notation:

o
®DPOUY (61, s = (51,%2)-
UL 2) = 8¢g28¢1(1 2)

We define the norm for a function of two variables
as follows:

4 4
1*D5°U| 0 = sup |* D5 U1, 52)).

In a similar way, we introduced the definition of
three variable versions in generalized proportional
fractional integral and derivative of a function in
the Hilfer sense as follows.

Definition 5. Let 9 = (p1,p2,p3) and p =
(p1, p2, p3) with p1, p2, ps € (0, 1]. Consider an inter-
val T = [p1,q1] X [p2,q2] X [p3,q3] where p;,q; >
0 for i = 1,2,3 and let ®(z) is an increasing, posi-
tive monotone function with continuous derivative

®'(z) defined on (p1, g1] X (P2, 2] X (p3, ¢3]. Then, the

2140027-4



Fractals 2021.29. Downloaded from www.worldscientific.com
by CANKAYA UNIVERSITY on 03/09/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

Bounds Based on Double and Triple Integral as Proposed by Generalized Proportional Fractional Operators

left-sided generalized proportional fractional inte-
gral operator of U of order p > 0 in the Hilfer sense
is defined as

® 700U (1, 5, 3)
1
6p16P2603T (p1 )T ( 2)I(ps

L
p1 Jp2 Jp3 g1)

L ol (@() — Oy
(#(c) - @@)m

(

-

A~~~ ~—

) — ®(@))]%'(z)
O (x))t =

oxp[*5t (P(s3) — @
(®(s3) — @(2)
xU(x,y, z)dxdydz. (7)

The generalized proportional partial fractional
derivative is defined as follows.

Definition 6. Let 9 = (p1,p2,p2) and p =
(p1, p2, p3) with p1, p2, ps € (0, 1]. Consider an inter-
val T = [p1,q1] x [p2,q2] X [p3,qs] where p;,q; >
0 for i = 1,2,3 and let ®(x) is an increasing, posi-
tive monotone function with continuous derivative
®'(z) > 0 defined on (p1,q1] X (p2,q2] x (p3,qs3)-
Then, the left-sided generalized proportional frac-
tional integral operator of U of order p > 0 in the
Hilfer sense is defined as

1
'(S2) @' (s3)

P00 o 3—0,p
D U
DU, s2063) = P T ((I)’(gl)fb

Pp
«—2P 1) (¢, 2. c3).
063062061 > (61,52, 3)

We use the following notation:

3p
¢D§’6U(§1,§2,§3) = %(QSQ,%)-
8<I>§3 8<I>§2 8<I>§1

We define the norm for a function of two variables
as follows:

5 5
1*D5°U |00 = sup|* Dy U (s1, 52, 63)]-

Remark 7. From Definitions [HO we clearly
observe the following:

(1) They turn into the both-sided generalized pro-
portional fractional operatorsi¥ if O(x) = x.

(2) They turn into the both-sided generalized
Riemann-Liouville fractional operators®i if
O(x) =z and 0 = 1.

(3) They lead to both-sided Riemann-Liouville
fractional operators®il if § = 1 and ®(x) =

(4) They lead to the both-sided generalized propor-
tional Hadamard fractional operators® if § = 1
and ®(z) =

(5) They reduce to the both-sided Hadamard frac-
tional operators®10 if § = 1 and ®(z) =

(6) They reduce to the both-sided generalized frac-
tional operators in the Katugampola sensét! if
§=1and ®(z) =% (1> 0).

3. CEBYSEV FUNCTIONALS
WITHIN GENERALIZED
PROPORTIONAL
FRACTIONAL OPERATORS

Presently, we exhibit the two-variable Cebysev-
type inequality via generalized proportional frac-
tional derivative operator in the Hilfer sense as
follows.

Theorem 8. Consider two continuous functions

UV 2 [pr,qi] X [p2,q2] — R defined on [p1, 1] x
[p2, g2] and 8¢2W%Zum 8@‘37%1;“77 existing as contin-

uous and bounded on [p1,q1] X [p2,q2] and n =

(m,n2). Then,

/(11 /q2 U(u,v)V(u,v) — E[A1(U(u,v))1)(u,v)

p1 p2 2

+ A1 (V(u, 0))U(u,v)]dvdu

o155 (@(a1) ()] [ 251 (B(2)~2(p2))]

- ‘I)(Pl))(q’(ch) - ‘I’(pz))
xéiLWmeWw?w@

+V(u,0)|| P DIV | oldvdu, (8)
where
"41 (Z/l(u, ’U))

= %[L{(pl,v) +U(u, q2) +U(u, p2) +U(q1,v)]

1
- Z[U(pl,pa) +U(p1, q2) +U(q1, p2)

+U(q1, q2)] (9)
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and

021U
. (W@m @)

= 57]1(5772F nl |:/1 /2

X @l(f)q)/(g)e[‘s S (@(u)=@()] [ 552 (B(0)=2(0))]
X (®(u) — ()" (®(v) — B(¢))”

oY q2
8<1>C778<I> ; (1,¢ dCdT—/pl/

x @' (1)@ ()el T (22 (M) [45H (2(a2) -2 (0))]
x (®(u) — (1) (B(g2) — ()"
oy a
8@(”84, ; (1,¢ dCdT—/ /p2
X @ (7)® (C)e[%@(ql), (M %5 (@(0)=2(0))]
X (®(q1) — ()M H@(v) — () !

