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Abstract

The key objective of this study is determining several existence criteria for the
sequential generalized fractional models of an elastic beam, fourth-order Navier
equation in the context of quantum calculus (g-calculus). The required way to
accomplish the desired goal is that we first explore an integral equation of fractional
order w.rt. g-RL-integrals. Then, for the existence of solutions, we utilize some fixed
point and endpoint conditions with the aid of some new special operators belonging
to operator subclasses, orbital a-admissible and a-yr-contractive operators and
multivalued operators involving approximate endpoint criteria, which are
constructed by using aforementioned integral equation. Furthermore, we design two
examples to numerically analyze our results.
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1 Introduction

With the passing of years and even decades, people need to be more and more aware of
details of various natural phenomena. The logical tools and notions available in mathemat-
ics and especially mathematical operators are one of possible ways to achieve this aim in
modeling various processes. In this direction, many researchers developed numerous frac-
tional operators such that their applicability and usefulness become more and more evi-
dent to researchers each day. As a result, using fractional operators, different processes are
modeled and examined from all aspects in the mathematical structures such as boundary
value problems. In broad fields such as chemistry, biology, physics, economics, engineer-
ing, and so on fractional calculus, related differential equations and BVPs are commonly
used [1-5]. In a vast domain of papers, scientists have examined numerous mathematical
procedures across different facets of fractional differential equations [6—13].

In recent years, there has been a great deal of interest in the analysis of g-difference
equations. These equations have been found to be applicable in various fields of physics
and mechanics and thus have been developed into multidisciplinary topics. Fractional
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g-calculus is considered as a special fractional variant of calculus, originally it was sug-
gested by Jackson [14]. and then further investigations were performed by Al-Salam and
Agarwal [15, 16]. Some fascinating studies into IVPs and BVPs with equations involving
q-operators are available in [17-31].

More specifically, Ferreira [32] considered the following nonlinear fractional terminal

q-BVP and discussed the existence of a nontrivial solution:

Dy () + M(t (1) =0,
©(0) =0 =p(1),

where t € O = [0,1], Df;‘ is the standard Riemann-Liouville fractional g-derivative, and
M : O x R — Risa continuous function.

Ahmad and Ntouyas [33] in 2011 studied the following g-analogue of second-order g-
difference inclusion BVP and investigated the existence criteria using results from fixed
point theory:

CD2u(t) € M(t, pu(t),
w(0) = au(T), D1 (0) = a®,u(T),

where t € [0, T], « € R\ {1}, and M1 : [0, T] x R — P(R) a compact-valued map.
Ahmad et al. [17] studied the existence criteria for the g-difference inclusion involving

g-antiperiodic conditions

€D p(t) € ML, (1), Dgua(8), D21 (v)),
(0 +u(1)=0,  Dgu(0)+Dyu(1) =0,  DZu(0)+D7u(1) =0,

where t€ O,q€(0,1),2<¢; <3, C@f;l denotes the g-fractional derivative in the Caputo
sense of order £, and M : O x R?® — P(R) involves some specifications.

An elastic beam is considered as an essential feature in constructions like ships, bridges,
building structures, and aviation industry. In this direction and in mathematical point
of view, the following fourth-order BVP of Navier differential equation can be used in

modeling deformation of the beam (see [34]):

uB () = M(t, (1), 1 (1)),
p(0) = 0= (1) = n"(0) = u"(1),

1)

where M : O x R? — R is continuous, and t € O := [0, 1]. By transforming (1) into the
second-order integro—differential equation with bounded M, Aftabizadeh [35] utilized
Schauder’s fixed-point theorem and discussed the existence and uniqueness of solutions
for (1). The upper and lower solution method was used by Ma et al. [36] for problem (1).
In 2004, Bai et al. [37] extended a monotone method to upper and lower solutions of the
beam model (1). In the context of fractional calculus, Bachar and Eltayeb [38] proposed the

fractional variant of the Riemann—Liouville model (1) and explored the existence, unique-
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ness, and positivity for the solutions of a system designed by the following format:

REDOED2p)(t) = M(t (1), D2 (1), te O:=10,1], @
1(0) =0 = p(1) = D2 (0) = D2 (1),
where ¢ € (1,2], €5 € (1,2), D4 and ®D% are the fractional derivatives in the
Riemann-Liouville sense, and M : @ x R? — R is continuous. In the case ¢; = €5 = 2,
problem (2) reduces to (1).
Inspired by aforesaid ideas given in the papers mentioned, in terms of the standard

Navier equation, we review and discuss a new sequential generalized fractional g-Navier
BVP

COLCDL w)() = Mt (1), SD2u(t)), teO:=[0,1],4 € (0,1),

cryl2 cal2 (3)
yu(0) =8u(1) = 2D, u(0) = B~D4 (1) = 0,
along with its inclusion version given by
Dy (CDZ (1) € Mt (V) “DPp(t), e O:=[0,1],4€(0,1), W

y1(0) = 8(1) = ACDZ p(0) = BED (1) = 0,

where ¢; € (1,2], £, € (1,2), and y,8,A, B € R*. Moreover, the operator C@g) is the g-
derivative of given fractional orders in the Caputo sense. Furthermore, a continuous
single-valued function M : O x R? — R and a multivalued function 1 : O x R? — P(R)
are assumed to be arbitrary equipped with some required specifications explained subse-
quently.

The novelty of our paper is that the above suggested structure for Navier problem is
unique and novel, which can be regarded as a generalized fractional model of the standard
Navier problem in the context of quantum operators. Indeed, by taking £; = €, =2, — 1,
and ¥y =8 = A = B = 1 we have the standard Navier BVP (1). Also, we establish our results
by new techniques involving some special operators.

We have organized the remaining sections of the paper as follows. The upcoming sec-
tion is assigned to the basic ideas of fractional g-calculus. Section 3 starts with a lemma,
which specifies the solution of our proposed Navier BVPs (3)—(4) in terms of an integral
equation of noninteger order. After that, we follow the well.-known fixed-point methods
due to Krasnoselskii [39] and new operators introduced by Samet et al. [40] to obtain the
existence of solutions for single-valued maps. In Sect. 4, we consider the inclusion variant
(4) of the Navier BVP and explore the existence of solutions using the methods presented
by Mohammadi et al. [41] and approximated end-point property. Section 5 provides illus-
trations of the results given in Sects. 3 and 4. In the last section, we present the concluding

remarks and future proposals.

