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In this paper, the authors introduced certain subclasses β-uniformly q-starlike and β-uniformly q-convex functions of order α
involving the q-derivative operator defined in the open unit disc. Coefficient bounds were also investigated.

1. Introduction

The q-analysis is a generalization of the ordinary analysis.
The application of the q-calculus was first introduced by
Jackson [1–3]. In geometric function theory, the q-hyper-
geometric functions were first used by Srivastava [4]. The q
-calculus provides valuable tools that have been used to
define several subclasses of the normalized analytic function
in the open unit disk U. Ismail et al. [5] were the first to study
a certain class S∗ of starlike functions by using the q-deriv-
ative operator. Recently, new subclasses of analytic functions
associated with q-derivative operators are introduced and
discussed, see for example [4, 6–18]. Motivated by the impor-
tance of q-analysis, in this paper, we introduce the classes of β
-uniformly q-starlike and β-uniformly q-convex functions
defined by the q-derivative operator in the open unit disc,
as a generalization of β-uniformly starlike and β-uniformly
convex functions.

First, we recall some basic notations and definitions from
q-calculus, which are used in this paper. The q-derivative of
the function f is defined as follows [1–3]:

Dqf zð Þ = f zð Þ − f qzð Þ
1 − qð Þz ,  z ≠ 0, 0 < q < 1ð Þ: ð1Þ

From equation (1), it is clear that if f and g are the two
functions, then

Dq f zð Þ + g zð Þð Þ =Dqf zð Þ +Dqg zð Þ, ð2Þ

Dq cf zð Þð Þ = cDqf zð Þ, ð3Þ

where c is a constant. We note that Dqf ðzÞ⟶ f ′ðzÞ as q

⟶ 1−, where f ′ is the ordinary derivative of the function
f .

In particular, using equation (1), the q-derivative of the
function hðzÞ = zn is as follows:

Dqh zð Þ = n½ �qzn−1, ð4Þ
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where ½n�q denotes the q-number and is given as follows:

n½ �q=
1 − qn

1 − q
,  0 < q < 1ð Þ: ð5Þ

Since we note that ½n�q ⟶ n as q⟶ 1−, therefore, in
view of equation (4), DqhðzÞ⟶ h′ðzÞ as q⟶ 1−, where
h′ðzÞ denotes the ordinary derivative of the function hðzÞ
with respect to z.

In this paper, we consider the classes A and T of the
functions, analytic in the open unit disc U = fz ∈ℂ : jzj < 1g,
of the following forms, respectively:

f zð Þ = z + 〠
∞

n=2
anz

n, ð6Þ

f zð Þ = z − 〠
∞

n=2
anz

n,  an ≥ 0ð Þ: ð7Þ

Also, using equations (2), (3), (4), and (6), we get the
following q-derivatives of the function f :

Dqf zð Þ = 1 + 〠
∞

n=2
n½ �qanzn−1,  0 < q < 1ð Þ, ð8Þ

Dq zDqf zð Þ� �
= 1 + 〠

∞

n=2
n½ �2qanzn−1,  0 < q < 1ð Þ, ð9Þ

where ½n�q is given by equation (5).
The classes of starlike functions of order αð0 ≤ α < 1Þ and

convex functions of order αð0 ≤ α < 1Þ, denoted by S∗ðαÞ
and KðαÞ, respectively, are defined as follows [19]:

S∗ αð Þ = f ∈A : R
zf ′ zð Þ
f zð Þ

 !
> α

( )
, ð10Þ

K αð Þ = f ∈A : R 1 +
zf ″ zð Þ
f ′ zð Þ

 !
> α

( )
: ð11Þ

It is clear that S∗ðαÞ and KðαÞ are the subclasses of the
class A .