o2 Qo2
X FaCidgrn dgd”/ /

X P (T)q)’(g)e[‘s%l@(m)— ()] o[ 55 (®(g2) = 2(Q))]
x((q1) — @(7))" (@ (g2) — (¢))™

0%

Proof. Under the given assumption ((u,v) €
[p1,q1] x [p2,q2]), we have

['(12) /Pl /p2

X @ (1) ()l T @~ 2] o[25 (2(0) -2 ()]

X ((u) = (1)) H(D(v) — ()™
0%
X 0pCMOgpT"

omy 772I‘

1
(Ta C)dCdT = W(Ul)

o"u o
NG (1,v) — @(7’, p2)|d¢
= U(r,)|2 —U(T,0)[Y = Ulu,v) — Upr,v)
—U(u,p2) +U(p1,p2)-
(11)
Similarly, we have
1 u q2
§m L ()L (n2) / /v
% (P/(T)(I) (e (552 (@ (u)—(7))]
x el (@)= 2O (P () — (7))L
0%
B m—-1_- =
X (D(q2) — ®(C)) Da 0T (,¢)dCdr
—U(u,v) — p1,QQ)
+Z/{(u,qz +Z/{ pla a (12)
1 q1
oML ()L (2) / /pz
P’ (1) (C)e[T(q’(qﬂ—q’(ﬂﬂ
x el 5 (PO (@ (g;) — D (r))n
o>
_ m—1_ % =
< (2(0) = B(O) ™ 5 (T
= —U(u,v) = U(q1,p2) +U(u, p2) + U(qr,v),
(13)
1 q1 q2
T L,
% (I)/(T)@/(C)e[%(¢(q1)—¢(7))}
x el "5 (@@= (p(g) — D(r))m—1
0%
_ m—1_= 7
X (q)(q?) (I)(C)) 8¢§"8¢T” (Ta C)dCdT
=U(u,v) +U(q1,p2) — U(u,p2) —U(q1,v).
(14)

Summing up the above equalities, we get
AU (u,v) — 2[U(p1,v) + U (u, q2)
+U(u, p2) + U(q1, )] + [U(p1,p2)
+u(p17Q2) +U(q1,p2) +U(q1, g2)]

o 5772I‘ ()T (12) [/pl /1?2

« el 55 (@) =@(1)] L[ *5H (2 (v)=2(Q))]
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X (®(u) — (7)) (@(v) — (¢))P
82772/{ w 2 ’
X W(Tv ¢)d¢dr — /p1 /U P (1)® (¢)

% el 55 (@) =2(1))] o[55H (®(a2) = P(())]

X (®(u) — ®(7))" H(®(g2) — ®(¢))™

o2 q1
8@(”3 T(dCdT—/ /pQ

o oS5 @)~ ()] [ 5 (@
X (®(g1) — (7)™ (@ (v) — @(¢))™ !

o2 a1 92
8@(”8 T(dCdT+/ /

o ol @) o)) (5 (@ 9))

x (2(q1) — @(7))"1_1(@@2) - ‘P(C))m_1
¥y
X W(T, C)dCdT]. (15)
From (IH), we get
U(u,v) — A1 (U(u,v))
1 0%

for (u,v) € [p1,q1] X [p2, q2).
Analogously, we have

V(u,v) — A1 (V(u,v))
R ( 92y

a0 et (u, v)) (17)

for (u,v) € [p1,q1] x [p2, q2]-

Taking product of (IG) by V(u,v), (I7) by U(u,v)
adding them and then integrating over (u,v) €
[p1, 1] % [p2, q2], we get

[ [ et otu) = v a.)

p1 P2

—U(u,v) A1 (V(u,v))]dvdu

/ /[ ( ii"aim ’v>)V<u,v>

1A< il (u,v))bl(u,v)]dvdu.

+ Z OV Dpum
(18)

Taking modulus on both sides, we have

R
A -
‘ (3<I>v"5<I>U" (w, v)> I

- 5771 5772F

/ / @'()

—@(r))}e[%@(@)—@(o)l

®(¢))™

% e[‘%@(ql)

X (®(q1) — ()" (®(g2) —

o214
" | Dg 10T

< (®(q1) — 2(p1))" (2(g2)

F)
— @(p2))™ || "D U] | (19)

921y
2 ()

1 a P
N omemT ()T (ne) /pl /1,2 (1)2 (<)
2(7))] o[ 5 (2(g2)—2(C))]

(r,0) ‘dng

o o5 (@)~

X ((q1) — ®(p1))" N (D(g2) — P(p2))™ "
o*y
X W(T, C)‘dCdT
< (®(q1) — @(p1))" (2(q2)
— ®(p2))" || *DFV - (20)

Combining all the above inequalities, we have

/q1 /qQU(u,v)V(u,v) - %[Al(u(“’”))v(u’v)
+ AV (u,0)U(u,

Q1[92 o2
B 8/pl /pQ H <5<1>v”5c1>un( ))
oy
* ‘A (8q>vnaq>u77 (u,

é/ / { Mlamr(l L ()
STl

v)]dvdu

(u, )]

v)> l U (u, v)|] dvdu

[5 L(@(q1)—(7))]
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x el 5FH@@) =2 (@ (g,) — B(r))n !

o*u

W(T’ C)‘dCdT}

X (@(q2) — (€)™

1
51 ST ()L (12)

I:/ﬁh /Q2 ,
p1 p2

« e[%(q’(@)—q’(C))](@(ql) _ (I,(T))m—l
X (®(qa) — (¢))™ !