2 Basic preliminaries
We assemble and examine supplementary and fundamental concepts concerning g-

calculus in the light of our approaches to this research.
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We suppose that 0 < g < 1. A g-analogue of the function (m; — m,)" given for n € Ny is
defined by (1, — m5)® =1 and

n-1

(my - ”’12)(") = 1_[(”’11 - quk),
k=0

where m1,m; € Rand Ny :={0,1,2,...} [42]. Let now n = w be a constant in R. Let us now
define the following g-analogue of the existing power mapping (m1; — m)" in a g-fractional
setting:

N L

L=y

(5)

(my = o) = !

n=

for m; # 0. Note that by taking m, = 0 we immediately obtain the equality m(lw) =m¢ [42].

For a real number m1; € R, a g-number [m1,], is expressed as

1-g™m
I-¢q

Mol p g+ 1

[ml]q =

The g-gamma function is defined as

(1-g

1-gt’ ©

Fq(g) =
for ¢ e R\ {0,-1,-2,...} [42, 43]. Note that I';(¢ + 1) = [c],[",(5) [43].
For a real-valued continuous function u, the quantum derivative of this function is de-
fined as

w(t) — nlqt)

(1-gt ' @)

(Dgu)(t) =
and also (Dgu)(0) = lime_o(Dyu)(t) [44]. Given a function y, its quantum derivative can
be extended to an arbitrary higher order by (@Z;L)(t) = ”Dq(’Dg’l w)(@) for any n € N [44].
Obviously, (@g,u)(t) = u(t).

Given a continuous map u : [0,cp] — R, the quantum integral of this function can be
defined by

¢ )
00 = [ awdy=-11-0 > (i)' el ®)

0 k=0

provided that the absolute convergence of the series holds [44]. The quantum integral of
w can be similarly extended like the quantum derivative to an arbitrary higher order using
the iterative rule (jg,u)(t) = jq(JZ‘l w)(@) for m > 1 [44].

If a function w is continuous at t = 0, then (J;0,u)(t) = u(t) — n(0) [44]. Moreover,
(D43,1)(1) = u(t) for all t. In this case, by considering a real number £ > 0 such that n -1 <
£ < n, thatis, n = [£] + 1, for a function u € Cg([0, +00)), the Riemann-Liouville quantum
integral is defined as

R~YL
Ju(t) =

t
T (Z)/ (t—gn)“Pu@)dy, €>0,
q 0
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provided that the above value is finite and *3° ,u(t) = u(t) [32, 45]. Further, the semigroup
specification for the mentioned g-operator occurs such that Rﬁ‘[l (R”e2 w)(t) = Rﬁgﬁlzu(t)
for £1,£, > 0 [32]. For ¢ € (-1, 00), we have the following property:

Rejtys _ Tyl +1)

—75%, t>0.
1 Fc+2+1) g

It is evident that if ¢ = 0, then Rjél(t) = £+1 —4—t¢ for any t > 0. Given a function u €
]g )([0, +00)), its Caputo g-derivative is deﬁned as

1 t
Crye — t— (n—E—l)Qn d
%= g /0 (t= g0 VD7) dgv

if the integral exists [32, 45]. We have the following property:

Fy(c+1) ot

———t, t>0.
Fylc—-£+1)

Ceyles _
DLts =

It is evident that C@gl(t) =0 forany t> 0.

Lemma 2.1 ([46]) Let n—1<{ < n. Then

n-1 (

CNZC@Z
(“T,5 D) (1) = u(t) - sy

(Di)(0).

k=0

According to this lemma, the fractional quantum differential equation “D°¢ /(1) = 0 has
a general solution u(t) = mo + myt+ myt? + -+« + m,_ "1, where mg,...,m,_; e Rand n =
[€] + 1 [46]. It is worth noting that for each continuous u, according to Lemma 2.1, we get

(RJ’z C@"’u)(t) w(®) +mo + met+mot? - my,_ 77
where my, ..., m,_; are constants contained in R, and n = [£] + 1 [46].

Notation 2.2 Let (., || - |la,) be a normed space. By Pg(2l,), Pcr (%), Pom(RLs), and
Pcx (2U,) we denote the classes of all bounded, closed, compact, and convex sets in 2,
respectively.

Let W be the subclass of nondecreasing operators ¥ : [0,00) — [0, 00) such that
Sy <o, YH)<t, t>0.

For more information about the following definitions, see [47-51].

Definition 2.3 ([40]) Let M :2l, — 2, and o : A2 — R-o. Then
(i) M is an a-y-contraction if for py, o € A,

a(pr, po)d(Mppy, Mitg) < ¥ (d(iy, i12))-

(i) M is «-admissible if (1, o) > 1 yields a(Muq, Muo) > 1.
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Definition 2.4 ([52])
(1) A member u € 2, is called an end-point of a multivalued function 9t : 2, — P(2L,)
it M) = {u}.
(2) A multivalued map 9t admits an approximate end-point criterion (AEP) if

inf[ sup d(ul,m)]zo.
r1€2 Ly emi(uy)

Definition 2.5 ([41]) Let M :2A, — Pcrp(2L,), o : A2 — [0,+00), and € ¥. Then
(1) 9 is orbital e-admissible if for all u; € 2, and py € M4, the inequality
a1, na) > 1 implies a(uo, u3) > 1 for each usz € Mu,.
(2) 9t is an a-y-contractive multi—function if for all uq, uy € 2A,,

(s po)Ha(Mpr, Mpng) < ¥ (d(ir, i12)),

where Hj is the Pompeiu—Hausdorff metric.

We recall some necessary fixed-point results in connection with the suggested boundary
problem.

Theorem 2.6 ([40]) Let (2, d) be a complete metric space, let o : A, x A, — Rand Y € ¥,
and let M : A, — A, be an a-\-contractive map such that:
(1) M is a-admissible self-map on U,;
(2) for some jio € s, o(tto, Mpto) = 1;
(3) for any sequence {jv,} in U such that pu, — w and (L, ye1) > 1 foralln>1, we
have oy, ) > 1 for all n > 1.
Then there is a fixed—point for M.

Theorem 2.7 ([39], Krasnoselskii) Let G # @ be a closed bounded convex set contained in
a Banach space 2, and let M, and M, be such that:

(1) Mipy + Mg € G for puy, iy € G;

(2) M is compact and continuous;

(3) M, is a contraction.
Then there exists u € G such that u = My + Mape.