The classes of β-uniformly starlike functions of order
α and β-uniformly convex functions of order α, denoted
by SDðα, βÞ and KDðα, βÞ, respectively, are defined as
follows [20]:

SD α, βð Þ = f ∈A : R
zf ′ zð Þ
f zð Þ − α

 !
> β

zf ′ zð Þ
f zð Þ − 1

�����
�����

( )
,

ð12Þ

KD α, βð Þ = f ∈A : R
zf ″ zð Þ
f ′ zð Þ

− α

 !
> β

zf ″ zð Þ
f ′ zð Þ

− 1

�����
�����

( )
,

ð13Þ

where z ∈U, 0 ≤ α < 1, and β ≥ 0:
The class of q-starlike functions of order μ, denoted by

S∗
q ðμÞ, is defined as follows [13]:

S∗
q μð Þ = f ∈A : R

zDqf zð Þ
f zð Þ

� �
> μ,  z ∈U ; 0 ≤ μ < 1ð Þ

� �
:

ð14Þ

Also, the class of q-convex functions of order μ, denoted
by CqðμÞ, is defined as [13]:

Cq μð Þ = f ∈A : R
Dq zDqf zð Þ� �

Dqf zð Þ

 !
> μ,  z ∈U ; 0 ≤ μ < 1ð Þ

( )
:

ð15Þ

The analytic function g is said to be subordinate to the
analytic function f in U [21], represented as follows:

g zð Þ ≺ f zð Þ org ≺ f , ð16Þ

if there exists a Schwarz function w, which is analytic in
U with

w 0ð Þ = 0,

w zð Þj j < 1,
ð17Þ

such that

g zð Þ = f w zð Þð Þ,  z ∈Uð Þ: ð18Þ

In the next section, we introduce the classes of
β-uniformly q-starlike and β-uniformly q-convex functions
of order α, denoted by Sqðα, βÞ and UCV qðα, βÞ, respec-
tively. Also, we obtain the coefficient bounds of the functions
belonging to these classes.

2. Coefficient Bounds

Since the q-derivative is a generalized form of the ordinary
derivative, therefore, in view of definitions of SDðα, βÞ and
KDðα, βÞ, we define the classes of β-uniformly q-starlike
and β-uniformly q-convex functions of order α, denoted by
Sqðα, βÞ and UCV qðα, βÞ, respectively, by replacing the
ordinary derivative with the q-derivative in equations (12)
and (13).

We provide the respective definitions of the classes
Sqðα, βÞ and UCV qðα, βÞ.
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Definition 1. The function f ∈A is said to be β-uniformly q
-starlike of order α, if it satisfies the following inequality:

R
zDq f zð Þð Þ

f zð Þ − α

� �
> β

zDq f zð Þð Þ
f zð Þ

����
���� − 1, ð19Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and z ∈U.

Definition 2. The function f ∈A is said to be β-uniformly
q-convex of order α, if it satisfies the following inequality:

R
Dq zDqf zð Þ
	 

Dqf zð Þ − α

0
@

1
A > β

Dq zDqf zð Þ
	 

Dqf zð Þ − 1

������

������, ð20Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and z ∈U.

Further, we define the classes T Sqðα, βÞ and UCT qðα,
βÞ containing functions with negative coefficients and satis-
fying inequalities (19) and (20), respectively, as follows:

T Sq α, βð Þ = Sq α, βð Þ ∩ T,

UCT q α, βð Þ =UCV q α, βð Þ ∩ T:
ð21Þ

Remark 3. We note that

(i) limq→1−Sqðα, βÞ = SDðα, βÞ and limq→1−UCV qðα,
βÞ =KDðα, βÞ

(ii) Sqðα, βÞ = S∗
qDðαÞ and UCV qðα, 0Þ =CqðαÞ (see

[8]).

(iii) limq→1−Sqðα, 0Þ = S∗ðαÞ and limq→1−UCV qðα, 0Þ
=KðαÞ

Now, the relation between the subclasses S∗
q ðμÞ and Sq

ðα, βÞis given by the following result.

Theorem 4. Let f ∈ Sqðα, βÞ, then f ∈ S∗
q ððα + βÞ/ð1 + βÞÞ,

where β ≥ 0, 0 ≤ α < 1, and 0 < q < 1.