>y (1,0) ‘ d<d7:| } dvdu

+ U, v)]

[5 H(@(g1)—2(7))]

" | DpCndg T

ol 55 (B(a1)=2(p1))] o[ 55 (B(a2) ~P(p2))]

(®(q1) — @(p1))" (P(g2) — P(p2))™

1) —
q1 q2 ®
x/ / V(s )11 D1°U oo
P1 P2

+ |t ()| |72 [P DOV | o] dvdu,

the desired result. This completes the proof. |

Some remarkable cases of Theorem [] are dis-
cussed as follows:

(I) If we choose ®(u) = u, then, we get a new result
for generalized proportional fractional operators.

Corollary 9. Consider two continuous functions

Z/{,V : [Pla%] [2327(12] - R deﬁned on [plaql] X

[p2,q2] and 8(27779%77 8(27779577 existing as continuous

and bounded on [p1,q1] X [p2,q2] and n = (n1,12).
Then

/q1 /q2 U(u,v)V(u,v) — 1[,41 (U (u,v))V(u,v)

P1 p2 2
+ Ay (V(u, ) U (u,v)]dvdu
<1 (25 (@1 -p1)] o[ *5 (22— pz)](ql — )
8
q1
x (g2 — p2) / / V(s ) 1D U oo

p1 p2

+ [V (w, 0)]|| DIV o) dvdu,

where
1
Ai1(U(u,v)) = 5[“(101,1)) +U(u,q2)
+U(u,p2) +U(q1,v)]
1
—Z[U(phpz)JrU(phqz)
+U(q1,p2) +U(q1,92)]
and
0%
A (8@”81177 (u,v))
_ 1
—0memT (m)T (n2)
y [ / ! / * 5 )] 25 (0-0)
pP1 v P2
0%
o \m—1/, _ ~\m2—1
X (u—7)""" (v~ () aCnaTn(T,C)dCdT
/ /@ 552 (=] (55 (=)
pP1
0%
1—1 _ o—1
X (u—71)"" (g2 — ()" aCnaTn(T,C)dCdT
_ / " / ¥ R @7 5 (0=0)
u D2
0%
1—1 o o—1
X (C.h - 7—)77 (/U C)n 8(778’7'77 (T’ C)dCdT

+/q1 /qz 5 (@ =7 [ 25 (@)

x (g1 — 1) Hgg — )P

o2
" B

(T, C)d<d7:| .

(II) If we choose ®(u) = u and § = 1, then we have
a new result for the Riemann—Liouville fractional
integral operator.

Corollary 10. Consider two continuous functions

UV : [pr,q1] x [p2,q2] — R defined on [p1,q1] x

[p2, 2] and 807272%”, 8(?;?1?;77 eristing as continuous
and bounded on [p1,q1] X [p2,q2] and n = (n1,m2).
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Then,
@ e 1
[ o) - SV
1 Jp2 2
+ Ay (V(u, v))U(u,v)|dvdu
1 q1 q2
g(fh Pl QQ—pz/ /
1 JIp2
X [V (u, v) ||| Dyl|| oo
+ [V(u, v)]||D} V||| dvdu,
where
A1 (U(u,v))
1
= i[u(pla ’U) +U(U7QQ) +U(u7p2)
1
+U(qr, )] = 7 UP1p2) + U(P1, 42)
+U(q1,p2) +U(q1, g2)]
and

o*u
A <8vn8u77 (x v))

2 1 2
« (v — cyn1 21U (T,g)d<d7+/q /q

acnorn
< (g —7)" gz — Q)"
0%
X FIREI (T, C)dCdT:| )
Remark 11. If we choose § = 1, Theorem [§ leads

to a result in Ref. [42.

Theorem 12. Consider two continuous functions
UV : [pral x [p2.p] — R defined on

27][/{ 82 .,
[plaql] X [anQQ] and O v Opul’ aq)vnaq)un emstmg

as continuous and bounded on [p1,q1] X [p2,q2]
and n = (n,nm2). Then, under the assumption

of Ai(U(u,v)), and A (V(U(u,v))), the following

inequality holds:

/(h /q2 (u, v)V(u,v) — [A1(U(u,v))V(u,v)
+ A1 (V(u,v)) U (u,v)
— A1 (U(u,v) A1 (V(u,

—2(p1)] [ 25 (P(a2) —®(p2)]

v))]]dvdul|

< L1l @)

16

X (@(p1) — ®(q1))™ (P(gq2) — @(pa))"2]2

< ||2DIU) o | DYV oo (22)
where (u,v) € [p1,q1] X [p2,g2)-

Proof. Multiplying side by side (I6) and (1), we
obtain

U(u,v)V(u,v) — [A1(V(u,v))U(u,v)
+ Ar(U(u, v))V(u, v)]
1 ¥
<68 <8q>v7784>u77 (x v))
5 A< 0%y

a0 Daidl (u, v)) (23)