Theorem 2.8 ([41]) Let (U, d) be a complete metric space, let o : A, x 2, — [0,00), and
let W € W be a strictly increasing map. Moreover, let M : A, — Pcrp(s) be an a--
contraction, Assume that:
1 9 is orbital o-admissible;
2 a(po, u1) = 1 for some jug € Uy and 11 € Muo;
3 the space U, has the property that for each sequence {i,} in 2, such that
Ay fns1) = 1 and p, — p for all n € N, there exists a subsequence {(iy,} of {it,}
such that oy, 1) > 1 for all r € N.
Then M has a fixed point.

Theorem 2.9 ([52]) Let (U4, d) be a complete metric space. In addition, consider:
1 a map ¥ : [0,00) — [0, 00) which is u.s.c with ¥ (t) < t and liminf_, o (t — ¥ (t)) > 0 for
allt>0,

Page 6 of 25
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2 a multivalued map M : W, — Pepp(2) such that Hq(OMwy, Mu,) < ¥ (d(un1, no)) for

any i1, by € Ay
Then a unique endpoint of M exists iff M has an approximate end-point criterion.

3 Results for g-Navier FBVP (3)

Consider the space 2, = {u(t) : (%), C@f;z,u(t) € Cr(0)} of all continuous functions on O
along with real values, which is a Banach space under the sup norm || ||, = supice |1t(8)]+
SUP¢co |CD§2 n@)| for pu € 2A,. The following lemma presents a solution to the proposed
problem (3) in the form of an integral equation, which is important in determining our

key findings.

Lemma 3.1 Let n € U, £1,¢, € (1,2), and y,8,1, B € R*. Then u* is a solution to the

nonlinear sequential fractional q-Navier BVP

COLCDI M) = n(t), teO,qe(0,1),

Cryl2 Cyyt2 ©)
yu(0) =8u(1) = 2*D, n(0) = B~D4 (1) = 0,
if and only if it satisfies the q-integral equation
t (t_ qv)([1+lz—l) (1 qv) (£1+€2-1)
(t):/ ——n()d v—t/ — () d,v
ORI T T k) ’
t@2+l -t 1 (1 _ V)(Zl_l)
() dyv. (10)

CT,+2) Jo  T)

Proof First, leta function u* be a solution of the nonlinear sequential generalized g-Navier
FBVP (9). Then CCDf;l (CQf;Z,u,*)(t) = n(t). Since ¢; € (1,2), taking the £!"-g-integral in the

Riemann-Liouville setting, we obtain

t(t—qV)le
Creylo %
D)= | —————n)d t,
£ /0 () n(v)dgv + mo +my

where we need to find the constants mg, m; € R. By the third condition )\CCD? 1(0) =0 we

obtain mg = 0. So

ft—gn)@Y

DL () =
1 0 Fq(gl)

n(v)dgv +myt. (11)

On the other hand, by (11) and the fourth condition g ngz 1(1) = 0 we get

1-— (¢1-1)
,3/ ( 381) nv)dgv + pm; =0,

and thus

11— (€1-1)
_fo %n(v) dgv. (12)
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In view of (12), relation (11) becomes

(t—gqv)) (1-gqv)Y
“D2p(t) = dv - d,v.
(1) /O Pl =t /0 P10y (13)

Again, since £; € (1, 2), taking the Z;h-q-integral in the Riemann-Liouville setting in (13),
we obtain

RN BEAA A W TR ) A SN T

t v (£1+£€2-1) tlz+l 1=gv (¢1-1)
() :/ (gt Ha-g) n(W) dgv +m + mit,
0
where the constants m§, m; € R are to find. The first condition y +£(0) = 0 gives m§ = 0. In
consequence,

t (t_ qv)(€1+€2—1) t€2+1 1 (1 _ qV)(Zl_l)

* — dv—
WO v n MY gy e

nw)dyv+mit. (14)
At last, the second condition §u(1) = 0 implies that

1 01+0p-1) 61 1)
(1—gv)1*= / (1-qv)
8 -_ dgv d Smi=0.
/(; 1—‘q(el +43) 77(‘/) F (ZZ +2) q(z n(V) vt !

Consequently,

e ta —QV)(Z“ZZ"I)U(V)d - 1 /1 (1 —qv)“l_l)n(v)d ’
Y Jo Tyl +6) T2 Sy T,) 1

Inserting mj into (14), we obtain

t t— V)(Zl-f—lz—l) 1 1_ V(€1+[2—1)
W) = / (Sl P / (Sl i
0

(e +4€5) (e +4£5)
t52+1 -t 1= (¢1-1)
_ '(1-qv) 1)y,
Fq(EZ +2) Jo q(zl)

which yields that p* settles g-integral equation (10). On the other hand, we can simply
prove the converse by direct computation, and ultimately the arguments are finished. [J

Now consider the operator 9t: 21, — 2, defined by

t (t— qv)(€1+£2—1)
o Tylli+4y)

1 (£1+€9-1)
“/o % (v 10, “D2() dgy

t52+1 (1 qv)(ll -1)
CT,(6y+2) / W)

(O)(0) = M(v, u(v), “D2 u(v)) dgv

M(v, u(v), “D2 u(v)) dgv

We can easily infer that ;* is a solution of fractional g-Navier BVP (3) iff u* is a fixed point
of the operator 91. For simplicity, set

2 2

A = ,
LI + 6o+ 1) | Tyl + D6 +2)

Page 8 of 25
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2 1
A% =
27T (4 1) Tyl + 6+ DI,2— )
T, (0 +2)T,(2 - €5) + 1 15)
T, (€1 + 1)T4(Ey + 2)T (2~ £5)’
and
. 1 2
8] = + ,
VU0 + 6+ 1) Tyl + 1T, (8 +2)
. 1 1
gy =

T+ 1) T 6+ 6+ DIL,2— )
Fq(ZZ + 2)Fq(2 - 52) +1 (16)
Ty(€1 + DTy(Ey +2)T (2 - £5)°

Theorem 3.2 Suppose there exist a map i : R? x R?> — R, a continuous function M :
O x A2 — A, and a nondecreasing function € V such that:
(%X1) forany 1, po, wi, wo €, and t € O, we have

|M(t, 11, wi) = M(t o, wa)| < T (11 — pal + lwi —wal)

with
U((m1(®), w1 (D), (12(9), wa(8))) > 0,

~ _ 1 .
where f = INEISE

(X2) there exists o € Uy such that forall t € O,

U((10(), “D2 o(®), (Mpo(t), “D2 (Muo (1)) = 0

and

U((11(0, D2 p1 (1), (12(8), “D2pa(9)) = 0,

which gives

U (), “D2 (M1 (1)), (N2 (), “D2 (N (1)) = 0

forall uy, puy €Ay and te O;
(X3) for any convergent sequence {1y} p=1 in A such that p, — p and

il((Mn(t)r ngzll'l’n(t))’ (MVHI (1), ngzluwrl(t))) >0
forall nand t € O, we have
U((1n (0, “ D2 pn (1)), (12(8), “D2 (1)) = 0.

