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Abstract
A user-friendly approach depending on nonlocal kernel has been constituted in this study to
model nonlocal behaviors of fractional differential and difference equations, which is known as
a generalized proportional fractional operator in the Hilfer sense. It is deemed, for differentiable
functions, by a fractional integral operator applied to the derivative of a function having an
exponential function in the kernel. This operator generalizes a novel version of Čebyšev-type
inequality in two and three variables sense and furthers the result of existing literature as
a particular case of the Čebyšev inequality is discussed. Some novel special cases are also
apprehended and compared with existing results. The outcome obtained by this study is very
broad in nature and fits in terms of yielding an enormous number of relating results simply
by practicing the proportionality indices included therein. Furthermore, the outcome of our
study demonstrates that the proposed plans are of significant importance and computationally
appealing to deal with comparable sorts of differential equations. Taken together, the results
can serve as efficient and robust means for the purpose of investigating specific classes of
integrodifferential equations.

Keywords : Integral Inequality; Generalized Proportional Fractional Operator in the Hilfer
Sense; Čebyšev Inequality; Generalized Riemann–Liouville Fractional Integral.

1. INTRODUCTION

In the recent years, some researchers have demon-
strated a lot of interest in the field of fractional
calculus which reports the derivatives and inte-
grals with any order. In fact, this deal has sprung
out by the impression of the significant outcomes
derived when the researchers utilized the tools in
this calculus so as to concentrate a few mod-
els from this present reality.1,2 Moreover, the role
of the fractional derivative operator can be dis-
played the nonlinear oscillation of earthquake and
the fluid-dynamic traffic can wipe out the lack
emerging from the suspicion of the continuum traf-
fic stream. A few equations emerge from mathe-
matical models of most real-life situations. Hence,

electromagnetic theory on Maxwell’s equations,
quantum mechanics depend on Schrödinger’s equa-
tions and fluid mechanics in different forms of
Navier–Stokes’ equations. Analytical and numer-
ical solution strategies for fractional differential
equations have been quite concentrated in the
literature.3,4 There is a wide range of methods
for characterizing fractional derivatives and frac-
tional integrals such as Riemann–Liouville, Caputo,
Saigo, Hilfer, Marchaud, tempered, Katugamploa,
Atangana–Baleanu, to give some examples.5,6 Var-
ious definitions might be sorted into general classes
as indicated by their structure and properties.7,8

Almeida9 and Kilbas et al.10 introduced the Caputo
and generalized fractional derivative of a function
in the sense of another function reported fertile
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applications in Laplace, Fourier and Mellin trans-
form. Recently, another methodology was initially
proposed by Jarad et al.,11 to determine nondiffer-
entiable issues in a fractional Schrödinger equation,
and its significant properties were created. Later
on, Rashid et al.12 proposed a more general version
of generalized proportional fractional integral oper-
ator, which has become progressively famous and
attained significant progression owing to its remark-
able properties in demonstrating complex nonlinear
dynamical frameworks in various parts of scientific
material science, such as integrodifferential equa-
tions, heat transforms, probability density functions
and others.13–23

Fractional integral inequalities24–31 have a par-
ticularly worthwhile place in the development of
integrodifferential and difference equations. Their
significant role in understanding the universe by
employing the classical fractional integral, deriva-
tive operators and their speculative ideas in this
matter is available to find the uniqueness and exis-
tence of the linear and nonlinear differential equa-
tions.32,33 In this account, fundamental integral
inequality by Chebyshev34 contributes a significant
part in statistical theory, numerical analysis and
approximation theory in order to find the prob-
ability density functions and solutions of integral
equations. Recently, Nisar et al.35 obtained certain
Čebyšev-type inequalities involving fractional con-
formable integral operators. In Ref. 36, the authors
contemplated the extended version of Čebyšev-
type inequalities via generalized fractional integral
operator. Some new inequalities involving general-
ized K-fractional integral operators are found in
the work of Rashid et al..37 Also, Deniz et al.38

introduced several new extensions of Čebyšev-type
inequalities using conformable fractional integral
operator via Pólya–Szegö inequality.

The well-known celebrated functional for two
integrable functions is stated as

T(U ,V) =
1

q2 − q1

∫ q2

q1

U(ς)V(ς)dς

−
(

1
q2 − q1

∫ q2

q1

U(ς)dς

)

×
(

1
q2 − q1

∫ q2

q1

V(ς)dς

)
, (1)

where U and V are two integrable functions on
[q1, q2]. If U and V are synchronous, i.e.

(U(ς) − U(ω))(V(ς) − V(ω)) ≥ 0

for any ς, ω ∈ [q1, q2], then T(U ,V) ≥ 0. Recently,
the functional (1) has been tremendously improved
by the insistence of their significance and intrinsic
incentive in various parts of the applied sciences.

Our point in this paper is to consolidate the con-
cepts of the generalized proportional fractional inte-
gral operator in the Hilfer sense and the propor-
tional derivative in a new way, to make a novel
rendition of Čebyšev-type inequalities related for
two and three variables. In fact, we propose cer-
tain novel generalizations with power for Remark 7,
which can be utilized as a prevailing tool to demon-
strate the classifications of integral inequalities and
integral equations. For our definitions, in this paper,
we will discover a relationship via an elementary
fractional differential equation to a bivariate expo-
nential kernel which is gaining prominence nowa-
days in various applications.

In this work, a new concept of generalized pro-
portional fractional operators in form of two and
three variables in the Hilfer sense are proposed and
its properties are elucidated in Sec. 2. In Sec. 3,
we present the Čebyšev-type inequalities of a new
fractional scheme and investigate the several new
cases. Section 4 also contains the results of Čebyšev-
type inequalities of the generalized proportional
fractional integral operator in the Hilfer sense in
three variable form. Finally, conclusions of this
work describe the adaptive technique for the sug-
gested fractional operators and related applications
in other stimulating areas of research.

2. PRELIMINARIES

In this section, we introduce the basic definitions
and properties of fractional calculus.6,10

Now, we present a new fractional operator which
is known as the the generalized proportional frac-
tional integral in the Hilfer sense which is proposed
by Rashid et al.12

Definition 1 (Ref. 12). Let (q1, q2)(−∞ ≤ q1 <
q2 ≤ ∞) be a finite or infinite real interval with
ρ > 0. Let Φ(x) is an increasing, positive monotone
function with continuous derivative Ψ′(x) defined
on (q1, q2]. Then, the left-sided and right-sided
Φ-generalized proportional fractional integral oper-
ators of U are defined as

ΦJ ρ,δ
q1

U(ς) =
1

δρΓ(ρ)

∫ ς

q1

exp[ δ−1
δ (Φ(ς)−Φ(x))]Φ′(x)
(Φ(ς) − Φ(x))1−ρ

×U(x)dx, q1 < ς (2)
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and
ΦJ ρ,δ

q2
U(ς)

=
1

δρΓ(ρ)

∫ q2

ς

exp[ δ−1
δ (Φ(x)−Φ(ς))]Φ′(x)
(Φ(x) − Φ(ς))1−ρ

×U(x)dx, ς < q2, (3)

where the proportionality index δ ∈ (0, 1], ρ ∈
C,R(ρ) > 0 and Γ(ς) =

∫ ∞
0 xς−1e−xdx is the

Gamma function.