Integrating the above inequality over [p1,q] X
[p2, g2] and applying modulus property, we get

q1 Q2
/ / (u, v)V(u,v)
p1 /P2
-[A

[AL(V(u, 0))U (u,v) + A (U(u,

v))V(u,v)]
— AU (u, 0)) AL (V(u,

1 /(11 /Q2
16 p1 Jp2

0%y
Al — 2
x I (8@’[)776@’11,77 (u’ v))
Now using (I0) and 24) in 23] gives the required
inequality (22]). O

v))dvdu

¥y
(8@2}778@1177( 7v)> ‘

dvdu. (24)

Some special cases of Theorem are stated as
follows:

(T) If we choose ®(u) = u, then, we get a new result
for generalized proportional fractional integral oper-
ator.

Corollary 13. Consider two continuous functions

UV : [pr,q1] x [p2,q2] — R defined on [p1,qi]

[p2,q2] and 8;7:79%7’ 8‘37272];,7 existing as continuous
and bounded on [p1,q1] X [p2,q2] and n = (n1,m2).

2140027-9
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Then, under the assumption of Ay(U(u,v)), and
A1(V(U(u,v))), the following inequality holds:

q1 (I2
/ / (u, v)V(u,v)
p1 Jp2

= AU, v))V(u,v) + A (V(u,
— A1 (U(u,v)) A1 (V(u,v))]]dvdu|

< iﬁ[ [ 51(Q1—p1)]e[%(Q2—p2)] (p1 — q1)™

é §
x (g2 = p2)™ || Dy U | |1 DF V| oo,

v))U (u,v)

where (u,v) € [p1,q1] X [p2, q2].

(IT) If we choose ®(u) = u along with 6 = 1, then
we get a new result for Riemann—Liouville fractional
integral operator.

Corollary 14. Consider two continuous functions
UV : [p1,q1] x [p2,q2) — R defined on [p1,q1] x
[p2,q2] and 8(2727:]9%7’ 8(2727:]9577 existing as continuous
and bounded on [p1,q1] X [p2,q2] and n = (n1,12).
Then, under the assumption of Ay(U(u,v)), and

A1 (VU (u,v)), the following inequality holds:

@ q2
/ / (u, v)V(u,v)
p1 Jp2

= A U(u, )V (u, 0) + A (V(u,

V) U (u,v)

— A1 (U (u,v)) AL (V(u,v))]]dvdu

1

—6[(171 —q1)"™ (g2 — p2)™)?

¥ 0
X |ID§° Ul 1Dy "Vl |00

where (u,v) € [p1,q1] X [p2, q2].

Remark 15. If we choose 6 = 1, Theorem [I2] leads
to a result in Ref. 42l

4. SOME NOVEL APPROACHES
FOR CEBYSEV ESTIMATES
INVOLVING FUNCTIONS OF
THREE VARIABLES

In this section, we present the generalized propor-
tional fractional derivative in the Hilfer sense for
obtaining Cebysev inequality involving functions of
three variables. Given notations will be followed

throughout this text for the ease of reading:.
V(Q(z,y,2))
= %[Q(th,m) + (a1, a2, 3)]
- %[Q(w,pa,m) +Q(7, 42, 43)
+Q(z,q2,p3) + Q(z, p2, ¢3)]
- %[Q(pl,y,ps) + Q(q1,9,93)
+Q(p1. v, 43) + a1, Y, p3)]
- %[Q(plap% z) + Qq1, 42, 2)
+ Q(q1,p2,2) + Q(p1, g2, 2)]

+51Q(p1,9,2) + Qla1, v, 2)]
+ [Q(x,pg,z) + Q(l‘,QQ,Z)]

+ [Q(x,y,pg) + Q(xayaQB)] (25)

N = N = DN~

and
9*nQ
(aq)znaq)ynaq)xn (.’E, Y, Z))

1
— OMT ()0 T (n2)0" T (n3)

/// @' (¢)

o o7 (@) =) 527 (8(5)~2(Q))

S
> 0'1

|

= (@(2)—2(7))] (®(z) — <I>(7"))771_1
a(r)y!

[
e
X (®(y) — ()™ H(D(2) —

93Q
1
M (11)8 T (12)6™ T (n3)

/// )@ ()

—2(r)] 527 (@(y)~2(O)]

X

(r,¢, 7)drdCdr

X e[%( (qB)_q)(T))]((I)(x) — P(r))mt
< (@(y) — B(C) (b(a) — b))

2140027-10
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9*nQ
. 01105 (M0pT"
1

(r,¢,T)dTd(dr

M (11)0m T (12)6% T (n3)

SN A RICTELE

x el521 (@) =2()] [525 (2(g2)~2(0))]
x el521(2(2)=2(7))] (®(z) — B(r))m "
X (2(g2) — ()™ H((2) — &(r)™
X __ome
Opr0p (M0 T"
1

(r, ¢, 7)drd(dr

0T (11)0m T (12)6% T (n3)