Then the generalized q-Navier BVP (3) has a solution.

Page 9 of 25
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Proof Let 11 and u, belong to 2L, with
il((m(f),cﬁﬁzm(t)), (a(0), Cg,gzﬂz(f))) >0
for each t € O. Then we may write

My (1) — Nua (V)]
tg (L1+02-1)
5/ (t—gqv)1*®
o Tyl +4&)
+ ¢ 1 MM/I(V W), D2 u1(v)) = M(v, w2 (v), “DE2 s (v)) | dgv
o Fq(el +£2) > M1 ) q 1251 » 42 ) q M2 q

|t€2+1 _ tl
+ —
Fq(ez + 2)

}M(V’ Ml(v)v Cgézul(v)) - M(V: MZ(V)7 C©§2M2(V)) | dqv

(1 )=
X /0 %WI(V,M(V% D2 1) - M(v, 112 (v), “D 2 pa(v) | dgv
q

t (t— qv)(ll+lz—l)
“Jo Tylli+4)
1 (1 _ qv)(él-%z—l)

~ Crnio _Cpyo
+ [t A W?V’(‘Ml(") —MZ(V)| + | gq u1(v) Qq MZ(V)quV

(| () = )|+ [“D2 11 (v) = “D 2 1a(v)|) dgv

|t£2+1 _ tl
—_
Fq(EQ + 2)

11_ (€1-1)
[ O e )= )] + [0 1)~ S0t
q

2 5 2 s
P _ _
< rq(z1+£2+1)w(””1 Kalla,) + Fq(el+1)rq(ez+2)w(””1 palla,)

= TATY (1 — palla, )
and, similarly, we get

[(“D2Mu) (0 - (CD2N1a) ()]
1
El + 52 + l)I‘q(2 — Eg)

U (llwr — palla,) + v (Ilwy — palla,)
) I'y(

2
< -
- Fq(f,l +1
L Talto+ T2 - 0) +1
T (€ + DT, (€ + 2)T4(2 - £2)

=AY (1 — mallar, )

v (Ile1 - p2lla,)

Consequently, we have

[19%e1 = Npalla, < (AT + ATV (1 — m2lle,) = ¥ (1 — palla,)-
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Now let o : 2L, x 20, — [0, 00) be the function defined as

14 (8), “D2 (1), (1a(), “ D pa(1)) = 0,

0 otherwise,

Ol(le, /'LZ) =

for any gy, ua € 2, Then we get iy, p2)d(Mpey, Mito) < Y (d(er, p12)) for all py, ps €
2. Thus 91 is an «-y-contraction. It is also simple to verify that 91 is «-admissible and
a(po, Mwo) > 1. On the other hand, let {11, },>1 be a sequence in 2, such that 4, — p and
a(n, us1) > 1 for all n. By the definition of the nonnegative function « we have

u((un(t)’ C@flz Mn(t))r (Mn+l(t)r CQ? Mn+1(t))) > 0.

Therefore by the hypothesis we obtain

U((n(®), “DL (), (1(8), “DL () = 0.

This indicates that a(i,, 1) > 1 for every n. Ultimately, by Theorem 2.6 we conclude that
O has a fixed point u** € 2. This implies that ©** is a solution of the generalized g-Navier
FBVP (3), and the proof is completed. d

Theorem 3.3 Let M : O x A2 — 2, be a continuous function. Assume the following con-

ditions:
(X4) thereisk € C(O,R) such that for all t € O and i1, Lo, w1, wa € Uy,

|M(t: :u/l,wl) _M(t’ M21W2)| < k(t)(“Ll - M2| + |W1 - W2|);

(X5) there exist a continuous function o : O — R* and a continuous nondecreasing func-
tion Y : R* — R* such that for all t € O and 1, no € A,

|M(t, 1, w2)| < oY (1] + [2l).
Then if

L= [kl[(E] + E}) <1, (17)

% Mk

where (k| = sup,.p |k(t)| and ], B are defined in (16), then the generalized q-Navier
FBVP (3) has a solution.

Proof Define |0l = supi o lo(t)| and choose an appropriate constant ¢ > 0 such that

e = ¥(lnla)llell(A] +A3), (18)

where A} and A} are defined in (15). Define the set V., = {u € A, : ||ulla, < €} Itis a
nonempty, closed, bounded, and convex set contained in 2. Define 91, and 0, on ), as

t (t_qv)(@rrfz—l)

OLu)(t) = ) Tt

M(V, u), C’)fou(v)) d,v
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and

1= (£1+€2-1)
Ou)(t) = ~t ; %M(V»M(V);C@?M(V)) dgv
q

t(2+1 —t 1 (1 _ qv)(zlfl)
- [y +2) Jo I'g(€1)

M(v, u(v), “D2 u(v)) dgv
for t e O.Let 0 =sup, g ¥ (llitll2,). Now, for w1, ity € Ve, we obtain inequalities

|(Mip1 + Maaa)(¥)]

t (t_qv)(ﬁlJrlz—l)
< — |M{(v, @ 2 d v
=), T i) |M (v, 1 (v), ()|

1 £1+03-1)

1 —qv)( 1+42 ot

+ |t — M 12 @ 2 d 12
It] Tt 6 |M (v, pa(v), p2(v))]

|t(32+1 _ tl 1 (1 _ qv)(él—l)
La(la+2) Jo [,(41)

£1+Z2
/ . ‘iZ Q(v)¢(|m(V)| + D)) dgv
q

|M (v, n2(v), “D;2 o (v)) | dgv

(£1+£9-1
L1 / a- "V) g(v>w(|m(v>| +1CD2 ) dgv

[t — g L (1—gqv)
q(€2+2) 0 Fq(el)

Q(V)I/f(|M2(V)| + D2 na(v)]) dgv

2
+
Cylr+ 82 +1) Tyl + DIy +2)