Jarad et al.39 gave the concept of general left- and
right-sided fractional derivative of U with respect to
Φ as follows.

Definition 2 (Ref. 39). Let (q1, q2)(−∞ ≤ q1 <
q2 ≤ ∞) be a finite or infinite real interval and
ρ > 0. Let Φ(x) be an increasing, positive mono-
tone function with continuous derivative Φ′(x) > 0
defined on (q1, q2]. Then, the left-sided and right-
sided generalized proportional fractional derivative
operators of U are defined as

ΦDn,ρ,δ
q1

U(ς)

= ΦDn,ρ ΦJ n−δ,ρ
q1

U(x) =
ΦDn−δ,ρ

x

δn−ρΓ(n − ρ)

×
∫ ς

q1

exp[ δ−1
δ (Φ(ς) − Φ(x))]Φ′(x)

(Φ(ς) − Φ(x))1+ρ−n
U(x)dx

(4)

and
ΦDρ,δ

q2
U(ς)

= Φ
ΘDn,ρ ΦJ n−δ,ρ

q1
U(x) =

Φ
ΘDn−δ,ρ

x

δn−ρΓ(n − ρ)

×
∫ q2

ς

exp[ δ−1
δ (Φ(x) − Φ(ς))]Φ′(x)

(Φ(x) − Φ(ς))1+ρ−n
U(x)dx,

(5)

where n = �(δ) + 1.

Now, we are in a position to present the gener-
alized proportional fractional partial integral and
derivative operator of a function in the Hilfer sense
as follows.

Definition 3. Let ϑ = (p1, p2) and ρ = (ρ1, ρ2)
with ρ1, ρ2 ∈ (0, 1]. Consider an interval I =
[p1, q1] × [p2, q2] where pi, qi > 0 for i = 1, 2 and
let Φ(x) is an increasing, positive monotone func-
tion with continuous derivative Φ′(x) defined on

(p1, q1] × (p2, q2]. Then, the left-sided generalized
proportional fractional integral operator of U of
order ρ > 0 in the Hilfer sense is defined as

ΦJ ρ,δ
ϑ U(ς1, ς2)

=
1

δρ1δρ2Γ(ρ1)Γ(ρ2)

×
∫ ς1

p1

∫ ς2

p2

exp[ δ−1
δ (Φ(ς1) − Φ(x))]Φ′(x)
(Φ(ς1) − Φ(x))1−ρ1

× exp[ δ−1
δ (Φ(ς2) − Φ(y))]Φ′(y)

(Φ(ς2) − Φ(y))1−ρ2
U(x, y)dxdy.

(6)

The generalized proportional partial fractional
derivative is defined as follows.

Definition 4. Let ϑ = (p1, p2) and ρ = (ρ1, ρ2)
with ρ1, ρ2 ∈ (0, 1]. Consider an interval I =
[p1, q1] × [p2, q2] where pi, qi > 0 for i = 1, 2 and
let Φ(x) is an increasing, positive monotone func-
tion with continuous derivative Φ′(x) > 0 defined on
(p1, q1]×(p2, q2]. Then, the left-sided and right-sided
generalized proportional fractional integral opera-
tors of U of order ρ > 0 in the Hilfer sense are
defined as

ΦDn,ρ,δ
ϑ U(ς1, ς2)

= ΦJ 2−δ,ρ
ϑ

(
1

Φ′(ς1)Φ′(ς2)
∂2ρ

∂ς2∂ς1
U

)
(ς1, ς2).

We use the following notation:

ΦDρ,δ
ϑ U(ς1, ς2) =

∂2ρ
Φ U

∂Φςδ
2∂Φςδ

1

(ς1, ς2).

We define the norm for a function of two variables
as follows:

‖ΦDρ,δ
ϑ U‖∞ = sup |ΦDρ,δ

ϑ U(ς1, ς2)|.
In a similar way, we introduced the definition of

three variable versions in generalized proportional
fractional integral and derivative of a function in
the Hilfer sense as follows.

Definition 5. Let ϑ = (p1, p2, p3) and ρ =
(ρ1, ρ2, ρ3) with ρ1, ρ2, ρ3 ∈ (0, 1]. Consider an inter-
val I = [p1, q1] × [p2, q2] × [p3, q3] where pi, qi >
0 for i = 1, 2, 3 and let Φ(x) is an increasing, posi-
tive monotone function with continuous derivative
Φ′(x) defined on (p1, q1]×(p2, q2]×(p3, q3]. Then, the
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left-sided generalized proportional fractional inte-
gral operator of U of order ρ > 0 in the Hilfer sense
is defined as

ΦJ ρ,δ
ϑ U(ς1, ς2, ς3)

=
1

δρ1δρ2δρ3Γ(ρ1)Γ(ρ2)Γ(ρ3)

×
∫ ς1

p1

∫ ς2

p2

∫ ς3

p3

exp[ δ−1
δ (Φ(ς1) − Φ(x))]Φ′(x)
(Φ(ς1) − Φ(x))1−ρ1

× exp[ δ−1
δ (Φ(ς2) − Φ(y))]Φ′(y)

(Φ(ς2) − Φ(y))1−ρ2

× exp[ δ−1
δ (Φ(ς3) − Φ(z))]Φ′(z)

(Φ(ς3) − Φ(z))1−ρ3

×U(x, y, z)dxdydz. (7)

The generalized proportional partial fractional
derivative is defined as follows.

Definition 6. Let ϑ = (p1, p2, p2) and ρ =
(ρ1, ρ2, ρ3) with ρ1, ρ2, ρ3 ∈ (0, 1]. Consider an inter-
val I = [p1, q1] × [p2, q2] × [p3, q3] where pi, qi >
0 for i = 1, 2, 3 and let Φ(x) is an increasing, posi-
tive monotone function with continuous derivative
Φ′(x) > 0 defined on (p1, q1] × (p2, q2] × (p3, q3].
Then, the left-sided generalized proportional frac-
tional integral operator of U of order ρ > 0 in the
Hilfer sense is defined as

ΦDρ,δ
ϑ U(ς1, ς2, ς3) = ΦJ 3−δ,ρ

ϑ

(
1

Φ′(ς1)Φ′(ς2)Φ′(ς3)

× ∂3ρ

∂ς3∂ς2∂ς1
U

)
(ς1, ς2, ς3).

We use the following notation:

ΦDρ,δ
ϑ U(ς1, ς2, ς3) =

∂3ρ
Φ U

∂Φςδ
3∂Φςδ

2∂Φςδ
1

(ς1, ς2, ς3).