T[] eermeo

xe[6 1(®(q1)—2 )e[%( (y)—2(¢))]
% e[ﬁ(c}(z)—é(r))](@(ql) _ <I>(7“))"1_1
X (®(y) — @(¢)™H(R(2) — (r))B !
939
% 8<1>7“778<1>C778<p7'77
1

(r, ¢, 7)drd(dr

T ST ()0 T (72) 9 T (173)

< / [ [ e

[5 7(2(z)— <I>(T))}e[%( (q2)—2(())]
X e[m(q’(qs) o(r ))}( d(z) — <I>(7"))771_1
X (®(q2) — (€)™ (®(gs) — B(7))™ !
939
. 8<1>7“778<1>C778<p7'77
1

(r,¢,T)dTd(dr

T ST ()0 T ()0 T (1)

/// #(¢)

[5 7 (®(q1)—2(r))] [%( (q2)—2(¢))]
v 6[5_—1(<I>(Z)—<1>(T))] (®(q1) — <I>(r))’71*1
X (®(q2) — ()™ (®(2) — @(7)) !

o3nQ

X WW(T, C, ’T)deCd’l"

1
T ST ()0 T ()0 T (175)

// [ e e me©

o527 (2(a)=2(M)] [525 (2 () =2 ()]

6[%( (g3)— <I>(T))]( (ql)—<1>(r))’71*1
X (B(y) — @(¢)™ 1 (@(gs) — @(r))™ !
9°nQ
% Opr10e(M0e TN

1
ST ()T (12) 9 T (173)

L[ [ v

1) =2(1)] ,[527 (2(g2)—2(0))]

X

(r,¢,T)drdCdr

% [%( (g3)— <I>(T))]( (ql)—<I>(7“))’71*1

X (D(q2) = @)™ (®(gs) — (7)™
¥

X m(r, C, T)deCdT. (26)

Our next result is the following theorem.

Theorem 16. Consider two continuous functions
UV : [pi,q1] x [p2,q2] % [p3,q3] — R defined

o°"u a3
on [p1,q1] X [p2, q2] and 07100 T0pr > D105 10T
existing as continuous and bounded on [pi,q1] X

[2327(12] X [p37q3] and n = (7717772’773)‘ Them

q2 q3
/ / (z,y,2)V(z,y,2)
P2 pP3

+ V(V(z,y,2))U(z,y, 2)|dydz

< L5 @a)-2m)] 525 (a2) - 8(p2)
=16
v e[%@(%)-ﬂm))] (®(q1) — ®(p1))™

D(p2))™ (®(q3) — P(p3))™

q1 q2 g3 ®
/// V92D Ul
p1 p2 p3

+U(z, y, 2)[||* DYV |ocldzdyd, (27)

where V, T are as given in (I6) and (20).
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Proof. From the given assumption, we have for
r,y,2 € [p1,q1] X [p2, 2] X [p3, q3]

1

M (n1)0mT (12)6" T (n3)

yﬁﬁl}ﬁmeo

v 6[5%(<I>(w)—<1>(r))}6[55—1(4’(1/)—<P(<))}

x 6[5%(4’(2)*‘1’(7))] (®(z) — <I>(7"))771_1

X (®(y) — B()P 1 (@(2) — B(r))" !
oallt

x 8@(”8@7’”8@7”7

1 x y / /
(5771F(771)(5772F(772) /pl /pg ® (T)(p (C)
1 525 (2(y)

s« el5Z (@@ —2()] 525 (@) -B(O))]

(r,1,¢)d{dTdr

X (®(z) — ®(r)" !

d¢

p3

o*uU
0 (M0pr"

1 Y
OMI (n1)0mI (n2) /pl /pQ

« & (1) (¢)els T @@ -2

X ((I)(y) - (I)(C))’VIQ—l (Tv Ca 7_)

% e[(;fﬁ(‘i’(y)*‘b(@)](@(x) _ @(r))”l_l

o*u

x (@(y) — ‘I’(C))nrlm

(r,¢,z)dCdr

N (5771F 171 (5772F 172 /pl /pQ

X (1)@ (ks (P00

% e[(;fﬁ(‘i’(y)*‘b(@)](@(x) —®(r))n-!

0T
x (®(y) — @(¢))" 1W(T7C,p3)dCdT
LT e s (@) e ()]
6m T (m1) /1 P (r)e
X (®(x) — B(r))n 1 38 u(r , )y dr

p2

1 x ’ )
L [T el @)
5W1F(771) /p1 ( )

Yy
r( C,p3)| dr

p2

o

x (®(x) — (r))" !