Proof. If f ∈ Sqðα, βÞ, then in view of Definition 1 and using
the fact that −R < ðzÞ ≤ jzj, we get

R
zDq f zð Þð Þ

f zð Þ − α

� �
> β

zDq f zð Þð Þ
f zð Þ − 1

����
���� ≥ βR

zDq f zð Þð Þ
f zð Þ − 1

� �
,

ð22Þ

which implies that

R
zDq f zð Þð Þ

f zð Þ
� �

− α > βR
zDq f zð Þð Þ

f zð Þ
� �

+ β, ð23Þ

then

R
zDq f zð Þð Þ

f zð Þ
� �

>
α + β

1 + β
: ð24Þ

Since β ≥ 0 and 0 ≤ α < 1, then 0 ≤ ðα + βÞ/ð1 + βÞ < 1.
Hence, in view of equation (14), we obtain f ∈ S∗

q ððα + βÞ/
ð1 + βÞÞ.

Also, the relation between the subclasses CqðαÞ and
UCV qðα, βÞis given by the following result.

Theorem 5. Let f ∈UCV qðα, βÞ, then f ∈Cqððα + βÞ/ð1 +
βÞÞ, where β ≥ 0, 0 ≤ α < 1, and 0 < q < 1.

Proof. If f ∈UCV qðα, βÞ, then in view of Definition 2 and
using the fact that −R < ðzÞ ≤ jzj, we get

R
Dq zDq zð Þ� �
Dqf zð Þ − α

 !
> β

Dq zDqf zð Þ� �
Dqf zð Þ − 1

�����
�����

≥ −βR
Dq zDqf zð Þ� �

Dqf zð Þ − 1
 !

,

ð25Þ

which implies that

R
Dq zDq zð Þ� �
Dqf zð Þ

 !
− α > −βR

Dq zDqf zð Þ� �
Dqf zð Þ

 !
+ β, ð26Þ

then

R
Dq zDqf zð Þ� �

Dqf zð Þ

 !
>
α + β

1 + β
, ð27Þ

since β ≥ 0 and 0 ≤ α < 1, then 0 ≤ ðα + βÞ/ð1 + βÞ < 1. Hence,
in view of equation (15), we obtain f ∈Cqððα + βÞ/ð1 + βÞÞ.

Next, the coefficient bound of the class Sqðα, βÞ is given
by the following result.

Theorem 6. A function f ∈A belongs to the class Sqðα, βÞ if

〠
∞

n=2
n½ �q 1 + βð Þ − α + βð Þ

	 

anj j ≤ 1 − α, ð28Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and ½n�q denotes the q
-number.

Proof. Now, using the fact that −RðzÞ ≤ jzj, we have

β
zDq f zð Þð Þ

f zð Þ − 1
����

���� −R
zDq f zð Þð Þ

f zð Þ − 1
� �

≤ 1 + βð Þ zDq f zð Þð Þ
f zð Þ − 1

����
����:

ð29Þ
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Using equations (6) and (8) in the right hand side of
inequality (29), we get

1 + βð Þ zDq f zð Þð Þ
f zð Þ − 1

����
���� = 1 + βð Þ

∑∞
n=2 n½ �q − 1
	 


anz
n−1

1 +∑∞
n=2anz

n−1

������

������:

ð30Þ

Since jzj < 1, therefore, from the above inequality, we get

1 + βð Þ zDq f zð Þð Þ
f zð Þ − 1

����
���� <

1 + βð Þ∑∞
n=2 n½ �q − 1 anj j
	 


1 −∑∞
n=2 anj j : ð31Þ

Combining inequalities (29) and (31), we get

β
zDq f zð Þð Þ

f zð Þ − 1
����

���� −R
zDq f zð Þð Þ

f zð Þ − 1
� �

<
1 + βð Þ∑∞

n=2 n½ �q − 1
	 


anj j
1 − ∑∞

n=2 anj j :

ð32Þ

If ð/Þðð1 + βÞ∑∞
n=2ð½n�q − 1ÞjanjÞ/ð1 −∑∞

n=2janjÞ < 1 − α,
which is equivalent to inequality (28), then from inequality
(32) we get

β
zDq f zð Þð Þ

f zð Þ − 1
����

���� −R
zDq f zð Þð Þ

f zð Þ − 1
� �

≤ 1 − a, ð33Þ

which is equivalent to inequality (19). Thus, in view of
Definition 1, the function f ∈ Sqðα, βÞ.