We define the norm for a function of two variables
as follows:

‖ΦDρ,δ
ϑ U‖∞ = sup|ΦDρ,δ

θ U(ς1, ς2, ς3)|.
Remark 7. From Definitions 1–6 we clearly
observe the following:

(1) They turn into the both-sided generalized pro-
portional fractional operators11 if Φ(x) = x.

(2) They turn into the both-sided generalized
Riemann–Liouville fractional operators6,10 if
Φ(x) = x and δ = 1.

(3) They lead to both-sided Riemann–Liouville
fractional operators6,10 if δ = 1 and Φ(x) = x.

(4) They lead to the both-sided generalized propor-
tional Hadamard fractional operators40 if δ = 1
and Φ(x) = x.

(5) They reduce to the both-sided Hadamard frac-
tional operators6,10 if δ = 1 and Φ(x) = x.

(6) They reduce to the both-sided generalized frac-
tional operators in the Katugampola sense41 if
δ = 1 and Φ(x) = xτ

τ (τ > 0).

3. ČEBYŠEV FUNCTIONALS
WITHIN GENERALIZED
PROPORTIONAL
FRACTIONAL OPERATORS

Presently, we exhibit the two-variable Čebyšev-
type inequality via generalized proportional frac-
tional derivative operator in the Hilfer sense as
follows.

Theorem 8. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on [p1, q1] ×
[p2, q2] and ∂2ηU

∂Φvη∂Φuη , ∂2ηV
∂Φvη∂Φuη existing as contin-

uous and bounded on [p1, q1] × [p2, q2] and η =
(η1, η2). Then,

∣∣∣∣
∫ q1

p1

∫ q2

p2

U(u, v)V(u, v) − 1
2
[A1(U(u, v))V(u, v)

+ A1(V(u, v))U(u, v)]dvdu

∣∣∣∣
≤ 1

8
e[ δ−1

δ
(Φ(q1)−Φ(p1))]e[ δ−1

δ
(Φ(q2)−Φ(p2))]

× (Φ(q1) − Φ(p1))(Φ(q2) − Φ(p2))

×
∫ q1

p1

∫ q2

p2

[|V(u, v)|||ΦDη,δ
ϑ U||∞

+V(u, v)||ΦDη,δ
ϑ V||∞]dvdu, (8)

where

A1(U(u, v))

=
1
2
[U(p1, v) + U(u, q2) + U(u, p2) + U(q1, v)]

− 1
4
[U(p1, p2) + U(p1, q2) + U(q1, p2)

+U(q1, q2)] (9)

2140027-5

Fr
ac

ta
ls

 2
02

1.
29

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 C
A

N
K

A
Y

A
 U

N
IV

E
R

SI
T

Y
 o

n 
03

/0
9/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 13, 2021 18:24 0218-348X 2140027

M. Al-Qurashi et al.

and

Δ
(

∂2ηU
∂Φvη∂Φuη

(u, v)
)

=
1

δη1δη2Γ(η1)Γ(η2)

[∫ u

p1

∫ v

p2

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))]e[ δ−1

δ
(Φ(v)−Φ(ζ))]

× (Φ(u) − Φ(τ))η1−1(Φ(v) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ −
∫ u

p1

∫ q2

v

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))]e[ δ−1

δ
(Φ(q2)−Φ(ζ))]

× (Φ(u) − Φ(τ))η1−1(Φ(q2) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ −
∫ q1

u

∫ v

p2

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]e[ δ−1

δ
(Φ(v)−Φ(ζ))]

× (Φ(q1) − Φ(τ))η1−1(Φ(v) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ +
∫ q1

u

∫ q2

v

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]e[ δ−1

δ
(Φ(q2)−Φ(ζ))]

×(Φ(q1) − Φ(τ))η1−1(Φ(q2) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ

]
. (10)

Proof. Under the given assumption ((u, v) ∈
[p1, q1] × [p2, q2]), we have

1
δη1δη2Γ(η1)Γ(η2)

∫ u

p1

∫ v

p2

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))]e[ δ−1

δ
(Φ(v)−Φ(ζ))]

× (Φ(u) − Φ(τ))η1−1(Φ(v) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ =
1

δη1Γ(η1)

×
∫ u

p1

Φ
′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))](Φ(u) − Φ(τ))η1−1

× ∂ηU
∂Φζη

(τ, ζ)
∣∣∣∣
v

p2

dζ =
1

δη1Γ(η1)

×
∫ u

p1

Φ
′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))](Φ(u) − Φ(τ))η1−1

×
[

∂ηU
∂Φζη

(τ, v) − ∂ηU
∂Φζη

(τ, p2)
]
dζ

= U(τ, v)|up1
− U(τ, v)|up1

= U(u, v) − U(p1, v)

−U(u, p2) + U(p1, p2).
(11)

Similarly, we have

1
δη1δη2Γ(η1)Γ(η2)

∫ u

p1

∫ q2

v

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(u)−Φ(τ))]

× e[ δ−1
δ

(Φ(q2)−Φ(ζ))](Φ(u) − Φ(τ))η1−1

× (Φ(q2) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ

= −U(u, v) − U(p1, q2)

+U(u, q2) + U(p1, v), (12)

1
δη1δη2Γ(η1)Γ(η2)

∫ q1

u

∫ v

p2

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]

× e[ δ−1
δ

(Φ(v)−Φ(ζ))](Φ(q1) − Φ(τ))η1−1

× (Φ(v) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ

= −U(u, v) − U(q1, p2) + U(u, p2) + U(q1, v),
(13)

1
δη1δη2Γ(η1)Γ(η2)

∫ q1

u

∫ q2

v

×Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]

× e[ δ−1
δ

(Φ(q2)−Φ(ζ))](Φ(q1) − Φ(τ))η1−1

× (Φ(q2) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ

= U(u, v) + U(q1, p2) − U(u, p2) − U(q1, v).
(14)

Summing up the above equalities, we get

4U(u, v) − 2[U(p1, v) + U(u, q2)

+U(u, p2) + U(q1, v)] + [U(p1, p2)

+U(p1, q2) + U(q1, p2) + U(q1, q2)]

=
1

δη1δη2Γ(η1)Γ(η2)

[∫ u

p1

∫ v

p2

Φ
′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(u)−Φ(τ))]e[ δ−1
δ

(Φ(v)−Φ(ζ))]

2140027-6

Fr
ac

ta
ls

 2
02

1.
29

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 C
A

N
K

A
Y

A
 U

N
IV

E
R

SI
T

Y
 o

n 
03

/0
9/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 13, 2021 18:24 0218-348X 2140027

Bounds Based on Double and Triple Integral as Proposed by Generalized Proportional Fractional Operators

× (Φ(u) − Φ(τ))η1−1(Φ(v) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ −
∫ u

p1

∫ q2

v
Φ

′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(u)−Φ(τ))]e[ δ−1
δ

(Φ(q2)−Φ(ζ))]