1 x / )
_ & (1)o7 (@@)—2()
5"1F(771) /p1 ( )

o
X (2(@) = B(n)"T 5 p2, 2)dr
1 z ’ )
& (1)l 5 (@@) =2 ()]
SmT () /1 (et
m

=U(r,y, 2)lp, —U(r,p3, 25,
—U(r,y,p3)l,, +U(T p2,p3)l,

=U(x,y,z) —U(p1,y,2) —U(x,p2, 2)
+U(p1,p2, 2) —U(x,y,p3) + U(p1, Y, p3)
+U (2, p2,p3) + U(p1,p2,p3)-

Thus,
U(z,y,2)
=U(p1,y,z) +U(z,p2, 2) —U(p1, p2, 2)
+U(z,y,p3) —U(p1,y,p3)

_u(xap2ap3) - u(pl7p25p3)
1
oML (1)L (12)6™ I (n3)

S g

521 (@)= ()] 527 (@)~ 2(O)]

X 6
X 6[5—_1@(2)—@(7'))]((1)(35) o @(T))mfl
X (2(y) — @(¢))™H(@(2) — @(7))™ !

o’
% 8<1>7“778<1>C778<p7'77

2140027-12
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Analogously, we obtain
U(z,y, z)
=U(z,y,q3) +U(p1,y,2) +U(x,p2, 2)
+U(p1,p2,q3) — U(P1, P2, 2)

- u(pla Y, Q3) - u(y7p2a CI3)
B 1
6L (11)6"=T (n2)6™ I (n3)

x / / [ Pneme©

« ol (@@) =) 555 (@)~ 2()]

X e[(;f—l@(qzs)*‘b(f))} (®(z) — <I>(7"))771_1

X (@(y) = ()™ (@(g3) — @ (7)™
o
" 0109105

U(z,y,2)
= Z/{(.’B, q2, Z) +U(1’7?Jyp3) +u(p1a QQap3)
+u(playaz) _u(x7q27p3)

_u(pla q2, Z) - u(pla yap3)
1
6L (m)6™ I (n2)6™ I (n3)

/// #()

x el521(2@)=2()] [527 (2(g2)~2(0))]

(r,¢, 7)dTdCdr, (29)

« el @20 (g () — P(r))m—!

X (@(q2) — ()™ (D(2) — ()P
o
" 0ar 9010

U(x,y, z)
=U(q1,¢,7) +U(q1, p2,p3) + Uz, Y, p3)
+u(957p27 Z) - u(q17y7p3)

—U(q1,p2,2) —U(x,p2,p3)
B 1
dM I (n1)0mT (12)8" T (n3)

<[ / / &' (10 (1) (¢)

x els21(@(a)=2(M)] [5% (2(y)~2(Q))]

(r,¢, 7)drdCdr, (30)

X

e[(;fﬁ(q’(Z)*‘b(T))}(q,(ql) _ <I>(7“))"1_1

X (B(y) — D(¢))"H(®(2) — B(r))™
" o
Opr10eM0eT"

U(x,y, z)
= u(x7q2a Z) +u(xaya Q3) +u(p15 q2, QB)
+u(p17y7 Z) - U(SC, q2, C_IB)

_u(p17 q2, Z) - u(p17 Y, QS)
. 1
oML (1)L (12)6™ I (n3)

/pl // B (0)

—0 ()] (527 (2(a2)=2(9))]

(r,¢,7)drdCdr, (31)

e[%( (‘IB)_q’(T))]((I)(x) o @(T))mfl
X (®(g2) — Q)™ (Blgs) — @)y

Fadll
% Opr10eM0eT"

U(z,y, 2)
- Z/[(T, QQ,T) +U(.’B, yap3) 'H/{(Cha C7T)
+U(q1,q92,p3) —U(q1, G2, 2)

—U(q1,y,p3) —U(z, q2,p3)
. 1
OM I (m1)6mT (n2)0" T (n3)

/// ?()

®(q1)=2(1)] ,[527 (2(g2) = (C))]

X

(r,¢,T)dTd(dr, (32)

<5 (@
X e 5
(525 (2(2)—2(7))] (D(q1) — <I>(r))’71_1

X (2(q2) = B(()™ N (B(2) — B(7))™ 7!
o3

U(z,y,2)
=U(q1,y,2) +U(q1,p2,93) +U(x,y,q3)
+U(z,p2,7) —U(q1,Y,93)
—U(q1,p2,2) —U(z,p2,q3)

1 a [y oras
+
dmgm2 2T (g )T (n2)T'(n3) /x /p2 /Z

X
@

(r,¢,7)drdCdr, (33)
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% (I),(T)(I),(T)(I),(C)e[%(q}(ql)ié(r))}
% e[(;fﬁ(‘i’(y)*‘b(@)]
()] (®(q1) —

(@ (v) — (€)™ (P(g3) —
o3

% e[(;fﬁ(é(%)f@ @(r))”l_l

o))t

X W(T,C,T)deCdT (34)
and
Ulz,y,2)
=U(q1,q2,93) +U(p1,y,2) +U(T,q2,2)
+U(x,y,q3) — U(q1, 92, 2) —U(q1,Y,43)
—U(z,q2,q3) + !