Also, we obtain the coefficient bound for f ∈T Sqðα, βÞ
in the following result.

Theorem 7. The function f ∈T belongs to the class T Sq

ðα, βÞ, if and only if

〠
∞

n=2
n½ �q 1 + βð Þ − α + βð Þ

	 

an ≤ 1 − α, ð34Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and ½n�q denotes the q
-number.

Proof. Since T is a subclass of class A , therefore in view of
Theorem 6, the sufficient condition of our result holds.
Now, we need to prove only the necessary condition. Let f
∈T Sqðα, βÞ and taking z real, then from inequality (19),
we have

zDq f zð Þð Þ
f zð Þ − α > β

zDq f zð Þð Þ
f zð Þ − 1

����
����: ð35Þ

Now, using equations (7) and (8) in inequality (35), we
get

1 −∑∞
n=2 n½ �qanzn−1

1 − ∑∞
n=2anz

n−1 − α >
∑∞

n=2β n½ �qanzn−1
	 


1 −∑∞
n=2anz

n−1 , ð36Þ

then, letting z→ 1 along the real axis, inequality (36), gives
the condition (34).

The coefficient bound of the class UCVqðα, βÞ is given by
the following result.

Theorem 8. A function f ∈A belongs to the class
UCV qðα, βÞ if

〠
∞

n=2
n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


anj j ≤ 1 − α, ð37Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and ½n�q denotes the
q-number.

Proof. Now, using the fact that −R < ðzÞ ≤ jzj, we have

β
Dq zDqf zð Þ� �

Dqf zð Þ − 1

�����
����� −R

Dq zDqf zð Þ� �
Dqf zð Þ − 1

 !

≤ 1 + βð Þ Dq zDqf zð Þ� �
Dqf zð Þ − 1

�����
�����:

ð38Þ

Using equations (8) and (9) in the right hand side of
inequality (38), we get

1 + βð Þ Dq zDqf zð Þ� �
Dqf zð Þ − 1

�����
����� = 1 + βð Þ

1 +∑∞
n=2 n½ �2qanzn−1

1 +∑∞
n=2 n½ �qanzn−1

− 1

�����
�����:

ð39Þ

Since jzj < 1, therefore, from the above inequality, we get

1 + βð Þ Dq zDqf zð Þ� �
Dqf zð Þ − 1

�����
����� <

1 + βð Þ∑∞
n=2 n½ �2q − n½ �q
	 


anj j
1 −∑∞

n=2 n½ �q anj j :

ð40Þ

Combining inequalities (38) and (40), we get

β
Dq Dqf zð Þ� �
Dqf zð Þ − 1

�����
����� −R

Dq zDqf zð Þ� �
Dqf zð Þ − 1

 !

<
1 + βð Þ∑∞

n=2 n½ �2q − n½ �q
	 


anj j
1 −∑∞

n=2 n½ �q anj j :

ð41Þ

If ðð1 + βÞ∑∞
n=2ð½n�2q − ½n�qÞjanjÞ/ð1 − ∑∞

n=2½n�qjanjÞ < 1 −
α, which is equivalent to inequality (37), then from inequality
(41), we get
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β
Dq zDqf zð Þ� �

Dqf zð Þ − 1

�����
����� −R

Dq Dqf z
� �� �
Dqf zð Þ − 1

 !
≤ 1 − α, ð42Þ

which is equivalent to inequality (20). Thus, in view of
Definition 2, the function f ∈UCV qðα, βÞ.

The coefficient bound for f ∈UCT qðα, βÞ is given by the
following result.

Theorem 9. The function f ∈T belongs to the class
UCT qðα, βÞ if and only if

〠
∞

n=2
n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


an ≤ 1 − α, ð43Þ

where 0 < q < 1, β ≥ 0, 0 ≤ α < 1, and ½n�q denotes the
q-number.