× (Φ(u) − Φ(τ))η1−1(Φ(q2) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ −
∫ q1

u

∫ v

p2

Φ
′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(q1)−Φ(τ))]e[ δ−1
δ

(Φ(v)−Φ(ζ))]

× (Φ(q1) − Φ(τ))η1−1(Φ(v) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ +
∫ q1

u

∫ q2

v
Φ

′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(q1)−Φ(τ))]e[ δ−1
δ

(Φ(q2)−Φ(ζ))]

× (Φ(q1) − Φ(τ))η1−1(Φ(q2) − Φ(ζ))η2−1

× ∂2ηU
∂Φζη∂Φτη

(τ, ζ)dζdτ

]
. (15)

From (15), we get

U(u, v) −A1(U(u, v))

=
1
4
Δ

(
∂2ηU

∂Φvη∂Φuη
(u, v)

)
(16)

for (u, v) ∈ [p1, q1] × [p2, q2].
Analogously, we have

V(u, v) −A1(V(u, v))

=
1
4
Δ

(
∂2ηV

∂Φvη∂Φuη
(u, v)

)
(17)

for (u, v) ∈ [p1, q1] × [p2, q2].
Taking product of (16) by V(u, v), (17) by U(u, v)

adding them and then integrating over (u, v) ∈
[p1, q1] × [p2, q2], we get

∫ q1

p1

∫ q2

p2

[2U(u, v)V(u, v) − V(u, v)A1(U(u, v))

−U(u, v)A1(V(u, v))]dvdu

=
1
8

∫ q1

p1

∫ q2

p2

[
Δ

(
∂2ηU

∂Φvη∂Φuη
(u, v)

)
V(u, v)

+
1
4
Δ

(
∂2ηV

∂Φvη∂Φuη
(u, v)

)
U(u, v)

]
dvdu.

(18)

Taking modulus on both sides, we have
∣∣∣∣Δ

(
∂2ηU

∂Φvη∂Φuη
(u, v)

)∣∣∣∣
≤ 1

δη1δη2Γ(η1)Γ(η2)

∫ q1

p1

∫ q2

p2

Φ
′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(q1)−Φ(τ))]e[ δ−1
δ

(Φ(q2)−Φ(ζ))]

× (Φ(q1) − Φ(τ))η1−1(Φ(q2) − Φ(ζ))η2−1

×
∣∣∣∣ ∂2ηU
∂Φζη∂Φτη

(τ, ζ)
∣∣∣∣dζdτ

≤ (Φ(q1) − Φ(p1))η1(Φ(q2)

−Φ(p2))η2‖ΦDη,δ
ϑ U‖∞, (19)

∣∣∣∣Δ
(

∂2ηV
∂Φvη∂Φuη

(u, v)
)∣∣∣∣

=
1

δη1δη2Γ(η1)Γ(η2)

∫ q1

p1

∫ q2

p2

Φ
′
(τ)Φ

′
(ζ)

× e[ δ−1
δ

(Φ(q1)−Φ(τ))]e[ δ−1
δ

(Φ(q2)−Φ(ζ))]

× (Φ(q1) − Φ(p1))η1−1(Φ(q2) − Φ(p2))η2−1

×
∣∣∣∣ ∂2ηV
∂Φζη∂Φτη

(τ, ζ)
∣∣∣∣dζdτ

≤ (Φ(q1) − Φ(p1))η1(Φ(q2)

−Φ(p2))η2‖ΦDη,δ
ϑ V‖∞. (20)

Combining all the above inequalities, we have
∣∣∣∣
∫ q1

p1

∫ q2

p2

U(u, v)V(u, v) − 1
2
[A1(U(u, v))V(u, v)

+ A1(V(u, v))U(u, v)]dvdu

∣∣∣∣

≤ 1
8

∫ q1

p1

∫ q2

p2

[∣∣∣∣Δ
(

∂2ηU
∂Φvη∂Φuη

(u, v)
)∣∣∣∣ |V(u, v)|

+
∣∣∣∣Δ

(
∂2ηV

∂Φvη∂Φuη
(u, v)

)∣∣∣∣ |U(u, v)|
]
dvdu

≤ 1
8

∫ q1

p1

∫ q2

p2

{
|V(u, v)| 1

δη1δη2Γ(η1)Γ(η2)

×
[∫ q1

p1

∫ q2

p2

Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]
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× e[ δ−1
δ

(Φ(q2)−Φ(ζ))](Φ(q1) − Φ(τ))η1−1

×(Φ(q2)−Φ(ζ))η2−1

∣∣∣∣ ∂2ηU
∂Φζη∂Φτη

(τ, ζ)
∣∣∣∣dζdτ

]

+ |U(u, v)| 1
δη1δη2Γ(η1)Γ(η2)

×
[∫ q1

p1

∫ q2

p2

Φ
′
(τ)Φ

′
(ζ)e[ δ−1

δ
(Φ(q1)−Φ(τ))]

× e[ δ−1
δ

(Φ(q2)−Φ(ζ))](Φ(q1) − Φ(τ))η1−1

× (Φ(q2) − Φ(ζ))η2−1

×
∣∣∣∣ ∂2ηV
∂Φζη∂Φτη

(τ, ζ)
∣∣∣∣dζdτ

]}
dvdu

≤ 1
8
e[ δ−1

δ
(Φ(q1)−Φ(p1))]e[ δ−1

δ
(Φ(q2)−Φ(p2))]

× (Φ(q1) − Φ(p1))η1(Φ(q2) − Φ(p2))η2

×
∫ q1

p1

∫ q2

p2

[|V(u, v)|||ΦDη,δ
ϑ U||∞

+ |U(u, v)||p3 |ΦDη,δ
ϑ V||∞]dvdu,

(21)

the desired result. This completes the proof.

Some remarkable cases of Theorem 8 are dis-
cussed as follows:

(I) If we choose Φ(u) = u, then, we get a new result
for generalized proportional fractional operators.

Corollary 9. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on [p1, q1] ×
[p2, q2] and ∂2ηU

∂vη∂uη , ∂2ηV
∂vη∂uη existing as continuous

and bounded on [p1, q1] × [p2, q2] and η = (η1, η2).
Then

∣∣∣∣
∫ q1

p1

∫ q2

p2

U(u, v)V(u, v) − 1
2
[A1(U(u, v))V(u, v)

+ A1(V(u, v))U(u, v)]dvdu

∣∣∣∣
≤ 1

8
e[ δ−1

δ
(q1−p1)]e[ δ−1

δ
(q2−p2)](q1 − p1)

× (q2 − p2)
∫ q1

p1

∫ q2

p2

[|V(u, v)|||Dη,δ
ϑ U||∞

+ |V(u, v)|||Dη,δ
ϑ V||∞]dvdu,

where

A1(U(u, v)) =
1
2
[U(p1, v) + U(u, q2)

+U(u, p2) + U(q1, v)]

− 1
4
[U(p1, p2) + U(p1, q2)

+U(q1, p2) + U(q1, q2)]

and

Δ
(

∂2ηU
∂vη∂uη

(u, v)
)

=
1

δη1δη2Γ(η1)Γ(η2)

×
[∫ u

p1

∫ v

p2

e[ δ−1
δ

(u−τ)]e[ δ−1
δ

(v−ζ)]

× (u− τ)η1−1(v − ζ)η2−1 ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

−
∫ u

p1

∫ q2

v
e[ δ−1

δ
(u−τ)]e[ δ−1

δ
(q2−ζ)]

× (u − τ)η1−1(q2 − ζ)η2−1 ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

−
∫ q1

u

∫ v

p2

e[ δ−1
δ

(q1−τ)]e[ δ−1
δ

(v−ζ)]

× (q1 − τ)η1−1(v − ζ)η2−1 ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

+
∫ q1

u

∫ q2

v
e[ δ−1

δ
(q1−τ)]e[ δ−1

δ
(q2−ζ)]

× (q1 − τ)η1−1(q2 − ζ)η2−1

× ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

]
.