§m§m2m T ()T (n2)T(n3)

[ [ [ swsion

< e )= ()] ,[527 (2(g2) = 2(O)]

L
6
6[%( (qs)—<1>(T))]((I)(q1) _ <I>(7"))771*1

X (®(g2) — Q)™ @ (gs) — B(7))™ !
o3
% 8@7“778@(778@7'77
Summing up the above identities we have
U(SC, Y, Z) - V(Z/{(IL’, Y, Z))

1 o3
= —T B —
8 <8¢z”8¢y"8¢x"(x’y’z))’

for (z,y,2) € [p1,q1] X [p2, g2] % [p3, 3]-
Similarly, we have

V(l‘, Y, Z) - V(V(x7 Y, Z))

1 o3y
— —T _—
Y (s (@) 6D

for (z,y,2) € [p1,q1] X [p2, q2] % [ps3, g3]-
Now, taking product of (B8] and [B1) by V(z,y, 2)

and U(x,y, z), respectively, adding them and inte-
grating over [p1,q1] X [p2, 2] X [p3, q3], we have

q1 q2 q3
[ [ [ v
p1 p2 p3

—5[ U(z,y,2)V(2,y,2)

X

(r, ¢, T)dTd(dr.

x VOV(z,y,2))U(z,y, z)|dzdydz

1 /(h /(12 /(13 [ ( )
S T A V 957?/72 T
16 p1 Jp2 Yp3

o’
( 032103y 0px"

—83’7)/ dzdyd
X (&pz”&py’?aq)xn (:L‘,y,z))} zdydx.

Taking modulus on both sides, we have

o3
h(%gaﬁgﬁu%@ﬂ

1
<
M ()6 (n2)6" T (n3)

Jo d f Foreso

®(q1)=2(1)] ,[527 (2(g2) ~(C))]

[+ (@
X e 5=

x el5T
x (®(q2) —

oY
Opr10e(M0pT"

—0 ()] 527 (2(a2)=2(0)]

(r,s,t)| drd¢dr

< 5t (@@)

% e[(;fﬁ(¢(q3)*4’(7))](¢,(ql) — B(r))™
X ((q2) — ()™ (®(g3) — @(7))™
x|[* Dy Ul oo

o3y
h(ﬁg%ﬁgﬁmﬁaﬂ

(‘1’((13)*4’(7))](@((11) _ <I>(r))"1_1

®(¢))™ " (D(q3) — (7)™

m%a)+w@%@r

(38)

(39)

1 /Q1/CI2/CI3
<
= 0MI(n1)0m T (n2)d™T(M3) Jp, Jps Jps

() (T)(I)’(C)e[(;f—l(@(Qq)—@(r))}
Xe[%( (22)=®(0))] ,[527 (2(g3) ~2(7))]

% ((q1) — D))" L (B(ga) — B(C))
x (B (qg) — (7))~
o3y
BarnBacnag o T)| drdedr
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< o521 (@)= ()] 527 (2(g2) = 2(O))]

s« o521 (®(a)~2(7))

X (@(q1) — @(r))" (B(g2) — B(C))™

% (®(g3) — ®(7))"[|* DYV |oc.
(40)

Combining [B7)-([39), we get the desired inequality
7). This completes the proof. O

Some remarkable cases of Theorem are dis-
cussed as follows:

(I) If we choose ®(u) = u then we get a new result
for generalized proportional fractional operators.

Consider two continuous functions

Corollary 17.
UV : [p1,q1 x [p2,qe] x [P3,Q3] — R defined on
[p1,q1] X [p2, q2] and 87-’?8237/{&”7 8T,7 807 o eristing as
continuous and bounded on [p1, q1] X [p2, q2] X [p3, q3]

and n= (nla 2, 773) Thena

q1 q2 q3
/ / / Uz, y, 2)V(x,y, 2)
pP1 p2 P3

1

— 5 [VU(.y, 2))V(z,y.2)

+ V(V(z,y,2))U(z,y, 2)|dydz

< %em—l(qrm>1e[5i—l(qm2n6[%@3%)}

—p1)™ (g2 — p2)™(q3 — p3)™

q1 q2 s
/ L[ e aneyul

+ Uz, y, 2)|[| DIV | ol dzdyda,

where V, Y are as given in ([I6) and (20).

(IT) If we choose ®(u) = w along with § = 1, then
we get a new result for Riemann—Liouville fractional
integral operator.

Corollary 18. Consider two continuous functions
UV : [pr,qi] x [anQQ] [p3. q3] > R defined on
3 0

[pla Q1] [2327 Q2] and AT1aCT O 8T’78<7Z7/{8 7 e.’L"LSt’I/Ilg as
continuous and bounded on [p1,q1] X [p2, q2] X [p3, q3]

and n = ?71,772,?73) Then,

q1 q2

Uz, y,2)V(x,y, 2)

- 5[V(u(ac y,2))V(x,y,2)

+ V(V(z,y,2))U(z,y, z)|dydx

< —p1)™ (g2 — p2)™ (g3 — p3)™

1
6

q1 q2 q3
/// [V, v, 2)1D1U]
P1 P2 P3

+ \U(x,y,z)]HDZ’ V||oo]dzdydz,
where V, Y are as given in [I8) and 20).

Remark 19. If we choose § = 1, Theorem [0l leads
to a result in Ref. 42l

Theorem 20. Consider two continuous functions

UV : [pra] X [p2,qe] X [1;3,%] — R defined
oMU oMU

on [p1,q1] X [p2, q2] and 07100 T0pr > D105 10T

em’sting as continuous and bounded on [p1,qi] X

[2327 Q2 [p37 Q3 a’nd n = (7717 2, 773) Then,

q1 q2 q3
[ [ [t vt
p1 p2 p3

—[V(U(x,y,2))V(z,y,2)
x V(V(2,y,2))U(z,y, 2)

—VU(z,y,2)V(V(z,y,2))]]| dzdydx

1

< 6_4[ o527 (2(a) = @(p)] [527 (2(a3) —(p3))]
« el @@= 2E)) (@ (g,) — D(py))™
X (P(g2) — @(p2))"™ (®(g3) — ®(p3))™]?
< |1 D5 Ul oo 1D Vo (41)

for (r,¢,7) € [p1, 1] X [p2, 2] X [p3, q3] and V, Y are
given in (I6) and 20).