Proof. Since T is a subclass of class A , therefore, in view of
Theorem 8, the sufficient condition holds. Now, we need to
prove only the necessary condition. Let f belong to the class
UCT qðα, βÞ and taking z real, then from inequality (20), we
have

Dq zDqf zð Þ� �
Dqf zð Þ − α > β

Dq zDqf zð Þ� �
Dqf zð Þ − 1

�����
�����: ð44Þ

Now, using equations (8) and (9) in inequality (44),
we get

1 −∑∞
n=2 n½ �2qanzn−1

1 −∑∞
n=2 n½ �qanzn−1

− α >
∑∞

n=2β n½ �2q − n½ �qanzn−1
	 


1 −∑∞
n=2 n½ �qanzn−1

, ð45Þ

then letting z→ 1 along real axis, inequality (45) gives
condition (43).

We note that, q→ 1− in Theorems 6 and 8, we get the
coefficient bounds for the functions belonging to the classes
SDðα, βÞ and KDðα, βÞ in [20], respectively.

In the next section, we obtain the extreme points for
the functions belonging to the classes T Sqðα, βÞ and
UCT qðα, βÞ.

3. Extreme Points

The extreme points of f ∈T Sqðα, βÞ are given by the follow-
ing result.

Theorem 10. Let f f nðzÞgn∈ℕ be sequences of functions such
that

f1 zð Þ = z,

f n zð Þ = z −
1 − a

n½ �q 1 + βð Þ − a + βð Þ z
n,

  n ≥ 2, 0 < q < 1, β ≥ 0, 0 ≤ α < 1ð Þ,
ð46Þ

where ½n�q denotes the q-number. Then f belongs to T Sqðα,
βÞ if and only if f can be expressed as the form

f zð Þ = 〠
∞

n=1
λn f n zð Þ, ð47Þ

where λn ≥ 0ðn ≥ 1Þ and ∑∞
n=1λn = 1.

Proof. Let f ∈T Sqðα, βÞ, then in view of Theorem 7,
inequality (34) holds. Since an ≥ 0ðn ≥ 1Þ and 0 ≤ α < 1,
therefore from inequality (34), we have

n½ �q 1 + βð Þ − α + βð Þ
	 


an ≤ 1 − α, n ≥ 2: ð48Þ

Thus, if we take

λn
n½ �q 1 + βð Þ − α + βð Þ

1 − α
an, n ≥ 2, ð49Þ

since λ1 ≥ 0, then, λn ≥ 0ðn ≥ 1Þ.
Substitutinganfrom equation (49) withanfrom equation

(7), we get:

f zð Þ = z − 〠
∞

n=2

1 − α

n½ �q 1 + βð Þ − α + βð Þ λnz
n: ð50Þ

Since ∑∞
n=1λn = 1, therefore, we have

f zð Þ = λ1z + 〠
∞

n=2
λnz − 〠

∞

n=2

1 − α

n½ �q 1 + βð Þ − α + βð Þ λnz
n

= λ1z + 〠
∞

n=2
λn z −

1 − α

n½ �q 1 + βð Þ − α + βð Þ z
n

 !
,

ð51Þ

since f1ðzÞ = z and f nðzÞ is given by equation (46). Therefore,
from equation (51), we get the assertion (47). Conversely, let
f be expressible in the form (47), which on using equation
(46), gives

f zð Þ = z − 〠
∞

n=2

1 − α

n½ �q 1 + βð Þ − α + βð Þ λnz
n, ð52Þ
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which can be expressed as follows:

f zð Þ = z − 〠
∞

n=2
ηnz

n, ð53Þ

where

ηn =
1 − α

n½ �q 1 + βð Þ − α + βð Þ λn, n ≥ 2: ð54Þ

Now, to prove that the function f , given by equation (53),
belongs to the class T Sqðα, βÞ, we need to show that the
coefficients ηnðn ≥ 2Þ satisfy the inequality (34).

