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With every passing day, one comes to know that cases of the corona virus disease
are increasing. This is an alarming situation in many countries of the globe. So
far, the virus has attacked as many as 188 countries of the world and 5 549 131 (27
May 2020) human population is affected with 348 224 deaths. In this regard, pub-
lic and private health authorities are looking for manpower with modeling skills
and possible vaccine. In this research paper, keeping in view the fast transmis-
sion dynamics of the virus, we have proposed a new mathematical model of eight
mutually distinct compartments with the help of memory-possessing operator of
Caputo type. The fractional order parameter 𝜓 of the model has been optimized
so that smallest error can be attained while comparing simulations and the real
data set which is considered for the country Pakistan. Using Banach fixed point
analysis, it has been shown that the model has a unique solution whereas its
basic reproduction number 0 is approximated to be 6.5894. Disease-free steady
state is shown to be locally asymptotically stable for 0 < 0, otherwise unsta-
ble. Nelder-Mead optimization algorithm under MATLAB Toolbox with daily
real cases of the virus in Pakistan is employed to obtain best fitted values of the
parameters for the model's validation. Numerical simulations of the model have
come into good agreement with the practical observations wherein social dis-
tancing, wearing masks, and staying home have proved to be the most effective
measures in order to prevent the virus from further spread.
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1 INTRODUCTION

It is well known that COVID-19 pandemic has brought a quagmire across the globe whereby more than four million
people have been infected globally, apparently, the mortality-recovery ratio is in a positive proportion.1,2 Nevertheless,
by Polymerase Chain Reaction's sensitivity, the absence or presence of the pandemic infected host in previous time is
observable and, in the lack of any curative vaccine, the recovery rate seems to be promising. The challenge to health care
professionals, the World Health Organization and the Center for Disease Control in every quarter was whether reinfection
could occur after a clinically treated COVID-19 patient.

The subtle nature of the ailment has brought the attention of several scientists and medical practitioners to massively
embark on multifarious researches in order to fully counterattack and stop the spread of the ailment. A new research in
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previous studies2-4 focuses on the COVID-19 disease outbreak due to the global pandemic phenomenon originating in
mainland China. Ming et al.3 used the popular susceptible-infectious-recovered (SIR) model to obtain optimum values
for the model parameters using statistical approach and thus predicted the number of people infected, susceptible, and
removed as compared with time. Recently, Ndaırou et al.5 have proposed a new mathematical model for the transmis-
sion of COVID-19 regarding Wuhan based on the 2016 proposed model in Kim et al.6 and taking into consideration the
existence of super-spreaders in the family of corona virus.7

The pervasive COVID-19 and the inefficiency of determined and result-based action is an expansive call for more prac-
tical and empirical efforts aimed at updating policy models and guidelines for disease control from social and scientific
studies. While the already existed researches are concentrated to the disease-free equilibrium and epidemiology where the
reproductive number of the infectious population is at its lowest, still researches on this pandemic are not explored. Thus,
in order to critically enunciate the actual characteristics of the situation, an expansive study needs to be continuously
carried out until we the human-being overcome this so-called enemy COVID-19.

To this aim, we feel motivated to carry out the rigorous study of this pandemic from fractional variant. This is because,
it can be noted that, in the recent past, multifarious scientists have shown that the fractional calculus can more precisely
explain natural phenomena than the integer calculus.8-28 In light of this fact, the noninteger calculus becomes increasingly
significant and common in the realistic cases modeling, those with memory effects in particular. We feel inspired to
investigate and evaluate the fractional variant of the classical model proposed in Ndaırou et al.5 on COVID-19 pandemic
with an effective fractional operator called Caputo fractional derivative. To the best of our knowledge, this is the first time
this fractional derivative has been employed for the analysis and investigation of the underlying model.

2 FORMULATION OF THE MODEL
Based upon the COVID-19 model proposed in Ndaırou et al.5 and taking into consideration the Caputo fractional operator
of order 𝜓 , we have proposed a new model and called it COVID-19 epidemiological model with eight mutually distinct
compartments working under the fractional order operator of Caputo type.The main motivation of utilizing a fractional
model is due a better description of memory effect. The total human population N is considered to be constant since
most of the travel routes have been closed from couple of months and birth and death ratio is assumed to be equal. In
this way, it is very much justified for the total population to be constant. Subdivision of the total population is done in
eight compartments as follows: (a) S(t)—susceptible individuals; (b) E(t)—exposed individuals; (c) I(t)—symptomatic and
infectious individuals; (d) P(t)—super-spreader individuals; (e) A(t)—asymptomatic individuals; (f) H(t)—hospitalized
individuals; (g) R(t)—recovered individuals; and (h) D(t)—dead individuals. The following structure of the COVID-19
model is suggested with the Caputo operator in action:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
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Γ(1−𝜓)

∫ t
0 (t − 𝜒)−𝜓P′(𝜒)d𝜒 = 𝜅𝜓𝜎sE − (𝛾𝜓h + 𝛾𝜓n )P − 𝛿𝜓p P,

CD
𝜓

0,tA(t) = 1
Γ(1−𝜓)

∫ t
0 (t − 𝜒)−𝜓A′(𝜒)d𝜒 = 𝜅𝜓 (1 − 𝜎e − 𝜎s)E,

CD
𝜓

0,tH(t) = 1
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∫ t
0 (t − 𝜒)−𝜓H′(𝜒)d𝜒 = 𝛾

𝜓

h (I + P) − 𝛾𝜓p H − 𝛿𝜓h H,
CD

𝜓

0,tR(t) = 1
Γ(1−𝜓)

∫ t
0 (t − 𝜒)−𝜓R′(𝜒)d𝜒 = 𝛾

𝜓
n (I + P) + 𝛾𝜓p H,

CD
𝜓

0,tD(t) = 1
Γ(1−𝜓)

∫ t
0 (t − 𝜒)−𝜓D′(𝜒)d𝜒 = 𝛿

𝜓

i I + 𝛿𝜓p P + 𝛿𝜓h H,

(1)

with S(0),E(0), I(0),P(0),A(0),H(0),R(0),D(0) ∈ R
+
0 . The variables S, E, I, P, A, H, R, D represent the number of

individuals who are susceptible, exposed, infectious, super-spreaders, asymptomatic, hospitalized, recovered,
and dead; respectively, at any time t. The total population is denoted by N(t). Moreover, N(t)= S(t) + E(t)
+ I(t) + P(t) + A(t) + H(t) + R(t) + D(t). By adding all the above eight compartments, one can observe that CD

𝜓

0,tN(t) = 0,
and this is one of the interesting properties of the Caputo operator that its derivative for a constant vanishes, and this
property is very well satisfied in the present analysis. Moreover, From first equation of the proposed model (1), one
observes that

C
D
𝜓

0,tS(t) ≤ 0. (2)

This, S(t) is always decreasing. In particular, one obtains S(t)≤ S0.
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3 THEORETICAL ANALYSIS OF THE MODEL

In this section, some important properties of the governing model will be investigated.