Proof. Taking product side by side of Egs. (B0)
and ([B7), we have

U(CC, Y, Z)V(ﬂ?, Y, Z) - [U(CC, Y, Z)V(V(CC, Y, Z))
+V(z,y, 2)V(U(z,y,2))
- V(Z/{(ﬂf, Y, Z))V(V(SC, Y, Z))]
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1 ( oY

<-—0T|(——r——
~ 64 0320 Y" Opx" (JU, 4 Z)>

o3y
XT | =——m—— .
Cer )
(42)
Integrating both sides [#2) over [p1,q1] X [p2, g2] X
[p3, 3] and considering the modulus property, we
get

q1 q2 q3
/ / / U(z,y,2)V(z,y,2)
P1 P2 pP3

- [U(x7 Y, Z)V(V(x7 Y, Z))
+V(2,y,2)VU(,y,2))

- V(Z/{(ﬂf, Y, Z))V(V(SC, Y, Z))H

q1 92 93 93
/ / / (6 7]6 778 7]( 7y’z))
p1 Jp2 Jps 210y Opx
oy
e )
(43)

Substituting (B9) and @0) in @3), we get the
required inequality (44). O

dzdydx

X dzdydzx.

Some remarkable cases of Theorem are dis-
cussed as follows:

(I) If we choose ®(u) = u, then, we get a new result
for generalized proportional fractional operators.

Corollary 21. Consider two continuous functions
UV i [p1,q1] X [p2,q2] X [ps,q3] — R defined on

3y 93U ..
[p1, 1] % [p2, @2 and 5757, Frgeigm evisting as
continuous and bounded on [p1,q1] X [p2, q2] X [p3, q3]
and 1 = (1m1,m2,n3). Then,

q1 q2 q3
/ / / (2,9, )V (2,9, 2)
P1 P2 p3

_[ (U({B Y,z ))V({B Y,z )
xV(V(x,y,2)U(x,y,2)

- V(Z/{(l’, Y, Z))V(V(SC, Y, Z))” dZdydCC
< i[6[5%@—pl)]e[é%(qs,—ps,)]e[é%(qrpz)]
~ 64

X (q1 —p1)"™ (g2 — p2)™ (g3 — p3)™]

0 0
X D5 Ulloo D5 Voo

2

Jor (r,¢,7) € [p1, a1] X [p2, a2] % [p3, q3] and V, Y are
given in ([I6) and (20)

(IT) If we choose ®(u) = u along with 6 = 1, then
we get a new result for Riemann—Liouville fractional
integral operator.

Corollary 22. Consider two continuous functions

U,V : [p1,q1] x [p2,q2] x [p3,q3] — R defined on
d o3y *u isti

[p1, 1] X [p2, g2] an TIaCI o arnacnarn eristing as

continuous and bounded on [p1, q1] X [p2, q2] X [p3, q3]

and n = (n1,12,m3). Then,

q1 q2 q3
/ / / (2,9, 2)V(x, v, 2)
P1 P2 pP3

= [VU(z,y,2))V(z,9,2)
x V(V(z,y,2))U(x,y, z)

— V(U(z,y,2))V(V(x,y, 2))]]|dzdydx
<1
64
X DY U oo ID) Voo

for (r,¢,7) € [p1, q1] X [p2, @2] X [p3, q3] and V, T are
given in ([I6) and (20)

Remark 23. If we choose § = 1, then Theorem 20
leads to a result in Ref. 42].

[(q1 = p1)™ (g2 — p2)™ (a3 — p3)™?

5. CONCLUSION

The main aim in this paper is to determine Cebysev
functionals for two- and three-variable schemes
within the generalized proportional fractional inte-
gral operator, which is quite useful in establish-
ing the solution of nonlinear-differentiable equa-
tions in fractional calculus. Within this framework,
we have derived several novel generalizations which
are the refinements of the results derived by Ref. 42l
Additionally, the proposed operator is the gen-
eralization of several existing operators such as
generalized Riemann-Liouville, Riemann-Liouville,
generalized proportional fractional, Hadamard and
conformable fractional integral operators, but they
are unified when Remark [0 and the proportional-
ity index § = 1 are taken into consideration. For
the sake of obtaining a better understanding of the
method, we have discussed the earlier results pro-
posed by Rashid et al™ and Zhou et al® The out-
come shows that the proposed plans are extremely
important and computationally appealing to deal
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with comparable sorts of differential equations. As a
future research course and direction related to this
paper, the new techniques obtained in this paper
can be expanded to attain analytical solutions of
the fractional Schrodinger equations and in image
processing introduced in the works investigated cur-
rently connected with high-dimensional fractional
equations2023 Al in all, the results in our study
can be utilized to serve as efficient and robust means
to investigate the specific classes of integrodifferen-
tial equations.
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