(II) If we choose Φ(u) = u and δ = 1, then we have
a new result for the Riemann–Liouville fractional
integral operator.

Corollary 10. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on [p1, q1] ×
[p2, q2] and ∂2ηU

∂vη∂uη , ∂2ηV
∂vη∂uη existing as continuous

and bounded on [p1, q1] × [p2, q2] and η = (η1, η2).
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Then,∣∣∣∣
∫ q1

p1

∫ q2

p2

U(u, v)V(u, v) − 1
2
[A1(U(u, v))V(u, v)

+ A1(V(u, v))U(u, v)]dvdu

∣∣∣∣
≤ 1

8
(q1 − p1)(q2 − p2)

∫ q1

p1

∫ q2

p2

× [|V(u, v)|||Dη
ϑU||∞

+ |V(u, v)|||Dη
ϑV||∞]dvdu,

where

A1(U(u, v))

=
1
2
[U(p1, v) + U(u, q2) + U(u, p2)

+U(q1, v)] − 1
4
[U(p1, p2) + U(p1, q2)

+U(q1, p2) + U(q1, q2)]

and

Δ
(

∂2ηU
∂vη∂uη

(u, v)
)

=
1

Γ(η1)Γ(η2)

[∫ u

p1

∫ v

p2

(u − τ)η1−1

× (v − ζ)η2−1 ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

−
∫ u

p1

∫ q2

v
(u − τ)η1−1(q2 − ζ)η2−1

× ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ −
∫ q1

u

∫ v

p2

(q1 − τ)η1−1

× (v − ζ)η2−1 ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ +
∫ q1

u

∫ q2

v

× (q1 − τ)η1−1(q2 − ζ)η2−1

× ∂2ηU
∂ζη∂τη

(τ, ζ)dζdτ

]
.

Remark 11. If we choose δ = 1, Theorem 8 leads
to a result in Ref. 42.

Theorem 12. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on
[p1, q1] × [p2, q2] and ∂2ηU

∂Φvη∂Φuη , ∂2ηV
∂Φvη∂Φuη existing

as continuous and bounded on [p1, q1] × [p2, q2]
and η = (η1, η2). Then, under the assumption
of A1(U(u, v)), and A1(V(U(u, v))), the following

inequality holds:∣∣∣∣
∫ q1

p1

∫ q2

p2

[U(u, v)V(u, v) − [A1(U(u, v))V(u, v)

+A1(V(u, v))U(u, v)

− A1(U(u, v))A1(V(u, v))]]dvdu|

≤ 1
16

[e[ δ−1
δ

(Φ(q1)−Φ(p1)]e[ δ−1
δ

(Φ(q2)−Φ(p2)]

× (Φ(p1) − Φ(q1))η1(Φ(q2) − Φ(p2))η2 ]2

×‖ΦDη,δ
ϑ U‖∞‖ΦDη,δ

ϑ V‖∞, (22)

where (u, v) ∈ [p1, q1] × [p2, q2].

Proof. Multiplying side by side (16) and (17), we
obtain

U(u, v)V(u, v) − [A1(V(u, v))U(u, v)

+A1(U(u, v))V(u, v)]

≤ 1
16

Δ
(

∂2ηU
∂Φvη∂Φuη

(u, v)
)

×Δ
(

∂2ηV
∂Φvη∂Φuη

(u, v)
)

. (23)

Integrating the above inequality over [p1, q1] ×
[p2, q2] and applying modulus property, we get∣∣∣∣

∫ q1

p1

∫ q2

p2

[U(u, v)V(u, v)

− [A1(V(u, v))U(u, v) + A1(U(u, v))V(u, v)]

− A1(U(u, v))A1(V(u, v))dvdu

∣∣∣∣
≤ 1

16

∫ q1

p1

∫ q2

p2

∣∣∣∣Δ
(

∂2ηU
∂Φvη∂Φuη

(u, v)
)∣∣∣∣

×
∣∣∣∣Δ

(
∂2ηV

∂Φvη∂Φuη
(u, v)

)∣∣∣∣dvdu. (24)

Now using (10) and (24) in (23) gives the required
inequality (22).

Some special cases of Theorem 12 are stated as
follows:

(I) If we choose Φ(u) = u, then, we get a new result
for generalized proportional fractional integral oper-
ator.

Corollary 13. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on [p1, q1] ×
[p2, q2] and ∂2ηU

∂vη∂uη , ∂2ηV
∂vη∂uη existing as continuous

and bounded on [p1, q1] × [p2, q2] and η = (η1, η2).
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Then, under the assumption of A1(U(u, v)), and
A1(V(U(u, v))), the following inequality holds:
∣∣∣∣
∫ q1

p1

∫ q2

p2

[U(u, v)V(u, v)

− [A1(U(u, v))V(u, v) + A1(V(u, v))U(u, v)

− A1(U(u, v))A1(V(u, v))]]dvdu|

≤ 1
16

[e[ δ−1
δ

(q1−p1)]e[ δ−1
δ

(q2−p2)](p1 − q1)η1

× (q2 − p2)η2 ]2||Dη,δ
ϑ U||∞||Dη,δ

ϑ V||∞,

where (u, v) ∈ [p1, q1] × [p2, q2].

(II) If we choose Φ(u) = u along with δ = 1, then
we get a new result for Riemann–Liouville fractional
integral operator.

Corollary 14. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] → R defined on [p1, q1] ×
[p2, q2] and ∂2ηU

∂vη∂uη , ∂2ηV
∂vη∂uη existing as continuous

and bounded on [p1, q1] × [p2, q2] and η = (η1, η2).
Then, under the assumption of A1(U(u, v)), and
A1(V(U(u, v)), the following inequality holds:
∣∣∣∣
∫ q1

p1

∫ q2

p2

[U(u, v)V(u, v)

− [A1(U(u, v))V(u, v) + A1(V(u, v))U(u, v)

− A1(U(u, v))A1(V(u, v))]]dvdu

∣∣∣∣
≤ 1

16
[(p1 − q1)η1(q2 − p2)η2 ]2

× ||Dη,δ
ϑ U||∞||Dη,δ

ϑ V||∞,

where (u, v) ∈ [p1, q1] × [p2, q2].