3.1 Existence and uniqueness conditions
We start with the existence as well as the uniqueness of the solution for Caputo operator. Take into account a function,
real-valued, and continuous depicted by ( ) is a Banach space on  = [0, b] with norm ‖(S,E, I,P,A,H,R,D)‖ =‖S‖ + ‖E‖ + ‖I‖ + ‖P‖ + ‖A‖ + ‖H‖ + ‖R‖ + ‖D‖, ‖S‖ = supt∈ |S(t)| , ‖E‖ = supt∈ |E(t)| , ‖I‖ = supt∈ |I(t)|, ‖P‖ =
supt∈ |P(t)| , ‖A‖ = supt∈ |A(t)|, ‖H‖ = supt∈ |H(t)|, ‖R‖ = supt∈ |R(t)| and ‖D‖ = supt∈ |D(t)|. Employing the
Caputo fractional integral on the governing model leads to

S(t) − S(0) =C
D
𝜓

0,t

{
−𝛽𝜓 IS

N
− r𝛽𝜓 HS

N
− 𝛽𝜓s
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N

}
,
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D
𝜓

0,t

{
𝛽𝜓
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− 𝜅𝜓E
}
,

I(t) − I(0) =C
D
𝜓

0,t
{
𝜅𝜓𝜎eE − (𝛾𝜓h + 𝛾𝜓r )I − 𝛿

𝜓

i I
}
,

P(t) − P(0) =C
D
𝜓

0,t
{
𝜅𝜓𝜎sE − (𝛾𝜓h + 𝛾𝜓r )P − 𝛿𝜓p P

}
,

A(t) − A(0) =C
D
𝜓

0,t {𝜅
𝜓 (1 − 𝜎e − 𝜎s)E} ,

H(t) − H(0) =C
D
𝜓

0,t
{
𝛾
𝜓

h (I + P) − 𝛾𝜓p H − 𝛿𝜓h H
}
,

R(t) − R(0) =C
D
𝜓

0,t
{
𝛾
𝜓

h (I + P) + 𝛾𝜓p H
}
,

D(t) − D(0) =C
D
𝜓

0,t
{
𝛿
𝜓

i I + 𝛿𝜓p P + 𝛿𝜓h H
}
.

(3)

The above expressions refer to:

S(t) − S(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K1(𝜓, 𝜒, S(𝜒))d𝜒,

E(t) − E(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K2(𝜓, 𝜒,E(𝜒))d𝜒,

I(t) − I(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K3(𝜓, 𝜒, I(𝜒))d𝜒,

P(t) − P(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K4(𝜓, 𝜒,P(𝜒))d𝜒,

A(t) − A(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K5(𝜓, 𝜒,A(𝜒))d𝜒,

H(t) − H(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K6(𝜓, 𝜒,H(𝜒))d𝜒,

R(t) − R(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K7(𝜓, 𝜒,R(𝜒))d𝜒,

D(t) − D(0) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K8(𝜓, 𝜒,D(𝜒))d𝜒,

(4)

and the kernels are as comes next

K1(𝜓, t, S(t)) = −𝛽𝜓 IS
N

− r𝛽𝜓 HS
N

− 𝛽𝜓s
PS
N
,

K2(𝜓, t,E(t)) = 𝛽𝜓
IS
N

+ r𝛽𝜓 HS
N

+ 𝛽𝜓s
PS
N

− 𝜅𝜓E,

K3(𝜓, t, I(t)) = 𝜅𝜓𝜎eE − (𝛾𝜓h + 𝛾𝜓r )I − 𝛿
𝜓

i I,

K4(𝜓, t,P(t)) = 𝜅𝜓𝜎sE − (𝛾𝜓h + 𝛾𝜓r )P − 𝛿𝜓p P,

K5(𝜓, t,A(t)) = 𝜅𝜓 (1 − 𝜎e − 𝜎s)E,

K6(𝜓, t,H(t)) = 𝛾
𝜓

h (I + P) − 𝛾𝜓p H − 𝛿𝜓h H,

K7(𝜓, t,R(t)) = 𝛾
𝜓

h (I + P) + 𝛾𝜓p H,

K8(𝜓, t,D(t)) = 𝛿
𝜓

i I + 𝛿𝜓p P + 𝛿𝜓h H.

(5)
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Now, Ki(i= 1, … ,8) must affirm the Lipschitz condition's validity with S(t), E(t), I(t), P(t), A(t), H(t), R(t), and D(t)
having an upper bound. Take a couple of functions say S(t) and S∗(t) into consideration, we can write

‖K1(𝜓, t, S(t)) − K1(𝜓, t, S∗(t))‖
=

‖‖‖‖ 1
N
(−𝛽𝜓 I − r𝛽𝜓H − 𝛽𝜓s P)(S(t) − S∗(t))

‖‖‖‖ . (6)

Now, assuming Λ1 = ‖‖‖ 1
N

(
−𝛽𝜓 I − r𝛽𝜓H − 𝛽𝜓s P

)‖‖‖, we get

‖K1(𝜓, t, S(t)) − K1(𝜓, t, S∗(t))‖ ≤ Λ1 ‖S(t) − S∗(t)‖ . (7)

Continuing in the same way, one gets

‖K2(𝜓, t,E(t)) − K2(𝜓, t,E∗(t))‖ ≤ Λ2 ‖E(t) − E∗(t)‖ ,‖K3(𝜓, t, I(t)) − K3(𝜓, t, I∗(t))‖ ≤ Λ3 ‖I(t) − I∗(t)‖ ,‖K4(𝜓, t,P(t)) − K4(𝜓, t,P∗(t))‖ ≤ Λ4 ‖P(t) − P∗(t)‖ ,‖K5(𝜓, t,A(t)) − K5(𝜓, t,A∗(t))‖ ≤ Λ5 ‖A(t) − A∗(t)‖ ,‖K6(𝜓, t,H(t)) − K6(𝜓, t,H∗(t))‖ ≤ Λ6 ‖H(t) − H∗(t)‖ ,‖K7(𝜓, t,R(t)) − K7(𝜓, t,R∗(t))‖ ≤ Λ7 ‖R(t) − R∗(t)‖ ,‖K8(𝜓, t,D(t)) − K8(𝜓, t,D∗(t))‖ ≤ Λ8 ‖D(t) − D∗(t)‖ .
(8)

We have now shown the satisfaction of the Lipschitz condition for all the kernels.
One can recursively gets the expressions in (4) as