< angu[ ] ~ollolA]

and

[(CD2Mpr + D2 M) ()
L(t—gn) @Y
“Jo T4lt)

|t17(2| 1 (1 _ qv)(elJr[Z*l)
Fg(2-482) Jo  Tylly+4£2)
[0,(02 +2)T4(2 - £3) — t1712]
I (@2 + Z)F (2 - Eg)

t(1- qV)‘f1 Y
51)
(t—qv)1- Cryl
/ ) Q(V)Ilf(lm(V)|+| D2 (v)]) dgv
B o Y € 0
F2-4€2)Jo Tglly+4£2)
[0, (02 +2)T4(2 = £3) — t1712]
T, (s + 2T, (2 £,)

|M(V’M1( ) @ 2//'«1 )’d v

[M(v, 12(v), “D2 12 () | dgv

(M (v, 112 (v), “D 2 12 ()| dgv

oY (|ia)| + [“D2pa(v)]) dgv
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1 (1 _ )(ﬁl—l)
x /0 e ()] + D)) dyy
= 5||Q|||: 2 + !
- Fq(fl + 1) Fq(Zl + £2 + I)Fq(Z - 52)

Fq(gz + 2)Fq(2 - Zz) +1 ]
Fq(él + l)l"q(Zz + 2)Fq(2 — Zz)

=0llollA5.
Therefore |9 11 + Napalla, < 0lloll(A} + A%) < e, which implies that

Mypr +Nopo) € e

From the continuity of the single-valued function M it is evident that 91; is continuous on
its domain. Now, for all u € )., we get that

t _ (£1+£2-1)
o] = [ M), D) dyy
q

- 1
< mn@nw(nunm
and
\ (t—gn“V )
|(ED%9, 1)(0)] < /0 W' (v, 1), D2 ()| v
- 1
= m”@“lﬁ(nﬂnm*)'
Thus
1Ml < [wl TR T 1)}”9”1&(8).

This clearly shows the uniform boundedness of the operator 91 on ). To ensure the
compactness of 9% on ), consider t;,t; € O such that t; < t,. Then we get the following
inequalities:

| () - (mlﬂ)(tl)‘

ty (01+83— 1

(t _ V) (L1+€2-1)
—/0 LM(V,M(V), C@fﬁu(v)) d,v

q(gl + 62)
t (tz _qv)(fﬁéz—l) ( qv) (£1+£2-1)
< M(v, u(v), €% d
=/ SRy (4, 10), D2 ) v

/b (2 — qv)(lﬁfzfl)
q gt +4)

- /h (ty — gqv)l+a=D) _ (¢ — gy)(a+ta-D
“Jo Ly(€1 +£y)

M(v, n), C@gz ,u(v)) d,v

|M(V, u), C’Dgzu(v)) ’ d,v

Page 13 of 25
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t (01+€2-1)
[P D) g
t

L, Tyl +4)
t(251+@2) t(51+152)
[m]n@nw(uunm )

t(251+42) (L1+€2)

=< [m]” 1 (e).

Thus, as t; goes to tp, [(D1)(t2) — (O u)(t1)] tends to zero independently of . Also, we
find that

| (65‘322 Miu)(ty) - (Cgf;z Mw)(t) |

t2 _ (€1-1)
| [ e D)
q

1—‘q(zl)

B (01-1) _ _ (£1-1)
/ t—qv) 4 -qv) M(v, 1), “D 2 u(v)) dgv
0 1—‘q(gl)

2 (ty —gqv) 7Y
+ = 2 My, u), D2 u(v)) d,v
/h M (), FO )

t _ (1-1)
- [ M), D) ey
0
t1 (

=

o o NE=D) (4 N (E-1)
5 / g ==, ), S0 ) | dyv
0 Fq(el)

t (¢, _ gy)€1-1)
e [ M), D) dyy
1 q

b 4
< [%]IIQIIW(IIMII%)
q

t — ;!
< [W]HQ”W@)'

Thus |(C©$2m1u)(t2) - (CZD(?’JII/L)({M goes to zero as t; approaches to t; independently
of 1. Therefore ||(D% u)(t2) — (D ) (1), — Oast; — 5. Consequently, the equicontinu-
ity of the operator 1, is confirmed. Therefore by the Arzela—Ascoli theorem 91; is a com-
pact operator on ). At last, we show that 91, is a contraction mapping. Let u1, us € V..
Then

|(Mape1)(t) — (Mapea) (V)]

_qv (51+132 1) Cont .y
<1 / KO (1) = 1) + [0 1) - D a0 dyy

q(zl
|tlg+l _ t|
+ —
F,,(Ez + 2)

L1 - qv)@Y ) 2
* / Ty EO( W) = w2 + D20 0) - D o)) dgv

2
Il lper = pallar, + Il per = pallar,

< - @@
- Fq(gl + 52 + 1) Fq(gl + 1)Fq(£2 + 2)

Page 14 of 25
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= kI EYll 1 = pallor,

and

[(“D2Map1) (1) = (D2 Maptn) (4)]
|12
S N
[ (2-4,)

/l (1 _ qV)([1+Z2_1)
X —
0

T, + ) k)(|1 ) = 20| + [“D2pa (V) = “D2 2 (v)]) dyv

[0, (02 +2)T4(2 — £3) — t172]
T, (€2 +2)Ty(2 - €,)

1= (€1-1)
* /0 %k(w(luuv) )] + [ D) - “DEua(v)]) dgv

1
<
- Fq(Zl + Kg + I)Fq(2 - Zz) |
+ Fq(gz + 2)Fq(2 - Zz) +1
Fq(él + I)Fq(éz + Z)Fq(Z - Ez)

Kl = pealla,

Kl e1 = pallar,
= Ikl E3llwr = palla,-

Thus

=k

19%u1 — Mapallar, < IKI(E] + E5) i1 — palla, =Lllwy — palla,

where the constant L < 1. Therefore 91, is a contraction on ),. Hence Theorem 2.7 implies

the existence of a solution for the generalized g-Navier FBVP (3). a

4 Results for g-Navier FBVP (4)

In this section, we obtain the existence results for the generalized g-Navier inclusion FBVP
(4). A function u belonging to Cy(, (O, 2,) is regarded as a solution of the sequential gen-
eralized g-Navier FBVP (4) if it fulfills the given BCs and there exists ® € £(0) such that
B(t) € M(t, wu(t), SO (1)) for almost all t € O and

t (t_qv)(iﬁﬁg—l) _ 1 (1 _qv)(iﬁfz—l) B
n() = —d(v)d —t/ ———®(v)d,v
o Tqlt1+4) 1 o Tgllr+4y) 1
tferl -t 1 1-— (€1-1) _
(1-gv) d(v)dgv