Remark 15. If we choose δ = 1, Theorem 12 leads
to a result in Ref. 42.

4. SOME NOVEL APPROACHES
FOR ČEBYŠEV ESTIMATES
INVOLVING FUNCTIONS OF
THREE VARIABLES

In this section, we present the generalized propor-
tional fractional derivative in the Hilfer sense for
obtaining Čebyšev inequality involving functions of
three variables. Given notations will be followed

throughout this text for the ease of reading:.

∇(Q(x, y, z))

=
1
8
[Q(p1, p2, p3) + Q(q1, q2, q3)]

− 1
4
[Q(x, p2, p3) + Q(x, q2, q3)

+Q(x, q2, p3) + Q(x, p2, q3)]

− 1
4
[Q(p1, y, p3) + Q(q1, y, q3)

+Q(p1, y, q3) + Q(q1, y, p3)]

− 1
4
[Q(p1, p2, z) + Q(q1, q2, z)

+Q(q1, p2, z) + Q(p1, q2, z)]

+
1
2
[Q(p1, y, z) + Q(q1, y, z)]

+
1
2
[Q(x, p2, z) + Q(x, q2, z)]

+
1
2
[Q(x, y, p3) + Q(x, y, q3)] (25)

and

Υ
(

∂3ηQ
∂Φzη∂Φyη∂Φxη

(x, y, z)
)

=
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ y

p2

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ y

p2

∫ q3

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1
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× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ q2

y

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ y

p2

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ q2

r

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ q2

y

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ y

p2

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηQ
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ q2

y

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr. (26)

Our next result is the following theorem.

Theorem 16. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined
on [p1, q1] × [p2, q2] and ∂3ηU

∂Φτη∂Φζη∂Φrη , ∂3ηU
∂Φτη∂Φζη∂Φrη

existing as continuous and bounded on [p1, q1] ×
[p2, q2] × [p3, q3] and η = (η1, η2, η3). Then,∣∣∣∣

∫ q1

p1

∫ q2

p2

∫ q3

p3

U(x, y, z)V(x, y, z)

− 1
2
[∇(U(x, y, z))V(x, y, z)

+ ∇(V(x, y, z))U(x, y, z)]dydx

∣∣∣∣
≤ 1

16
e[ δ

δ−1
(Φ(q1)−Φ(p1))]e[ δ

δ−1
(Φ(q2)−Φ(p2))]

× e[ δ
δ−1

(Φ(q3)−Φ(p3))](Φ(q1) − Φ(p1))η1

× (Φ(q2) − Φ(p2))η2(Φ(q3) − Φ(p3))η3

×
∫ q1

p1

∫ q2

p2

∫ q3

p3

[|V(x, y, z)|||ΦDη,δ
ϑ U||∞

+ |U(x, y, z)|||ΦDη,δ
ϑ V||∞]dzdydx, (27)

where ∇,Υ are as given in (16) and (20).
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Proof. From the given assumption, we have for
x, y, z ∈ [p1, q1] × [p2, q2] × [p3, q3]

1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ y

p2

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηU
∂Φζη∂Φτη∂Φrη

(r, τ, ζ)dζdτdr

=
1

δη1Γ(η1)δη2Γ(η2)

∫ x

p1

∫ y

p2

Φ
′
(r)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× (Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φrη

(r, ζ, τ)
∣∣∣∣
z

p3

dζ

=
1

δη1Γ(η1)δη2Γ(η2)

∫ x

p1

∫ y

p2

×Φ
′
(r)Φ

′
(ζ)e[ δ

δ−1
(Φ(x)−Φ(r))]

× e[ δ
δ−1

(Φ(y)−Φ(ζ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φrη

(r, ζ, z)dζdr

− 1
δη1Γ(η1)δη2Γ(η2)

∫ x

p1

∫ y

p2

×Φ
′
(r)Φ

′
(ζ)e[ δ

δ−1
(Φ(x)−Φ(r))]

× e[ δ
δ−1

(Φ(y)−Φ(ζ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1 ∂2ηU
∂Φζη∂Φrη

(r, ζ, p3)dζdr

=
1

δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, ζ, z)
∣∣∣∣
y

p2

dr

− 1
δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, ζ, p3)
∣∣∣∣
y

p2

dr

=
1

δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, y, z)dr

− 1
δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, p2, z)dr

− 1
δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, y, p3)dr

+
1

δη1Γ(η1)

∫ x

p1

Φ
′
(r)e[ δ

δ−1
(Φ(x)−Φ(r))]

× (Φ(x) − Φ(r))η1−1 ∂ηU
∂Φrη

(r, p2, p3)dr

= U(r, y, z)|xp1
− U(r, p3, z)|xp1

−U(r, y, p3)|xp1
+ U(r, p2, p3)|xp1

= U(x, y, z) − U(p1, y, z) − U(x, p2, z)

+U(p1, p2, z) − U(x, y, p3) + U(p1, y, p3)

+U(x, p2, p3) + U(p1, p2, p3).

Thus,

U(x, y, z)

= U(p1, y, z) + U(x, p2, z) − U(p1, p2, z)

+U(x, y, p3) − U(p1, y, p3)

−U(x, p2, p3) − U(p1, p2, p3)

1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ y

p2

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr. (28)
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Analogously, we obtain

U(x, y, z)

= U(x, y, q3) + U(p1, y, z) + U(x, p2, z)

+U(p1, p2, q3) − U(p1, p2, z)

−U(p1, y, q3) − U(y, p2, q3)

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ y

p2

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr, (29)

U(x, y, z)

= U(x, q2, z) + U(x, y, p3) + U(p1, q2, p3)

+U(p1, y, z) − U(x, q2, p3)

−U(p1, q2, z) − U(p1, y, p3)

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ q2

y

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr, (30)

U(x, y, z)

= U(q1, ζ, τ) + U(q1, p2, p3) + U(x, y, p3)

+U(x, p2, z) − U(q1, y, p3)

−U(q1, p2, z) − U(x, p2, p3)

− 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ v

p2

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(y) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr, (31)

U(x, y, z)

= U(x, q2, z) + U(x, y, q3) + U(p1, q2, q3)

+U(p1, y, z) − U(x, q2, q3)

−U(p1, q2, z) − U(p1, y, q3)

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ x

p1

∫ q2

y

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(x)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(x) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr, (32)

U(x, y, z)

= U(r, q2, τ) + U(x, y, p3) + U(q1, ζ, τ)

+U(q1, q2, p3) − U(q1, q2, z)

−U(q1, y, p3) − U(x, q2, p3)

+
1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

x

∫ q2

y

∫ z

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(z)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(z) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr, (33)