Sn(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K1(𝜓, 𝜒, Sn−1(𝜒))d𝜒,

En(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K2(𝜓, 𝜒,En−1(𝜒))d𝜒,

In(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K3(𝜓, 𝜒, In−1(𝜒))d𝜒,

Pn = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K4(𝜓, 𝜒,Pn−1(𝜒))d𝜒,

An(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K5(𝜓, 𝜒,An−1(𝜒))d𝜒,

Hn(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K6(𝜓, 𝜒,Hn−1(𝜒))d𝜒,

Rn(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K7(𝜓, 𝜒,Rn−1(𝜒))d𝜒,

Dn(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓K8(𝜓, 𝜒,Dn−1(𝜒))d𝜒,

(9)

together with S0(t)= S(0), E0(t)=E(0), I0(t)= I(0), P0(t)=P(0), A0(t)=A(0), H0(t)=H(0), R0(t)=R(0) and D0(t)=D(0).
And then, we have
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ΞS,n(t) = Sn(t) − Sn−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K1(𝜓, 𝜒, Sn−1(𝜒)) − K1(𝜓, 𝜒, Sn−2(𝜒))) d𝜒,

ΞE,n(t) = En(t) − En−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K2(𝜓, 𝜒,En−1(𝜒)) − K2(𝜓, 𝜒,En−2(𝜒))) d𝜒,

ΞI,n(t) = In(t) − In−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K3(𝜓, 𝜒, In−1(𝜒)) − K3(𝜓, 𝜒, In−2(𝜒))) d𝜒,

ΞP,n(t) = Pn(t) − Pn−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K4(𝜓, 𝜒,Pn−1(𝜒)) − K4(𝜓, 𝜒,Pn−2(𝜒))) d𝜒,

ΞA,n(t) = An(t) − An−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K5(𝜓, 𝜒,An−1(𝜒)) − K5(𝜓, 𝜒,An−2(𝜒))) d𝜒,

ΞH,n(t) = Hn(t) − Hn−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K6(𝜓, 𝜒,Hn−1(𝜒)) − K6(𝜓, 𝜒,Hn−2(𝜒))) d𝜒,

ΞR,n(t) = Rn(t) − Rn−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K7(𝜓, 𝜒,Rn−1(𝜒)) − K7(𝜓, 𝜒,Rn−2(𝜒))) d𝜒,

ΞD,n(t) = Dn(t) − Dn−1(t) = W(𝜓)∫
t

0
(t − 𝜒)−𝜓 (K8(𝜓, 𝜒,Dn−1(𝜒)) − K8(𝜓, 𝜒,Dn−2(𝜒))) d𝜒,

(10)

It is crucial to consider Sn(t) =
∑n

i=0 ΞS,i(t), En(t) =
∑n

i=0 ΞE,i(t), In(t) =
∑n

i=0 ΞI,i(t), Pn(t) =
∑n

i=0 ΞP,i(t),
An(t) =

∑n
i=0 ΞA,i(t), Hn(t) =

∑n
i=0 ΞH,i(t), Rn(t) =

∑n
i=0 ΞR,i(t), Dn(t) =

∑n
i=0 ΞD,i(t). In addition, from Equations (7)

and (8) and supposing that ΞS, n− 1(t)= Sn− 1(t)− Sn− 2(t),ΞE, n− 1(t)=En− 1(t)−En− 2(t),ΞI, n− 1(t)= In− 1(t)− In− 2(t),
ΞP, n− 1(t)=Pn− 1(t)−Pn− 2(t), ΞA, n− 1(t)=An− 1(t)−An− 2(t), ΞH, n− 1(t)=Hn− 1(t)−Hn− 2(t), ΞR,n− 1(t)=Rn− 1(t)−Rn− 2(t),
ΞD, n− 1(t)=Dn− 1(t−Dn− 2(t), we attain

‖‖ΞS,n(t)‖‖ ≤ W(𝜓)𝜂1 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞS,n−1(𝜒)‖‖ d𝜒,

‖‖ΞE,n(t)‖‖ ≤ W(𝜓)𝜂2 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞE,n−1(𝜒)‖‖ d𝜒,

‖‖ΞI,n‖‖ ≤ W(𝜓)𝜂3 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞI,n−1(𝜒)‖‖ d𝜒,

‖‖ΞP,n(t)‖‖ ≤ W(𝜓)𝜂4 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞP,n−1(𝜒)‖‖ d𝜒,

‖‖ΞA,n(t)‖‖ ≤ W(𝜓)𝜂5 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞA,n−1(𝜒)‖‖ d𝜒,

‖‖ΞH,n‖‖ ≤ W(𝜓)𝜂6 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞH,n−1(𝜒)‖‖ d𝜒,

‖‖ΞR,n(t)‖‖ ≤ W(𝜓)𝜂7 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞR,n−1(𝜒)‖‖ d𝜒,

‖‖ΞD,n(t)‖‖ ≤ W(𝜓)𝜂8 ∫
t

0
(t − 𝜒)−𝜓 ‖‖ΞD,n−1(𝜒)‖‖ d𝜒.

(11)

Theorem 3.1. Assume that
W(𝜓)
𝜓

b𝜓𝜂i < 1, i = 1, 2, … , 8. (12)

Then, the governing model has a unique solution for t∈ [0,b].

Proof. The boundedness of S(t), E(t), I(t), P(t), A(t), H(t), R(t), and D(t) have been proved. Moreover from Equations (7)
and (8), K1, K2, K3, K4, K5, K6, K7, K8 are Lipchitz. Then, Equation (11) together with a recursive hypothesis gives
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‖‖ΞS,n(t)‖‖ ≤ ‖S0(t)‖(W(𝜓)
𝜓

b𝜓𝜂1

)n

,

‖‖ΞE,n(t)‖‖ ≤ ‖E0(t)‖(W(𝜓)
𝜓

b𝜓𝜂2

)n

,

‖‖ΞI,n(t)‖‖ ≤ ‖I0(t)‖(W(𝜓)
𝜓

b𝜓𝜂3

)n

,

‖‖ΞP,n(t)‖‖ ≤ ‖P0(t)‖(W(𝜓)
𝜓

b𝜓𝜂4

)n

,

‖‖ΞA,n(t)‖‖ ≤ ‖A0(t)‖(W(𝜓)
𝜓

b𝜓𝜂5

)n

,

‖‖ΞH,n(t)‖‖ ≤ ‖H0(t)‖(W(𝜓)
𝜓

b𝜓𝜂6

)n

,

‖‖ΞR,n(t)‖‖ ≤ ‖R0(t)‖(W(𝜓)
𝜓

b𝜓𝜂7

)n

,

‖‖ΞD,n(t)‖‖ ≤ ‖D0(t)‖(W(𝜓)
𝜓

b𝜓𝜂8

)n

.