- Lyt +2) Jo r'y(€1)

for all t € O. We define the set of selections of the multivalued function 9 by
(SEL)an,. = {® € £L1(O) : D(t) € M(t, pu(t), C@gzu(t)) forall t e O}
for u € 2. Now we define the operator Z: 2, — P(2,) as

Z(u) = {h €2, : there exists @ € (SEL)gn,,, : A(t) = o(t) for all t € O}, (19)

Page 15 of 25
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where
t (t_ qV)(£1+Z2_1) _ 1 (1 _ qV)(£1+ZZ_1) _
o(t) = - ®(v)d, -t ——®(v)d,v
o Tty +£) 7 o gl +4y) 1
t€2+1 (1- qv) (r-1) _
62 + 2 / ( )

For simplicity, put
x1=M¢1A7 and  x2 = |[IC]IAS. (20)
Theorem 4.1 Let M : O x A2 — Peyi(2U,) be a multivalued function. Assume that:
(X6) the set-valued map M is integrable and bounded such that for all pq, po € 2y, the

map M(-, w1, n2) : O — Py is measurable;
(%7) there exist a function ¢ € C(O,[0,00)) and € V such that

Ha (94, 21, pa)s ML, (i1, ) < C(f)( T )1/f(|,u1 — ]+ e — o) (21)

forall t € O and 1, pa, i1, 1z € A, where supecp [C()] = (1], T +A,, and A},
A3 are the constants defined in (15);

(Xs) there exists a function i1 :R? x R? — R such that 4((j1, pt2), (i1, 12)) > O for all
15 U2y [, o € Ui

(%9) if {tn}n>1 is a sequence in A, such that p, — p and

(0, EDL2 12, 0), (11 (8, D2 111 (8)) = 0
forall t € O and n > 1, then there exists a subsequence { i, }r>1 of {1Ln} such that
(1, (0, “D2 i, (1), (1(8), “D 2 1u(8))) = 0

forallte O andr>1;
(X10) there exist g € Ay and h € Z(wg) such that

U((0(), “D2 po(®)), (1), “D2h(1)) = 0

forall t € O, where the multifunction Z : A, — P(,) is defined in (19);
(X11) forany p € Ay and h e Z(u) such that

(08, ED2 (V). (h(V), “D2 (D)) = 0,
there exists w € Z(w) such that
U((A(), “D2A(Y)), (o), “DPa(t)) = 0

foreachteO.
Then the fractional q-Navier inclusion FBVP (4) admits a solution.
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Proof Clearly, any solution of the fractional g-Navier FBVP (4) is a fixed point of the map
Z : U, — P(2L,). Since the set-valued map t — (¢, u(t), C@f;zu(t)) admits closed values
and is measurable for all u € 2L, 9t admits a measurable selection. This indicates that
the set (SEL)oy,,, # 9. Firstly, we prove that the set Z(11) contained in 2, is closed for any
wu € 2. Suppose {,},>1 is a sequence in Z(u) such that u,, — p. For each #, there exists
D, € (SEL)gn,;, such that

t - (€1+£3-1) 1 (L1+02-1)
PO T kL Y dv—t P LA W(v) g
o gl +4€) o gl +4£2)
~ t(2+1 —t /1 (1 _ qV)(fl—l) &) (V) dv
Fq(€2 +2) 0 1_‘q(el) 8 1

for almost all t € O. Since the map 91 is compact-valued, there is a subsequence of{@y,}nzl
converging to some ® € £L1(O). Hence ® € (SEL)gy ,,, and

tn(t) = wu(t)

t t— (L1+€2-1) _ 1 1- (L1+€2-1) _
:/ (Gl L0 Y dqv—t/ Qa2 gy dy
o gl +4) o Tyl +4£2)

t[2+1 —t 1 1- (£1-1) _
- -5, dv
Fq(ﬂz +2) Jo 1—‘q(el)

for each t € O. This reveals that © € Z(u), and hence Z admits closed values. As the
multivalued map 90t has compact values, it is easy to conclude that Z(u) is bounded for
each u € 2. Let us show that the multifunction Z is an «-1-contraction. To this end, we

define the nonnegative function o on 2, x 2, by

1 f SU((e(t), CDL2 (1), (i(t), CD2 (1)) > 0,

0 otherwise,

Ol(,bL, la) =

for all u, i € A,.. Let u, i € A, and iy € Z(i1). Consider ®; € (SEL)gn, such that

t (t_ qv)(ll+lz—l) (1 qV) (1+£2-1)

hl(t): ; Wq)l(v)dqv—t ; W (V)d 1%
tZZJrl (1 qV)((il 1)
T(6+2) f o <I>1(V)d v

for all t € O. From (21) we have

Ha((t 0, 0 ), 30 1,0 ) = €0 1 ) (1=l + (D520~ 0]

Iq]

for any u, it € 2, such that

U(((0), “D2 (W), (1), “D2 (1)) = 0
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for almost all t € O. Hence there exists @ € M(t, u(t), C@ff (1)) such that

r

B, -] < “”(ngn

)W(Iu(t) _ )]+ [CD2 ) - D2 AW)).

Consider ¥ : O — P(2,) defined by

v = v L ~ -
300 - {0 e 201810 -] = co 55 ) w0 - 200+ D00 - D00 |
for t € O. Since ®; and ¥ = ;“(”;i”)lp(lu — [+ |C©22M - CCD,?,&D are measurable, the mul-
tifunction () NIN(-, wu(-), C@f;z,u()) is measurable. Now select ®, € (¢, u(t), C@ff,u(t))
such that forall t € O,

1616 - By(0)] < ;(t)(nif—”

)0t~ 0] + (<0520t - 000,
Consider hy € Z(u) given as

t t— (L1+€2-1) _ 1 1= (L1+€2-1)
(t—qv) By(v) dyv -t / (1-gv)
o gl +4£3) o Tglly+4£2)

tlz+l —t 1 1— (£1-1) _
_ f =)y d,v
Fq(£2 +2) 0 Fq(el)

ha(t) = Dy(v) d,v

for t € O. Then we obtain

t (t— qv)([1+K2—l)