Since λ1 ≥ 0 and ∑∞
n=1λn = 1, therefore from equation

(54), we have

〠
∞

n=2

n½ �q 1 + βð Þ − α + βð Þ
1 − α

ηn

= 〠
∞

n=2

n½ �q 1 + βð Þ − α + βð Þ
1 − α

1 − α

n½ �q 1 + βð Þ − α + βð Þ λn

= 〠
∞

n=2
λn = 1 − λ1 ≤ 1:

ð55Þ

Thus, we get

〠
∞

n=2
n½ �q 1 + βð Þ − α + βð Þηn ≤ 1 − α

	 

: ð56Þ

Therefore, in view of Theorem 7 and the above inequal-
ity, we proved that the function f , given by equation (53),
belongs to the class T Sqðα, βÞ.

Also, the extreme points of f ∈UCT qðα, βÞ are given by
the following result.

Theorem 11. Let f f nðzÞgn∈ℕ be a sequence of functions such
that

f1 zð Þ = z,

f n = z −
1 − α

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
 zn, ð57Þ

where n ≥ 2, 0 < q < 1 , β ≥ 0 , and 0 ≤ α < 1. Then, f belongs to
UCT qðα, βÞ if and only if f can be expressed in the form
given by equation (47) in terms of functions f nðn ≥ 2Þ, given
by equation (57), and λn ≥ 0ðn ≥ 1Þ, ∑∞

n=1λn = 1.

Proof. Let f ∈UCT qðα, βÞ, then from inequality (43), we
have

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
	 


an ≤ 1 − α  n ≥ 2ð Þ: ð58Þ

If we set

λn =
n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
an  n ≥ 2ð Þ, ð59Þ

since λ1 = 1, then λn ≥ 0 ðn ≥ 1Þ. Then, substituting an from
equation (59) with an equation (7), we get

f zð Þ = z − 〠
∞

n=2

1 − α

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
 λnzn: ð60Þ

Since ∑∞
n=1λn = 1, therefore, we have

f zð Þ = λ1z + 〠
∞

n=2

1 − α

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
 zn

0
@

1
A, ð61Þ

since f1ðzÞ = z and f nðzÞ is given by equation (57). Therefore,
from equation (61), we get assertion (47).

Conversely, let f be expressible in the form (47), which
on using equation (60), gives

f zð Þ = z − 〠
∞

n=2

1 − α

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
 λnzn, ð62Þ

which can be expressed as

f zð Þ = z − 〠
∞

n=2
ηnz

n, ð63Þ

where

ηn =
1 − α

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 
 λn, n ≥ 2: ð64Þ

Now, to prove that function f is given by equation (63)
and belongs to the class UCT qðα, βÞ, we need to show that
the coefficient ηnðn ≥ 2Þ satisfies inequality (43). Since λ1 ≥
0 and ∑∞

n=1λn = 1,, therefore from equation (64), we have

〠
∞

n=2

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
ηn = 〠

∞

n=2
λn = 1 − λ1 ≤ 1:

ð65Þ

Thus, we get

〠
∞

n=2
n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


ηn < 1 − α: ð66Þ

Therefore, in view of Theorem 9 and the above inequal-
ity, we proved that function f , given by equation (63),
belongs to the class ∈UCT qðα, βÞ.
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4. Partial Sums

The sequence of partial sums of the function f ðzÞ ∈A , is
defined as [22].

f k zð Þ = z + 〠
k

n=2
anz

n  k ∈ℕ ; z ∈Uð Þ: ð67Þ

Now, we find the bounds of the real part of the ratio of the
complex valued function f ∈A to its partial sums f k ðk ∈ℕÞ,
for the function to be in the class Sqðα, βÞ in the following
result.

Theorem 12. Let f ðzÞ ∈A in the form (6) and suppose that

〠
∞

n=2
cn anj j ≤ 1, ð68Þ

where

cn
n½ �q 1 + βð Þ + α + βð Þ

1 − α
  n ≥ 2 ; 0 < q < 1, β ≥ 0, 0 ≤ α < 1ð Þ,

ð69Þ

then f ðzÞ ∈ Sqðα, βÞ. Further, the following inequalities hold:

Re
f zð Þ
f k zð Þ

� �
≥ 1 −

1
ck+1

, ð70Þ

Re
f k zð Þ
f zð Þ

� �
≥

ck+1
1 + ck+1

, ð71Þ

where

cn ≥
1, if n = 2, 3,⋯, k,

ck+1, if n = k + 1, k + 2,⋯,

(
ð72Þ

Proof. Since f½n�qgn≥2 is increasing and β ≥ 0, α < 1, there-
fore, in view of equation (69), fcngn≥2 is an increasing
sequence. Then, cn+1 ≥ cn, ∀n and

cn ≥ c2
2½ �q 1 + βð Þ − α + βð Þ

1 + α
≥

1½ �q 1 + βð Þ − α + βð Þ
1 − α

: ð73Þ

Since ½1�q = 1, therefore, we have

cn ≥ 1, ∀n: ð74Þ

Thus, for the particular value k of n, condition (72) holds.
In view of the first inequality of condition (72), we have

〠
k

n=2
anj j + ck+1 〠

∞

n=k+1

anj j ≤ 〠
∞

n=2
cn anj j, ð75Þ

which in view of inequality (68), gives

〠
k

n=2
anj j + ck+1 〠

∞

n=k+1
anj j ≤ 1, ð76Þ

or, equivalently

ck+1 〠
∞

n=k+1
anj j ≤ 1 − 〠

k

n=2
anj j: ð77Þ

Now, for some fixed positive integer k, we define

h1 zð Þ≔ 1 + ck+1 f zð Þ − f k zð Þð Þ
f k zð Þ : ð78Þ

Now, using equations (6) and (67), equation (78) gives

h1 zð Þ = 1 +
ck+1 ∑∞

n=k+1anz
n−1� �

1 +∑k
n=2anz

n−1
: ð79Þ

From equation (79), we have

h1 zð Þ − 1
h1 zð Þ + 1

����
���� = ck+1∑

∞
n=k+1anz

n−1

2 + 2∑k
n=2anz

n−1 + ck+1∑
∞
n=k+1anz

n−1

�����
�����

≤
ck+1∑

∞
n=k+1 anj j

2 − 2∑k
n=2 anj j − ck+1∑

∞
n=k+1 anj j

:

ð80Þ

In view of inequality (77), the above inequality gives
jðh1ðzÞ − 1Þ/ðh1ðzÞ + 1Þj ≤ 1, which implies

Re h1 zð Þð Þ ≥ 0: ð81Þ

Since each cn ∈ℝ, therefore, using equation (79) in
inequality (81), we get assertion (70).

Again, since fcngn≥2 is an increasing function and cn ≥ 1,
∀n ≥ 2, therefore, we have

〠
∞

n=2
anj j ≤ 〠

∞

n=2
cn anj j, ð82Þ

which in view of inequality (68), gives

〠
∞

n=2
anj j ≤ 1: ð83Þ

Now, we define the function h2ðzÞ as follows:

h2 zð Þ = 1 + ck+1ð Þ f k zð Þ
f zð Þ

� �
− ck+1: ð84Þ

Using equations (6) and (67) in equation (84), we get

h2 zð Þ = 1 −
ck+1 + 1ð Þ∑∞

n=k+1anz
n−1

1 +∑∞
n=2anz

n−1 : ð85Þ
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From equation (85), we have

h2 zð Þ − 1
h2 zð Þ + 1

����
���� = − ck+1 + 1ð Þ∑∞

n=k+1anz
n−1

2 + 2∑∞
n=2anz

n−1 − ck+1 + 1ð Þ∑∞
n=k+1anz

n−1

����
����

=
− ck+1 + 1ð Þ∑∞

n=k+1anz
n−1

2 + 2∑k
n=2anz

n−1 + 1 − ck+1ð Þ∑∞
n=k+1anz

n−1

�����
�����

≤
ck+1 + 1ð Þ∑∞

n=k+1 anj j
2 − 2∑k

n=2 anj j − 1 − ck+1ð Þ∑∞
n=k+1 anj j

≤
ck+1 + 1ð Þ∑∞

n=k+1 anj j
2 − 2∑∞

n=2 anj j + ck+1 + 1ð Þ∑∞
n=k+1 anj j ,

ð86Þ

using inequality (83) in inequality (86), we get jðh2ðzÞ − 1Þ/
ðh2ðzÞ + 1Þj ≤ 1, which implies

Re h2 zð Þð Þ ≥ 0: ð87Þ

Therefore, using equation (84) in inequality (87), we get
assertion (71).