(13)

Thus, ‖‖ΞS,n‖‖ → 0, ‖‖ΞE,n‖‖ → 0, ‖‖ΞI,n‖‖ → 0, ‖‖ΞP,n‖‖ → 0, ‖‖ΞA,n‖‖ → 0, ‖‖ΞH,n‖‖ → 0, ‖‖ΞR,n‖‖ → 0, and ‖‖ΞD,n‖‖ → 0 as
n→∞. Moreover, from Equation (13) and imposing the triangle inequality, for any k, we have

‖Sn+k(t) − Sn(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗1 =
qn+1

1 − qn+k+1
1

1 − q1
,

‖En+k(t) − En(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗2 =
qn+1

2 − qn+k+1
2

1 − q2
,

‖In+k(t) − In(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗3 =
qn+1

3 − qn+k+1
3

1 − q3
,

‖Pn+k(t) − Pn(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗4 =
qn+1

4 − qn+k+1
4

1 − q4
,

‖An+k(t) − An(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗5 =
qn+1

5 − qn+k+1
5

1 − q5
,

‖Hn+k(t) − Hn(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗6 =
qn+1

6 − qn+k+1
6

1 − q6
,

‖Rn+k(t) − Rn(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗7 =
qn+1

7 − qn+k+1
7

1 − q7
,

‖Dn+k(t) − Dn(t)‖ ≤
n+k∑
𝑗=n+1

q𝑗8 =
qn+1

8 − qn+k+1
8

1 − q8
,

(14)

By hypothesis, it can be noted that ri = W(𝜓)
𝜓

b𝜓𝜂i < 1. So, Sn, En, In, Pn, An, Hn, Rn, Dn are regarded as a
Cauchy sequences in ( ). Thus, the uniformly convergent29 has been reach. Utilizing the proposition on limit in
Equation (9) as n→∞ implies the unique solution of the governing equation. Hence, the existence of a unique solution
is reached (12).

3.2 Stability analysis and iterative solutions via Caputo fractional derivative
Let (, ||.||) be a Banach space and ∗ be a self-map of . Also, let us consider the recursive procedure in the form of
the 𝑦n+1 = h(∗, 𝑦n) and (∗) be a fixed point set of non-empty ∗. Here, the sequence yn converges to the point of
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q∗ ∈ (∗). Moreover, we define ||z∗n+1 − h(∗, z∗n)|| such that {z∗n ⊆ }. The iterative approach, 𝑦n+1 = h(∗, 𝑦n), is
∗-stable if limn→∞cn = 0, that is, limn→∞c∗n = p∗. For the sequence zn to be convergent, it must have an upper limit. If
all the conditions mentioned above are met for 𝑦n+1 = ∗ where n is considered as Picard's iteration as in Wang et al.,30

then the iteration is ∗-stable. So, we can express the theorem below:
Let (, ||.||) be a Banach space and ∗ be a self-map on , then for all x, 𝑦 ∈ , we have

||∗
x −∗

𝑦|| ≤ K||x −∗
x || + k||x − 𝑦||, (15)

where K≥ 0, 0≤ k< 1. Assuming ∗ is Picard ∗-stable, the recursive formula can be presented as follows:

Sn+1(t) = Sn(t) + −1
{ 1

s𝜓
{

−𝛽𝜓 IS
N

− r𝛽𝜓 HS
N

− 𝛽𝜓s
PS
N

}}
,

En+1(t) = En(t) + −1
{ 1

s𝜓
{

𝛽𝜓
IS
N

+ r𝛽𝜓 HS
N

+ 𝛽𝜓s
PS
N

− 𝜅𝜓E
}}

,

In+1(t) = In(t) + −1
{ 1

s𝜓
{

𝜅𝜓𝜎eE − (𝛾𝜓h + 𝛾𝜓r )I − 𝛿
𝜓

i I
}}

,

Pn+1(t) = Pn(t) + −1
{ 1

s𝜓
{

𝜅𝜓𝜎sE − (𝛾𝜓h + 𝛾𝜓r )P − 𝛿𝜓p P
}}

,

An+1(t) = An(t) + −1
{ 1

s𝜓
 {𝜅𝜓 (1 − 𝜎e − 𝜎s)E}

}
,

Hn+1(t) = Hn(t) + −1
{ 1

s𝜓
{

𝛾
𝜓

h (I + P) − 𝛾𝜓p H − 𝛿𝜓h H
}}

,

Rn+1(t) = Rn(t) + −1
{ 1

s𝜓
{

𝛾
𝜓

h (I + P) + 𝛾𝜓p H
}}

,

Dn+1(t = Dn(t) + −1
{ 1

s𝜓
{

𝛿
𝜓

i I + 𝛿𝜓p P + 𝛿𝜓h H
}}

.

(16)

Let  be a self-map, then it is defined by

 [Sn(t)] = Sn+1(t) = Sn(t) + −1
{ 1

s𝜓
{

−𝛽𝜓 IS
N

− r𝛽𝜓 HS
N

− 𝛽𝜓s
PS
N

}}
,

 [En(t)] = En+1(t) = En(t) + −1
{ 1

s𝜓
{

𝛽𝜓
IS
N

+ r𝛽𝜓 HS
N

+ 𝛽𝜓s
PS
N

− 𝜅𝜓E
}}

,

 [In(t)] = In+1(t) = In(t) + −1
{ 1

s𝜓
{

𝜅𝜓𝜎eE − (𝛾𝜓h + 𝛾𝜓r )I − 𝛿
𝜓

i I
}}

,

 [Pn(t)] = Pn+1(t) = Pn(t) + −1
{ 1

s𝜓
{

𝜅𝜓𝜎sE − (𝛾𝜓h + 𝛾𝜓r )P − 𝛿𝜓p P
}}

,

 [An(t)] = An+1(t) = An(t) + −1
{ 1

s𝜓
 {𝜅𝜓 (1 − 𝜎e − 𝜎s)E}

}
,

 [Hn(t)] = Hn+1(t) = Hn(t) + −1
{ 1

s𝜓
{

𝛾
𝜓

h (I + P) − 𝛾𝜓p H − 𝛿𝜓h H
}}

,

 [Rn(t)] = Rn+1(t) = Rn(t) + −1
{ 1

s𝜓
{

𝛾
𝜓

h (I + P) + 𝛾𝜓p H
}}

,

 [Dn(t] = Dn+1(t = Dn(t) + −1
{ 1

s𝜓
{

𝛿
𝜓

i I + 𝛿𝜓p P + 𝛿𝜓h H
}}

.