U(x, y, z)

= U(q1, y, z) + U(q1, p2, q3) + U(x, y, q3)

+U(x, p2, τ) − U(q1, y, q3)

−U(q1, p2, z) − U(x, p2, q3)

+
1

δη1δη2δη2Γ(η1)Γ(η2)Γ(η3)

∫ q1

x

∫ y

p2

∫ q3

z
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×Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)e[ δ

δ−1
(Φ(q1)−Φ(r))]

× e[ δ
δ−1

(Φ(y)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1−1

×(Φ(v) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr (34)

and

U(x, y, z)

= U(q1, q2, q3) + U(p1, y, z) + U(x, q2, z)

+U(x, y, q3) − U(q1, q2, z) − U(q1, y, q3)

−U(x, q2, q3) +
1

δη1δη2δη3Γ(η1)Γ(η2)Γ(η3)

×
∫ q1

x

∫ q2

y

∫ q3

z
Φ

′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1Φ(q3) − Φ(τ))η3−1

× ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)dτdζdr. (35)

Summing up the above identities we have

U(x, y, z) −∇(U(x, y, z))

=
1
8
Υ

(
∂3ηU

∂Φzη∂Φyη∂Φxη
(x, y, z)

)
, (36)

for (x, y, z) ∈ [p1, q1] × [p2, q2] × [p3, q3].
Similarly, we have

V(x, y, z) −∇(V(x, y, z))

=
1
8
Υ

(
∂3ηV

∂Φzη∂Φyη∂Φxη
(x, y, z)

)
, (37)

for (x, y, z) ∈ [p1, q1] × [p2, q2] × [p3, q3].
Now, taking product of (36) and (37) by V(x, y, z)

and U(x, y, z), respectively, adding them and inte-
grating over [p1, q1] × [p2, q2] × [p3, q3], we have∣∣∣∣

∫ q1

p1

∫ q2

p2

∫ q3

p3

U(x, y, z)V(x, y, z)

− 1
2
[∇(U(x, y, z))V(x, y, z)

× ∇(V(x, y, z))U(x, y, z)]dzdydx

∣∣∣∣

≤ 1
16

∫ q1

p1

∫ q2

p2

∫ q3

p3

[
V(x, y, z)Υ

×
(

∂3ηU
∂Φzη∂Φyη∂Φxη

(x, y, z)
)

+ U(x, y, z)Υ

×
(

∂3ηV
∂Φzη∂Φyη∂Φxη

(x, y, z)
)]

dzdydx.

(38)

Taking modulus on both sides, we have

∣∣∣∣Υ
(

∂3ηU
∂Φzη∂Φyη∂Φxη

(x, y, z)
)∣∣∣∣

≤ 1
δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

×
∫ q1

p1

∫ q2

p2

∫ q3

p3

Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)

× e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1−1

× (Φ(q2) − Φ(ζ))η2−1(Φ(q3) − Φ(τ))η3−1

×
∣∣∣∣ ∂3ηU
∂Φrη∂Φζη∂Φτη

(r, s, t)
∣∣∣∣ dτdζdr

≤ e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))](Φ(q1) − Φ(r))η1

× (Φ(q2) − Φ(ζ))η2(Φ(q3) − Φ(τ))η3

× ||ΦDη,δ
ϑ U||∞, (39)∣∣∣∣Υ

(
∂3ηV

∂Φzη∂Φyη∂Φxη
(x, y, z)

)∣∣∣∣
≤ 1

δη1Γ(η1)δη2Γ(η2)δη3Γ(η3)

∫ q1

p1

∫ q2

p2

∫ q3

p3

×Φ
′
(r)Φ

′
(τ)Φ

′
(ζ)e[ δ

δ−1
(Φ(qq)−Φ(r))]

× e[ δ
δ−1

(Φ(q2)−Φ(ζ))]e[ δ
δ−1

(Φ(q3)−Φ(τ))]

× (Φ(q1) − Φ(r))η1−1(Φ(q2) − Φ(ζ))η2−1

× (Φ(q3) − Φ(τ))η3−1

×
∣∣∣∣ ∂3ηV
∂Φrη∂Φζη∂Φτη

(r, ζ, τ)
∣∣∣∣ dτdζdr
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≤ e[ δ
δ−1

(Φ(q1)−Φ(r))]e[ δ
δ−1

(Φ(q2)−Φ(ζ))]

× e[ δ
δ−1

(Φ(q3)−Φ(τ))]

× (Φ(q1) − Φ(r))η1(Φ(q2) − Φ(ζ))η2

×(Φ(q3) − Φ(τ))η3 ||ΦDη,δ
ϑ V||∞.

(40)

Combining (37)–(39), we get the desired inequality
(27). This completes the proof.

Some remarkable cases of Theorem 16 are dis-
cussed as follows:

(I) If we choose Φ(u) = u then we get a new result
for generalized proportional fractional operators.

Corollary 17. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined on
[p1, q1]× [p2, q2] and ∂3ηU

∂τη∂ζη∂rη , ∂3ηU
∂τη∂ζη∂rη existing as

continuous and bounded on [p1, q1]×[p2, q2]×[p3, q3]
and η = (η1, η2, η3). Then,

∣∣∣∣
∫ q1

p1

∫ q2

p2

∫ q3

p3

U(x, y, z)V(x, y, z)

− 1
2
[∇(U(x, y, z))V(x, y, z)

+ ∇(V(x, y, z))U(x, y, z)]dydx

∣∣∣∣
≤ 1

16
e[ δ

δ−1
(q1−p1)]e[ δ

δ−1
(q2−p2)]e[ δ

δ−1
(q3−p3)]

× (q1 − p1)η1(q2 − p2)η2(q3 − p3)η3

×
∫ q1

p1

∫ q2

p2

∫ q3

p3

[|V(x, y, z)|||Dη,δ
ϑ U||∞

+ |U(x, y, z)|||Dη,δ
ϑ V||∞]dzdydx,

where ∇,Υ are as given in (16) and (20).

(II) If we choose Φ(u) = u along with δ = 1, then
we get a new result for Riemann–Liouville fractional
integral operator.

Corollary 18. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined on
[p1, q1]× [p2, q2] and ∂3ηU

∂τη∂ζη∂rη , ∂3ηU
∂τη∂ζη∂rη existing as

continuous and bounded on [p1, q1]×[p2, q2]×[p3, q3]

and η = (η1, η2, η3). Then,∣∣∣∣
∫ q1

p1

∫ q2

p2

∫ q3

p3

U(x, y, z)V(x, y, z)

− 1
2
[∇(U(x, y, z))V(x, y, z)

+ ∇(V(x, y, z))U(x, y, z)]dydx

∣∣∣∣
≤ 1

16
(q1 − p1)η1(q2 − p2)η2(q3 − p3)η3

×
∫ q1

p1

∫ q2

p2

∫ q3

p3

[
∣∣V(x, y, z)|||Dη,δ

ϑ U||∞

+ |U(x, y, z)|||Dη,δ
ϑ V||∞]dzdydx,

where ∇,Υ are as given in (16) and (20).