111 (6) = By (0) 5/0 ST

{5)1(1/) - <f>2(v)| d,v

1 £1+09-1)
(l—qv)( 1+62 _ _

+ |t — D (v) - Py(v)|d, v
[t] T, ) |®1(v) = D2(v)| d,
|t€2+1 _ tl 1 (1 _ qv)(il—l) _ _

+ ®1(v) - Py(v)|d,v
T2 +2) Jo  Tgler) 2414y

2 r .
= O ||c||(”§”>w(||u—u||m*)

. 2 ||;||(i
TR TS AT

<[ 2, 2 }n;n(i)w(nu—mm)
T+ Lo+ 1) Tyl + 1)Ty(ly +2) ¢l :

=FATY (Iln - il )

>1ﬁ(llu—ﬁllm*)

and

|“D2ha(t) - “D 2Ry ()|

. [ 2 1 T (0y +2)T,(2 - £5) + 1 }
+ +
ST (0 +1) " T (6 + Ly + DIy2 =€) Ty(fy + 1) 4(€y + 2T (2 - £y)

x ||¢||(%>w(nu—ﬁnm*)
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=iAsY (Il - ille,)
for all t € O. Hence we find that
171 = Palla, = sup|ha(€) = ha(8)] + sup| “D2hy () - “D;2 ha(0)|
teO teO
< (AT + AT (Il - o) = ¥ (Il = Alla,)-

Therefore a(u, 2)Hqa(Z (1) — Z(t)) < ¥ (I — illa,) for all w, i € A, and we deduce that
the multifunction Z is an a-y -contraction. Now let u € 2, and it € Z(u) be such that
a(u, i) > 1 and

U((1(®, “D2 V), (D), “DP2 (V) = 0,
so that there exists a function @ € Z(jt) such that
U((®, DR W), (3), ‘Do) = 0.

Thus a(fi,®) > 1, and it follows that Z is a-admissible. Now consider wo € 2, and & €
Z(uo) such that forall te O,

U((1o(®), “D2 1o (V) (A1), “D2a(1))) = 0.

Then we get a(uo, ) > 1. Let {u,}n>1 be a sequence in 2, such that u, — p and
o (ys ys1) > 1 for all n. Then

u((,un(t): C@flz /Ln(t))) (/'Ln+l(t)) CQ? /Ln+1(t))) > 0.

By (%,) there exists a subsequence {u,, },>1 of {t,,} such that
(1, (0, D2 1, (8), (1), “D2 (1)) = 0

for all t € O. This implies that a(u,,, 1) > 1 for all . Hence all the assumptions of Theo-
rem 2.8 are fulfilled. This confirms the existence of a fixed—point of the operator Z. There-
fore it follows that the generalized g-Navier FBVP (4) has a solution. a

Theorem 4.2 Let M : O x A2 — Pey(RAy) be a multivalued map. In addition, suppose
that:
(X12) there exists a nondecreasing and u.s.c function ¥ : [0,00) — [0,00) such that
liminf, oo (t — ¥ (1)) > 0 and Y (t) < tforall t>0;
(X13) the multifunction M : O x A2 — Pey(RAy) is an integrable bounded operator such
that (-, w1, ) : O — Pem(Rs) is measurable for all juy, iy € As;
(X14) there exists a nonnegative map ¢ € C(O, [0,00)) such that

Ha (M, a1, ), M, 41, 72)) < EOF (I — 1] + 12 — pial) (22)

forall t € O and iy, W, (i1, 1o € Ay, where T, = —— with constants x1, xo defined

X1tX2
in (20);
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(X15) the operator Z defined in (19) has the approximate end-point criterion.
Then the generalized q-Navier inclusion BVP (4) has a solution.

Proof We claim the existence of an end-point for Z : A, — P(2,). Firstly, we show
that the set Z(u) contained in 2, is closed for any p € 2. Since the set-valued map
t— M, ;L(t),cgf;z u(t)) admits closed values and is measurable for all © € 2, 9 has
a measurable selection. This indicates that the set (SEL)gn,,, # ¥. As shown in the proof of
Theorem 4.1, we can prove that Z(u) has closed values. Also, we can easily get that Z(u)
is bounded for each p € 2, because the multivalued map 9t has compact values. Now let
us prove the inequality Hy(Z (1), Z(®)) < ¥(|u — @ |2, ). To this end, let u,w € A, and
hy € Z(®), and select ®; € (SEL)gy , such that

t _ (L1+€2-1) _ (€1+Lo
hl(t):/o %él(v)dqv—t/o Lil(v)dqv

r (E + Zz q(gl + Ez)
tlz+l (1 qV)(Kl
®1(v)d,
52 + 2 / ) 1(V) Y

for almost all t € O. From (22) we have

Ha (M (t (1), “D2 (1), M(t (t), “D2d(1)))
< CORY (|n®) - DO)] + |“DP () - “Da(b)])

for all t € O. Hence there exists p € ML, u(t), C@gz u(t)) such that

|P1(8) - | < CORY (|n() - @(O)] +[“D2 u(t) - “D @ (8)]).
Now we define the set-valued map T : O — P(2,) by

Y1) = {5 €z [D1(8) - o] < CORY () - O] + [“D2u(t) - “D2a®)]) }
for t € O. Since ®; and o, = (FY(pn — @] + |C£Dq w— 52 |) are measurable, the
multifunction Y(-) N 9M(-, (), SOy u(-)) is measurable. Next, we choose ;5 € M(t, u(t),
€D u(1)) such that

|®1(8) = Po(0)] < ZORY (|1e(®) - (O] +|“D2 (1) - “D2o(8)])

for all t € O. Choose i, € Z(11) such that

= €1+Z2 1 1-— (£1+€2-1) _
ia(t) = / ( q” CDg(v)dqv—t / (Ul S PP
0

+4£7) Fq(el +4£7)
t[2+1 —t (1 _ qv)(ll—l _
- d,(v)d, v
6+ 2) /o ey 2

for all t € O. By continuing the similar steps implemented in Theorem 4.1 we obtain
171 = Ralla, = sug|h1 (t) - o (t)] + SU(I;|C@§2711(’£) - C©§2h2(f)|
te te

<G+ xRV (e -ola,) =¥ (e - o).
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Therefore Hy(Z (1), Z(®)) < ¥ (|l — @|la,) for all u, o € A,. By (X15) Z involves an ap-
proximate end-point criterion. Now Theorem 2.9 indicates the existence of 1** € 2, such
that Z(u**) = {u™*}. Hence the fractional g-Navier inclusion BVP (4) has a solution p**. [(J

5 Examples
We provide a few illustrative numerical examples to our theoretical and analytical findings
in the previous sections.