(17)

which is  -stable in L1(a, b) if the following conditions are satisfied

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

{
1 − 𝛽𝜓 (Q1 + Q3)𝑓1(𝜌) − r𝛽𝜓 (Q1 + Q6)𝑓2(𝜌) − 𝛽𝜓s (Q1 + Q4)𝑓3(𝜌)

}
< 1,{

1 − 𝛽𝜓 (Q1 + Q3)𝑓4(𝜌) + r𝛽𝜓 (Q1 + Q6)𝑓5(𝜌) + 𝛽𝜓s (Q1 + Q4)𝑓6(𝜌) − 𝜅𝜓K1
}
< 1,{

1 −
(
𝜅𝜓𝜎e − (𝛾𝜓h + 𝛾𝜓r ) − 𝛿

𝜓

i

)
K2

}
< 1,{

1 −
(
𝜅𝜓𝜎s − (𝛾𝜓h + 𝛾𝜓r ) − 𝛿

𝜓
p
)

K3
}
< 1,

{1 − 𝜅𝜓 (1 − 𝜎e − 𝜎s)K4} < 1,{
1 −

(
𝛾
𝜓

h − 𝛾𝜓p − 𝛿𝜓h
)

K5
}
< 1,{

1 −
(
𝛾
𝜓

h + 𝛾𝜓p
)

K6
}
< 1,{

1 −
(
𝛿
𝜓

i + 𝛿𝜓p + 𝛿𝜓h
)

K7
}
< 1.

(18)
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Proof. It is clear that  is a fixed point. So, we determine the following iterations for all (m,n) ∈ N ×N.

 (Sn(t)) −  (Sm(t)) = Sn(t) − Sm(t),
 (En(t)) −  (Em(t)) = En(t) − Em(t),

 (In(t)) −  (Im(t)) = In(t) − Im(t),
 (Pn(t)) −  (Pm(t)) = Pn(t) − Pm(t),
 (An(t)) −  (Am(t)) = An(t) − Am(t),
 (Hn(t)) −  (Hm(t)) = Hn(t) − Hm(t),
 (Rn(t)) −  (Rm(t)) = Rn(t) − Rm(t),
 (Dn(t)) −  (Fm(t)) = Dn(t) − Fm(t)

(19)

Taking the norm of both sides of the first equation in (19), we have

|| (Sn(t)) −  (Sm(t))|| = ||Sn(t) − Sm(t) + −1
{

1
s𝜓


{
−𝛽𝜓 InSn

N
− r𝛽𝜓 HnSn

N
− 𝛽𝜓s

PnSn

N

}}
− −1

{
1
s𝜓


{
−𝛽𝜓 ImSm

N
− r𝛽𝜓 HmSm

N
− 𝛽𝜓s

PmSm

N

}}||, (20)

and if we use the triangular inequality, we can write

|| (Sn(t)) −  (Sm(t))|| = ||Sn(t) − Sm(t)|| + ||−1
{

1
s𝜓


{
−𝛽𝜓 InSn

N
− r𝛽𝜓 HnSn

N
− 𝛽𝜓s

PnSn

N

}}
− −1

{
1
s𝜓


{
−𝛽𝜓 ImSm

N
− r𝛽𝜓 HmSm

N
− 𝛽𝜓s

PmSm

N

}}||. (21)

By some necessary simplifications, (21) takes the form of

|| (Sn(t)) −  (Sm(t))|| ≤ ||Sn(t) − Sm(t)|| + −1
{

1
s𝜓


{||−𝛽𝜓Sn

N
(In − Im)|| + ||−𝛽𝜓 In

N
(Sn − Sm)||

+ ||−r𝛽𝜓Sn

N
(Hn − Hm)|| + ||−r𝛽𝜓Hn

N
(Sn − Sm)|| + ||−𝛽𝜓s Sn

N
(Pn − Pm)|| + ||−𝛽𝜓s Pn

N
(Sn − Sm)||}}

.

(22)

Owing to the same behavior of functions inside the system handled, it can be assumed that

||Hn(t) − Hm(t)|| ≅ ||Sn(t) − Sm(t)||||In(t) − Im(t)|| ≅ ||Sn(t) − Sm(t)||||Pn(t) − Pm(t)|| ≅ ||Sn(t) − Sm(t)||. (23)

Substituting (23) into the relation (22), we reach

|| (Sn(t)) −  (Sm(t))|| ≤ ||Sn(t) − Sm(t)|| + −1
{

1
s𝜓


{||−𝛽𝜓Sn

N
(Sn − Sm)|| + ||−𝛽𝜓 In

N
(Sn − Sm)||

+||−r𝛽𝜓Sn

N
(Sn − Sm)|| + ||−r𝛽𝜓Hn

N
(Sn − Sm)|| + ||−𝛽𝜓s Sn

N
(Sn − Sm)|| + ||−𝛽𝜓s Pn

N
(Sn − Sm)||}}

.

(24)

Because the sequences Sn(t), Hm(t), Im(t), and Pm(t) are convergent and bounded, there exist four different constants
S1 > 0, S2 > 0, S3 and S4 > 0 for all t. Hence, we have

||Sn(t)|| < S1, ||Hm(t)|| < S2, ||Pm(t)|| < S3, ||Im(t)|| < S4, (m,n) ∈ N ×N. (25)
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By the relations (24) and (25), one can attain

|| (Sn(t)) −  (Sm(t))|| ≤ [
1 − 𝛽𝜓 (Q1 + Q3)𝑓1(𝜌) − r𝛽𝜓 (Q1 + Q6)𝑓2(𝜌) − 𝛽𝜓s (Q1 + Q4)𝑓3(𝜌)

] ||(Sn(t) − Sm(t))||, (26)

where f1, g1, and k1 are the functions obtained by the inverse Laplace transform in (24). In a similar manner, we reach

|| (En(t)) −  (Em(t))|| ≤ [1 − 𝛽𝜓 (Q1 + Q3)𝑓4(𝜌) + r𝛽𝜓 (Q1 + Q6)𝑓5(𝜌) + 𝛽𝜓s (Q1 + Q4)𝑓6(𝜌) − 𝜅𝜓K1]||En(t) − Em(t)||,|| (In(t)) −  (Im(t))|| ≤ [1 −
(
𝜅𝜓𝜎e − (𝛾𝜓h + 𝛾𝜓r ) − 𝛿

𝜓

i

)
K2]||In(t) − Im(t)||,|| (Pn(t)) −  (Pm(t))|| ≤ [1 −

(
𝜅𝜓𝜎s − (𝛾𝜓h + 𝛾𝜓r ) − 𝛿

𝜓
p
)

K3]||Pn(t) − Pm(t)||,|| (An(t)) −  (Am(t))|| ≤ [1 − 𝜅𝜓 (1 − 𝜎e − 𝜎s)K4]||An(t) − Am(t)||,|| (Hn(t)) −  (Hm(t))|| ≤ [1 −
(
𝛾
𝜓

h − 𝛾𝜓p − 𝛿𝜓h
)

K5]||Hn(t) − Hm(t)||,|| (Rn(t)) −  (Rm(t))|| ≤ [1 −
(
𝛾
𝜓

h + 𝛾𝜓p
)

K6]||Rn(t) − Rm(t)||,|| (Dn(t) −  (Dm(t))|| ≤ [1 −
(
𝛿
𝜓

i + 𝛿𝜓p + 𝛿𝜓h
)

K7]||Dn(t) − Dm(t)||.
(27)

Hence, the prove is complete.