Remark 19. If we choose δ = 1, Theorem 16 leads
to a result in Ref. 42.

Theorem 20. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined
on [p1, q1] × [p2, q2] and ∂3ηU

∂Φτη∂Φζη∂Φrη , ∂3ηU
∂Φτη∂Φζη∂Φrη

existing as continuous and bounded on [p1, q1] ×
[p2, q2] × [p3, q3] and η = (η1, η2, η3). Then,∣∣∣∣

∫ q1

p1

∫ q2

p2

∫ q3

p3

[U(x, y, z)V(x, y, z)

− [∇(U(x, y, z))V(x, y, z)

×∇(V(x, y, z))U(x, y, z)

− ∇(U(x, y, z))∇(V(x, y, z))]]
∣∣∣∣ dzdydx

≤ 1
64

[e[ δ
δ−1

(Φ(q1)−Φ(p1))]e[ δ
δ−1

(Φ(q3)−Φ(p3))]

× e[ δ
δ−1

(Φ(q2)−Φ(p2))](Φ(q1) − Φ(p1))η1

× (Φ(q2) − Φ(p2))η2(Φ(q3) − Φ(p3))η3 ]2

× ||ΦDη,δ
ϑ U||∞||ΦDη,δ

ϑ V||∞ (41)

for (r, ζ, τ) ∈ [p1, q1]× [p2, q2]× [p3, q3] and ∇,Υ are
given in (16) and (20).

Proof. Taking product side by side of Eqs. (36)
and (37), we have

U(x, y, z)V(x, y, z) − [U(x, y, z)∇(V(x, y, z))

+V(x, y, z)∇(U(x, y, z))

−∇(U(x, y, z))∇(V(x, y, z))]
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≤ 1
64

Υ
(

∂3ηU
∂Φzη∂Φyη∂Φxη

(x, y, z)
)

×Υ
(

∂3ηV
∂Φzη∂Φyη∂Φxη

(x, y, z)
)

.

(42)

Integrating both sides (42) over [p1, q1] × [p2, q2] ×
[p3, q3] and considering the modulus property, we
get∣∣∣∣
∫ q1

p1

∫ q2

p2

∫ q3

p3

[U(x, y, z)V(x, y, z)

− [U(x, y, z)∇(V(x, y, z))

+V(x, y, z)∇(U(x, y, z))

− ∇(U(x, y, z))∇(V(x, y, z))]]
∣∣∣∣dzdydx

≤ 1
64

∫ q1

p1

∫ q2

p2

∫ q3

p3

∣∣∣∣Υ
(

∂3ηU
∂Φzη∂Φyη∂Φxη

(x, y, z)
)∣∣∣∣

×
∣∣∣∣Υ

(
∂3ηV

∂Φzη∂Φyη∂Φxη
(x, y, z)

)∣∣∣∣dzdydx.

(43)

Substituting (39) and (40) in (43), we get the
required inequality (44).

Some remarkable cases of Theorem 20 are dis-
cussed as follows:

(I) If we choose Φ(u) = u, then, we get a new result
for generalized proportional fractional operators.

Corollary 21. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined on
[p1, q1]× [p2, q2] and ∂3ηU

∂τη∂ζη∂rη , ∂3ηU
∂τη∂ζη∂rη existing as

continuous and bounded on [p1, q1]×[p2, q2]×[p3, q3]
and η = (η1, η2, η3). Then,∣∣∣∣

∫ q1

p1

∫ q2

p2

∫ q3

p3

[U(x, y, z)V(x, y, z)

− [∇(U(x, y, z))V(x, y, z)

×∇(V(x, y, z))U(x, y, z)

− ∇(U(x, y, z))∇(V(x, y, z))]]
∣∣∣∣dzdydx

≤ 1
64

[e[ δ
δ−1

(q1−p1)]e[ δ
δ−1

(q3−p3)]e[ δ
δ−1

(q2−p2)]

× (q1 − p1)η1(q2 − p2)η2(q3 − p3)η3 ]2

×‖Dη,δ
ϑ U‖∞‖Dη,δ

ϑ V‖∞

for (r, ζ, τ) ∈ [p1, q1]× [p2, q2]× [p3, q3] and ∇,Υ are
given in (16) and (20).

(II) If we choose Φ(u) = u along with δ = 1, then
we get a new result for Riemann–Liouville fractional
integral operator.

Corollary 22. Consider two continuous functions
U ,V : [p1, q1] × [p2, q2] × [p3, q3] → R defined on
[p1, q1]× [p2, q2] and ∂3ηU

∂τη∂ζη∂rη , ∂3ηU
∂τη∂ζη∂rη existing as

continuous and bounded on [p1, q1]×[p2, q2]×[p3, q3]
and η = (η1, η2, η3). Then,∣∣∣∣

∫ q1

p1

∫ q2

p2

∫ q3

p3

[U(x, y, z)V(x, y, z)

− [∇(U(x, y, z))V(x, y, z)

×∇(V(x, y, z))U(x, y, z)

− ∇(U(x, y, z))∇(V(x, y, z))]]
∣∣∣∣dzdydx

≤ 1
64

[(q1 − p1)η1(q2 − p2)η2(q3 − p3)η3 ]2

×‖Dη,δ
ϑ U‖∞‖Dη,δ

ϑ V‖∞
for (r, ζ, τ) ∈ [p1, q1]× [p2, q2]× [p3, q3] and ∇,Υ are
given in (16) and (20).

Remark 23. If we choose δ = 1, then Theorem 20
leads to a result in Ref. 42.

5. CONCLUSION

The main aim in this paper is to determine Čebyšev
functionals for two- and three-variable schemes
within the generalized proportional fractional inte-
gral operator, which is quite useful in establish-
ing the solution of nonlinear-differentiable equa-
tions in fractional calculus. Within this framework,
we have derived several novel generalizations which
are the refinements of the results derived by Ref. 42.
Additionally, the proposed operator is the gen-
eralization of several existing operators such as
generalized Riemann–Liouville, Riemann–Liouville,
generalized proportional fractional, Hadamard and
conformable fractional integral operators, but they
are unified when Remark 7 and the proportional-
ity index δ = 1 are taken into consideration. For
the sake of obtaining a better understanding of the
method, we have discussed the earlier results pro-
posed by Rashid et al.12 and Zhou et al.43 The out-
come shows that the proposed plans are extremely
important and computationally appealing to deal
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with comparable sorts of differential equations. As a
future research course and direction related to this
paper, the new techniques obtained in this paper
can be expanded to attain analytical solutions of
the fractional Schrödinger equations and in image
processing introduced in the works investigated cur-
rently connected with high-dimensional fractional
equations.20–23 All in all, the results in our study
can be utilized to serve as efficient and robust means
to investigate the specific classes of integrodifferen-
tial equations.
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