Example 5.1 Consider the generalized g-Navier FBVP

31 in(Cy1.68
COLIS(CDLES ) (1) = Hu(b)] £1sin(*D g5 r®)l

0.57 27D 27(L+sin(CD LB (1)’ (23)

(9.61)1(0) = (16.37) (1) = (21.49) D8 11(0) = (7.15) DB (1) = 0,

where g = 0.57, £; = 1.35, {5, = 1.68, y =9.61, § = 16.37, A = 21.49, B =7.15,and t € O.
Also, consider the continuous mapping M : O x R? — R defined by

(bl . ] sin(w(t))|
27(1 + |u(®)])  27(1 + sin(w(¥)))”

M(t, (1), w(t)) =
For any (1, o, w1, wo € R, we can write

| M (& 1 (), wi(t) = M(t 2 (t), wa(9))|

2—7(|M1(f) pa ()] + [sin(w1 (1)) - sin(wa (1)) |)

i (|1 (®) = w2 (O] + [wi(H) — wa(B)]).

l\)

Put k(t) = 2—‘7 for all t. Then ||k|| = sup,.» |2—‘7| = 2—17 Moreover, consider the nondecreasing
continuous map ¥ : R* — R* given by ¥/(¢) = ¢ for all ¢ € R*. Then we obtain

M (6 1), DS v)| < 2i|/u>| DS u0))

Al (Iu(t)l |“D5Bu®)]).

Clearly, the function ¢ : O — R* defined by o(t) = 55 is continuous. By (16) we find that

. 1 2
17 Tosr(135+ 1.68 + 1) ' Tos7(1.35 + 1)lo5r(1.68 + 2)
. 1 1
27 Tosr(135+1) | Tosr(1.35+ 1.68 + 1)To5(2 — 1.68)
Tos7(1.68 + 2)To57(2 — 1.68) + 1
 Tos7(1.35 + 1)To57(1.68 + 2)To57(2 — 1.68)

o]

~ 1.065756,

]

~ 1.051325.

Now by (17) L 22 0.0738194 < 1. Hence by Theorem 3.3 we can conclude that the fractional
generalized sequential g-Navier BVP (23) has a solution.
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Example 5.2 Consider the generalized g-Navier inclusion FBVP

Cyldl (Cy1.88 _ tltan~! (u(0))| 21CDg 5610
D026 D026 (1) = [0, 5507 TG + 35(1+C D3Rt >|)]’ (24)

(10.46)1(0) = (53.17)4(1) = (11.73) D} 5814(0) = (95.31) D58 (1) = 0,

where g = 0.26, £; = 1.41, £, = 1.88, y = 10.46, § =53.17, A = 11.73, B =95.31, and t € O.
Define M : O x R? — P(R) by

t tan™! (111 (1)) ] 5(1)|
m t, { ) t)) = 0;
(400, 12(0) [ 35(1+ 50)(L + | tan (e (O))) * 35(L+ (O]
for t € O. Now select a nonnegative map ¢ € C(O, [0, 00)) such that ¢ () = % foreachte O.
Thus ||Z]| = supicp |§| = % Furthermore, consider the nonnegative nondecreasing u.s.c
map v : [0,00) — [0,00) defined as ¥ (t) = é forall t > 0.Itis easy to find that liminfy_, o (t—
¥ (t)) >0 and ¥ (t) < tfor all t > 0. Now by (15) and (20) we get
2 2
A} = + ~ 2.237523,
F0'26(1.41 +1.88 + 1) F0'26(1.41 + 1)F026(188 + 2)
. 2 1
A = +
F0.26(1.41 + 1) F0.26(1.41 +1.88 + 1)F0.26(2 - 188)
F0,26(1.88 + 2)F0,26(2 — 188) +1
+
F0‘26(1.41 + 1)F026(188 + 2)1—‘0‘26(2 - 188)

~ 2.082361,
and

x1=ICI1AY ~0.319646 and ;= [|¢[| A}~ 0.297361.

For every w1, 4o, 1, 2 € R, we have

Ha (D (6 41(0), p2(8)), Mt 121(1), 412(1))
é(‘ﬂl ) = ()] + |2 (t) = m2(8)])

Y (1 (®) = (O] + | 2(0) - 22(1)])

\”"" \llf"‘

)
+X2.

Next, we consider the set-valued map Z : 2, — P(2l,) defined as

<tV (| (®) — i (O] + |pa(t) - ﬂz(f)‘)[xl

Z(u) = {h €, : there exists ® € (SEL)gn,, : fi(t) = o(t) forall t € O},

where

t (f _ 0.26V)(1‘41+1'88_1)

d(v)d
| Toac(14lsiss) TWdev

o(t) =

Page 22 of 25
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1 (1 2 0.26y)(141+188-1) _
-t (1 -026v) d(v)dgv
0 F0.26(1.41 + 188)

t1‘88+1 —t 1 (1 _ 0.261/)(1‘41_1)
CTo26(1.88+2) Jo  Toae(1.41)

[ (=0.261)% /1 (1-0.26v)>2)
0

= - ®)d,v-t
o T026(3.29) 7 To26(3.29)

88—t 1 (1-026v)04 _
 T026(3.88) Jo  Toas(1.41)

(V) d,v

() dgv

(v)dgyv.

Ultimately, by Theorem 4.2 we find that the generalized g-Navier BVP (24) has a solution.

6 Conclusion

In this paper, we modeled the standard Navier equation to g-fractional Navier BVP and
explored the existence of solutions by making use of the well-known results from func-
tional analysis due to some techniques introduced by Krasnoselskii, Samet, Mohammadi,
and Amini-Harandi based on special operators. In fact, by deriving an integral equation
we defined some operators based on it, and then by utilizing a subclass of special op-
erators such as orbital «-admissible maps, «-y-contractions, the multifunctions having
approximate endpoint criterion, and so on we proved the required results. Finally, we gave
illustrations by two examples to explain the consistency of the findings for the proposed
sequential generalized Navier g-BVP. As a possible future plan, some other operators may
be considered in the next papers to discuss the existence of solutions, stability, and other
qualitative aspects of solutions of the generalized Navier fractional model in two singular

or nonsingular formats.
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