3.3 Basic reproduction number
As a proxy for the spread of disease in a population, the basic reproduction number (BRN) plays a significant role in the
course and control of a continuing outbreak. It can be understood as the average number of cases produced by one infected
person in an otherwise uninfected population over the course of their infectious time. Employing the next generation
matrix to the governing model as stated in Baleanu et al.,13 the BRN can be determined using the following matrices of
generation F and V:

F =
⎛⎜⎜⎜⎝

0 𝛽𝜓 𝛽𝜓r 𝛽𝜓s
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ and V =
⎛⎜⎜⎜⎝

𝜅𝜓 0 0 0
−𝜅𝜓𝜎e 𝛾

𝜓

h + 𝛾𝜓r + 𝛿𝜓i 0 0
−𝜅𝜓𝜎s 0 𝛾

𝜓

h + 𝛾𝜓r + 𝛿𝜓p 0
0 −𝛾𝜓h −𝛾𝜓h 𝛾

𝜓
p + 𝛿𝜓h

⎞⎟⎟⎟⎠ .
Consequently, the BRN is obtained by the following expression:

R0 =
𝛽𝜓𝜎e(𝛾𝜓h r + 𝛾𝜓p + 𝛿𝜓h )

(𝛾𝜓h + 𝛾𝜓r + 𝛿𝜓i )(𝛾
𝜓
p + 𝛿𝜓h )

+
(𝛽𝜓𝛾𝜓h r + 𝛽𝜓s (𝛾

𝜓
p + 𝛿𝜓h ))𝜎s

(𝛾𝜓h + 𝛾𝜓p + 𝛿𝜓p )(𝛾
𝜓
p + 𝛿𝜓h )

. (28)

The above expression of the BRN gives a measuring tools of the ailments risk during the COVID-19 outbreak.

Theorem 3.2. The disease-free equilibrium (DE) E0, of the governing model (1), is locally asymptotically stable in the
given region when R0 < 1, and unstable when R0 > 1.

Employing the techniques provided in Van den Driessche and Wanmough,31 it can be seen that when the BRN is less
than one, the DE is stable locally and no disease invasion can be found in the population. The proof of (3.2) follows.

4 ESTIMATION OF PARAMETERS

Parameter estimation is one of the most important steps to be taken in order to know about values of some nondemo-
graphic parameters of the epidemiological models. Without this estimation, it is almost impossible to go with the analysis
and validation of the proposed models in the areas of mathematical biology. Some of the parameters in the model can
easily be obtained with the help of geographical data available for the country or the region of interest, that is, the region
for which actual data of the epidemic under investigation is available. Some such parameters could be the recruitment
rate of the population of the region, death rate, birth rate, and recovery rate of the affected ones. In the current study, we
have chosen data for Pakistan from (http://covid.gov.pk/stats/pakistan) wherein actual cases of the pandemic are being
recorded on daily basis. Based upon the availability of this data set, we have selected cases from 01 April 2020 to 10 May

http://covid.gov.pk/stats/pakistan


NGUYEN HUYET AL. 1095

2020 while preparing this research work. In this way, 40 data points are available in order to simulate the model for the
symptomatic and infectious class - I(t). The amount of data is fairly good enough for validation of the proposed COVID-19
model. While looking at the model, one can observe that it does not have any demo-graphical parameter and therefore
we need to get each parameter through estimation technique. Now the technique used in the present study is the non-
linear least-squares curve fitting technique which is one of the most frequently used techniques for such purposes as can
be found in recent studies.32,33 Thus, the application of the nonlinear least-squares curve fitting technique via Optimiza-
tion Toolbox routine of MATLAB called fminsearch from the Matlab Optimization Toolbox has been carried out. The
Nelder-Mead optimization algorithm is the basic element of this routine, and it implements the objective function based
on the least square technique. Provided a theoretical model t →Θ(t, a1,a2, … , am), depending on some unknown param-
eters a1,a2, … , am and a sequence of data points (t0,y0), … ,(ti,yi), the goal remains to determine values of the parameters
such as the error

E ∶=

√√√√ i∑
𝑗=0

(
Θ(t, a1, a2, … , am) − 𝑦𝑗

)2
, (29)

achieves a minimum. This is how we obtained best fitted values of unknown parameters of the proposed model in the
Caputo sense. It is also worth to be mentioned that the fractional order parameter 𝜓 which is the major concern of the
present study has also been optimized. This is one the novel features of our research finding since most of the recent
researches do consider epidemiological models in the field of fractional calculus and obtain the best values for biological
parameters but they do not determine optimized value for the fractional parameter itself. The best fitted values of the
model's parameters in both classical and fraction version are listed in Tables 1 and 2, respectively.

It can be observed in Figures 1 and 2 that the curve of the symptomatic and infectious population I(t) agrees better
with the real data for daily cases of the virus in Pakistan from 01 April 2020 to 10 May 2020 under the Caputo version as
compared to the classical one whereas residuals have been shown in Figures 3 and 4, respectively. This builds confidence
to have more power assigned with the fractional operator of Caputo type. The average absolute relative error is found to
be comparatively smaller which is about 1.5098e− 02 in the Caputo case and 7.02746e− 02 in the classical version. Thus,
it proves superiority of the Caputo operator over the classical (integer-order) operator.

𝜷 Transmission rate due to infected individuals 1.388282e+00
𝛽s Transmission rate due to super-spreaders 0.0946423916
r Relative transmissibility of hospitalized individuals 0.0000029347
𝜅 Rate for exposed to become infectious 1.5926870796
𝜎e Rate of exposed to become symptomatic and infectious 0.0551302408
𝜎s Rate of exposed to become super-spreader 0.0000096901
𝛾h Rate of hospitalization 0.0008155133
𝛾n Recovery rate without being hospitalized 0.0026888377
𝛾p Recovery rate of hospitalized patients 0.1650165379
𝛿i Disease induced death rate due to class I 0.0035502729
𝛿p Disease induced death rate due to super-spreaders 0.0012250334
𝛿h Death rate due to hospitalization for disease 0.0205088559

TABLE 1 Best fitted parameters of the classical
(𝜓 = 1) version of COVID-19 model (1)

𝝍 Fractional order 5.245e− 01
𝛽 Transmission rate due to infected individuals 1.388282e+00
𝛽s Transmission rate due to super-spreaders 0.3443080149
r Relative transmissibility of hospitalized individuals 3.677347e-01
𝜅 Rate for exposed to become infectious 1.5926870796
𝜎e Rate of exposed to become symptomatic and infectious 0.2741625219
𝜎s Rate of exposed to become super-spreader 0.2761296879
𝛾h Rate of hospitalization 0.0183468690
𝛾n Recovery rate without being hospitalized 0.0072702216
𝛾p Recovery rate of hospitalized patients 0.0002074216
𝛿i Disease induced death rate due to class I 0.0034410900
𝛿p Disease induced death rate due to super-spreaders 0.0308516602
𝛿h Death rate due to hospitalization for disease 0.0001249332

TABLE 2 Best fitted parameters of the proposed
COVID-19 model (1)
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FIGURE 1 Data fitting for the COVID-19 daily cases (solid red line with red
circles) in Pakistan from 01 April to 10 May 2020 with the symptomatic and
infectious class I(t) (solid black line) of the model under the classical case
(𝜓 = 1) [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 Data fitting for the COVID-19 daily cases (red asterisks) in Pakistan
from 01 April to 10 May 2020 with the symptomatic and infectious class I(t) (solid
black line) of the proposed model under the Caputo operator using optimized
value of 𝜓 = 5.245e− 01 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 Scattering of residuals for the classical COVID-19 model (𝜓 = 1)
with daily cases in Pakistan from 01 April to 10 May 2020 [Colour figure can be
viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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FIGURE 4 Scattering of residuals for the COVID-19 daily cases in Pakistan
from 01 April to 10 May 2020 [Colour figure can be viewed at
wileyonlinelibrary.com]

5 NUMERICAL SIMULATIONS: A CASE STUDY OF PAKISTAN

This is where we present various numerical results for the proposed COVID-19 model with the help of best fitted
parameters as obtained in the Table 2 while using a fractional differential operator known with the name of Caputo. A
predictor-corrector Adams-type scheme for the fractional type of dynamical systems as introduced and analyzed in previ-
ous studies34-36 has been utilized to serve the purpose of simulations of the model. The following structure of the Cauchy
ordinary differential equation is taken into consideration in terms of the Caputo differential operator of order 𝜓 :

C
0 D𝜓

t 𝜑 (t) = Φ (t, 𝜑 (t)) , 𝜑(p) (0) = 𝜑
p
0, 0 < 𝜓 ≤ 1, 0 < t ≤ 𝜏, (30)

where p = 0, 1, … ,n − 1,n = ⌈𝜓⌉ . The Volterra equation version of Equation (30) can be written in the following way:

𝜑 (t) =
n−1∑
p=0
𝜑
(p)
0

tp

p!
+ 1

Γ (𝜓) ∫
t

0
(t − s)𝜓−1Φ (s, 𝜑 (s)) ds. (31)

By using the above described predictor-corrector type of scheme related with the Adam-Bashforth-Moulton solver35

to obtain the approximate solutions of the fractional order COVID-19 model, we have assumed h= 𝜏/N, tj = jh, and
j= 0,1, … , N∈Z+, by assuming 𝜑𝑗 ≈ 𝜑

(
t𝑗
)
, where 𝜑j stands for the approximate solution and 𝜑(tj) for the true one. It

can now be discretized in the following manner, that is, the corresponding corrector part becomes the following

Sk+1 =
k−1∑
𝑗=0

S(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

)(
−𝛽𝜓

I𝑗S𝑗
N𝑗

− r𝛽𝜓
H𝑗S𝑗

N𝑗

− 𝛽𝜓s
S𝑗P𝑗
N𝑗

)

+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

)(
−𝛽𝜓

Ip
k+1Sp

k+1

Np
k+1

− r𝛽𝜓
Hp

k+1Sp
k+1

Np
k+1

− 𝛽𝜓s
Sp

k+1Pp
k+1

Np
k+1

)
,

Ek+1 =
k−1∑
𝑗=0

E(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

)(
𝛽𝜓

I𝑗S𝑗
N𝑗

+ r𝛽𝜓
H𝑗S𝑗

N𝑗

+ 𝛽𝜓s
S𝑗P𝑗
N𝑗

− 𝜅𝜓E𝑗
)

+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

)(
𝛽𝜓

Ip
k+1Sp

k+1

Np
k+1

+ r𝛽𝜓
Hp

k+1Sp
k+1

Np
k+1

+ 𝛽𝜓s
Sp

k+1Pp
k+1

Np
k+1

− 𝜅𝜓Ep
k+1

)
,

Ik+1 =
k−1∑
𝑗=0

I(𝑗)0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝜅𝜓𝜎eE𝑗 − (𝛾𝜓h + 𝛾𝜓n )I𝑗 − 𝛿

𝜓

i I𝑗
)

+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

) (
𝜅𝜓𝜎eEp

k+1 − (𝛾𝜓h + 𝛾𝜓n )I
p
k+1 − 𝛿

𝜓

i Ip
k+1

)
,
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Pk+1 =
k−1∑
𝑗=0

P(𝑗)
0

t𝑗k+1

𝑗!
+ 1

Γ (𝜓)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝜅𝜓𝜎sE𝑗 − (𝛾𝜓h + 𝛾𝜓n )P𝑗 − 𝛿

𝜓
p P𝑗

)
+ 1
Γ (𝜓)

k∑
𝑗=0

(
qk+1,k+1

) (
𝜅𝜓𝜎sEp

k+1 − (𝛾𝜓h + 𝛾𝜓n )P
p
k+1 − 𝛿

𝜓
p Pp

k+1

)
,

Ak+1 =
k−1∑
𝑗=0

A(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝜅𝜓 (1 − 𝜎e − 𝜎s)E𝑗

)
+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

) (
𝜅𝜓 (1 − 𝜎e − 𝜎s)Ep

k+1

)
,

Hk+1 =
k−1∑
𝑗=0

H(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝛾
𝜓

h (I𝑗 + P𝑗) − 𝛾𝜓p H𝑗 − 𝛿𝜓h H𝑗

)
+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

) (
𝛾
𝜓

h (I
p
k+1 + Pp

k+1) − 𝛾
𝜓
p Hp

k+1 − 𝛿
𝜓

h Hp
k+1

)
,

Rk+1 =
k−1∑
𝑗=0

R(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝛾
𝜓
n (I𝑗 + P𝑗) + 𝛾𝜓p H𝑗

)
+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

) (
𝛾
𝜓
n (I

p
k+1 + Pp

k+1) + 𝛾
𝜓
p Hp

k+1

)
,

Dk+1 =
k−1∑
𝑗=0

D(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 2)

k∑
𝑗=0

(
q𝑗,k+1

) (
𝛿
𝜓

i I𝑗 + 𝛿𝜓p P𝑗 + 𝛿𝜓h H𝑗

)
+ h𝜓
Γ (𝜓 + 2)

k∑
𝑗=0

(
qk+1,k+1

) (
𝛿
𝜓

i Ip
k+1 + 𝛿

𝜓
p Pp

k+1 + 𝛿
𝜓

h Hp
k+1

)
,

where

q𝑗,k+1 =

{ k𝜓+1 − (k − 𝜓) (k + 1)𝜓 , if 𝑗 = 0,
(k − 𝑗 + 2)𝜓+1 + (k − 𝑗)𝜓+1 − 2(k − 𝑗 + 1)𝜓+1

, if 1 ≤ 𝑗 ≤ k,
1, if 𝑗 = k + 1.

(32)

FIGURE 5 Behavior of the
symptomatic and infectious class I(t) for
(A) decreasing values of 𝛽 (transmission
coefficient from infected individuals)
and (B) increasing values of 𝛽s

(transmission coefficient due to
super-spreaders) [Colour figure can be
viewed at wileyonlinelibrary.com] (A) (B)

http://wileyonlinelibrary.com


NGUYEN HUYET AL. 1099

In the above numerical solver, the superscript (p) denotes the predictor part of the solver which is determined in the
following way:

Sp
k+1 =

k−1∑
𝑗=0

S(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

)(
−𝛽𝜓

I𝑗S𝑗
N𝑗

− r𝛽𝜓
H𝑗S𝑗

N𝑗

− 𝛽𝜓s
S𝑗P𝑗
N𝑗

)
,

Ep
k+1 =

k−1∑
𝑗=0

E(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

)(
𝛽𝜓

I𝑗S𝑗
N𝑗

+ r𝛽𝜓
H𝑗S𝑗

N𝑗

+ 𝛽𝜓s
S𝑗P𝑗
N𝑗

− 𝜅𝜓E𝑗
)
,

Ip
k+1 =

k−1∑
𝑗=0

I(𝑗)0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝜅𝜓𝜎eE𝑗 − (𝛾𝜓h + 𝛾𝜓n )I𝑗 − 𝛿

𝜓

i I𝑗
)
,

Pp
k+1 =

k−1∑
𝑗=0

P(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝜅𝜓𝜎sE𝑗 − (𝛾𝜓h + 𝛾𝜓n )P𝑗 − 𝛿

𝜓
p P𝑗

)
,

Ap
k+1 =

k−1∑
𝑗=0

A(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝜅𝜓 (1 − 𝜎e − 𝜎s)E𝑗

)
,

Hp
k+1 =

k−1∑
𝑗=0

H(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝛾
𝜓

h (I𝑗 + P𝑗) − 𝛾𝜓p H𝑗 − 𝛿𝜓h H𝑗

)
,

Rp
k+1 =

k−1∑
𝑗=0

R(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝛾
𝜓
n (I𝑗 + P𝑗) + 𝛾𝜓p H𝑗

)
,

Dp
k+1 =

k−1∑
𝑗=0

D(𝑗)
0

t𝑗k+1

𝑗!
+ h𝜓

Γ (𝜓 + 1)

k∑
𝑗=0

(
w𝑗,k+1

) (
𝛿
𝜓

i I𝑗 + 𝛿𝜓p P𝑗 + 𝛿𝜓h H𝑗

)
,

where

w𝑗,k+1 = (k + 1 − 𝑗)𝜓 − (k − 𝑗)𝜓 .

Based upon the numerical solver stated above, we have simulated the proposed model to observe transmission dynamics of
the symptomatic and infectious I(t) in particular. This is the class we are most interested in. Having varied some biological
parameters, important dynamics of the infection is revealed. As seen in (A) plot of Figure 5 that a 25% decrease in the
value of 𝛽 brings a substantial decrease in the behavior of infectious population whereas about 84% increase in 𝛽s almost
doubles the infectious population as observed in (B) plot of the Figure 5. Similarly, relative transmissibility of hospitalized
patients play a vital role in transmission dynamics of the disease since (A) plot of the Figure 6 reveals that keeping r low
is important to reduce the infections while (B) plot shows that the rate at which exposed become infectious (𝜅) will also
slightly contribute towards increase of the disease.

(A) (B)

FIGURE 6 Behavior of the
symptomatic and infectious class I(t) for
(A) increasing values of r (relative
transmissibility of hospitalized
individuals) and (B) increasing values of
𝜅 (rate for exposed to become infectious)
[Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 7 Contour plots for behavior
of the basic reproduction number based
upon (A) 𝛽 (transmission coefficient
from infected individuals) and r (relative
transmissibility of hospitalized
individuals); and (B) 𝛽 (transmission
coefficient from infected individuals)
and 𝛾p (recovery rate of hospitalized
individuals) [Colour figure can be
viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 8 Contour plots for behavior
of the basic reproduction number based
upon (A) 𝛽s (transmission coefficient
due to super-spreaders) and 𝛿p (disease
induced death rate due to
super-spreaders); and (B) 𝜎e (rate of
exposed to become infected) and 𝜎s (rate
of exposed to become super-spreaders)
[Colour figure can be viewed at
wileyonlinelibrary.com]

(A) (B)

FIGURE 9 Contour plots for behavior
of the basic reproduction number based
upon (A) 𝛽 (transmission coefficient
from infected individuals) and 𝛽s

(transmission coefficient due to
super-spreaders); and (B) 𝛿h (disease
induced death rate due to
hospitalization) and r (relative
transmissibility of hospitalized
individuals) [Colour figure can be
viewed at wileyonlinelibrary.com]

(A) (B)

For any infectious disease, it is very important for health service providers to know about the rate at which one infec-
tious case can, on average, infect otherwise susceptible population. It is therefore important to check profile for the basic
reproduction number. We have randomly chosen some parameters to see their combined effects on0. As can be observed
in Figure 7 that combined effects of 𝛽 and r are higher than the combined effects of 𝛽 and 𝛾p on 0. Figure 8 shows that
the even small values of 𝛽s and 𝛿p constitute together larger values of 0 and same is true for combined effects of 𝜎e and
𝜎s on 0. It is essential to keep 𝛽 and 𝛽s smaller simultaneously in order to control the spread of the disease, and this
is what is revealed in (A) plot of the Figure 9 while relative transmissibility of hospitalized individuals versus (r) disease
induced death rate due to hospitalization (𝛿h) also contribute towards increase of 0 as shown by (B) plot of the Figure 9.
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6 CONCLUSIONS

This research analysis has proposed and investigated an epidemiological model of deterministic type for ongoing corona
virus pandemic. The model assumes memory effects and thus designed under a fractional Caputo operator. The proposed
fractional model was successfully tested with related real data originated from Pakistan, and it was made dimensionally
consistent unlike models in previous literature under the Caputo operator. Moreover, existence and uniqueness conditions
have been investigated and stability analysis along with iterative solution under Caputo are also proved using the concept
of fixed points. The basic reproduction number 0 is computed to be about 6.5894 which is an alarming sign for policy
makers. It has been observed in the present research study that transmissibility 𝛽, 𝛽s, and r plays an important role for
widespread of the disease. One of the novel achievements in the present research study is the computation of optimized
value of fractional order 𝜓 which ultimately produced reasonably small error of magnitude 10−2. Numerical simulations
prove that the social distancing, periodic lockdown and staying home are the best effective measures in order to fight with
the disease. This has been concluded on the basis of profile for the basic reproduction number 0 wherein number of
contacts of an infectious case is the major reason for the menace.
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