Now, we find the bounds of the real part of the ratio of the
complex valued function f ∈A to its partial sums f kðk ∈ℕÞ,
for the function to be in the class UCV qðα, βÞ in the follow-
ing result.

Theorem 13. Let f ðzÞ ∈A be in the form given by equation
(6) and

〠
∞

n=2
sn anj j ≤ 1, ð88Þ

where

sn
n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
  n ≥ 2 ; β ≥ 0, 0 ≤ α < 1, 0 < q < 1ð Þ:

ð89Þ

Then, f ðzÞ ∈UCV qðα, βÞ. Further, the following
inequalities hold:

Re
f zð Þ
f k zð Þ

� �
> 1 −

1
sk+1

, ð90Þ

Re
f k zð Þ
f zð Þ

� �
>

sk+1
1 + sk+1

, ð91Þ

where

sn ≥
1, if n = 2, 3,⋯k,

sk+1, if n = k + 1, k + 2,⋯:

(
ð92Þ

Proof. Using Theorem 6 and following the same steps
involved in the proof of Theorem 12, we get assertion (90)
and (91).

In the next section, we discuss the integral means
inequality for the functions belonging to the classes T Sq

ðα, βÞ and UCT qðα, βÞ.

5. Integral Means Inequality

Silverman [23] has been using the subordination principle to
show that the integral

Ð 2π
0 j f ðre1θÞjσdθ ðσ > 0, 0 < r < 1Þ attains

its maximum value in class T , when f2ðzÞ = z − ðz2/2Þ. Then,
he applied that principle to solve the integral means inequalityÐ 2π
0 j f ðreiθÞjσdθ ≤ Ð 2π0 j f2ðreiθÞj

σ
dθ. Also, he found the integral

means inequality for the classes S∗ðαÞ and KðαÞ with nega-
tive coefficients.

First, we need to mention the following lemma [24].

Lemma 14. If f and g are two analytic functions in U in the
form T and f ≺ g, then

ð2π
0

f reiθ
	 
���

���σdθ ≤
ð2π
0

g reiθ
	 
���

���σdθ, ð93Þ

where σ > 0 , 0 < r < 1, and z = reiθ.

Now, we establish the integral means inequality for the
functions belonging to the class T Sqðα, βÞ.

Theorem 15. Let f be of the form given by equation (7) that
belongs to the class T Sqðα, βÞ and f2ðzÞ be defined as follows:

f2 zð Þ = 1
1 − α

2½ �q 1 + βð Þ − α + βð Þ z, ð94Þ

then, for z = reiθð0 < r < 1Þ, we have
ð2π
0

f zð Þj jσdθ ≤
ð2π
0

f2 zð Þj jσdθ  σ > 0ð Þ: ð95Þ

Proof. We define the function w1ðzÞ as follows:

w1 zð Þ = 〠
∞

n=2

2½ �q 1 + βð Þ − α + βð Þ
1 − α

anz
n−1: ð96Þ

From the above equation, we have

w1 0ð Þ = 0: ð97Þ

Again, from equation (96), we have

w1 zð Þj j = 〠
∞

n=2

2½ �q 1 + βð Þ − α + βð Þ
1 − α

anz
n−1

≤ 〠
∞

n=2

2½ �q 1 + βð Þ − α + βð Þ
1 − α

an zj jn−1,
ð98Þ

since z = reiθð0 < r < 1Þ implies jzj = jrj < 1, and using
inequality (37), therefore, from the above inequality, we have
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w1j j ≤ 〠
∞

n=2

n½ �q 1 + βð Þ − α + βð Þ
1 − α

an ≤ 1: ð99Þ

From equation (96), we have

1 − 〠
∞

n=2
anz

n−1 = 1 −
1 − α

2½ �q 1 + βð Þ − α + βð Þw1 zð Þ: ð100Þ

Since w1 is analytic in U, therefore in view of equations
(18), (96), (97), and (100); inequality (99); and the subordi-
nation principle, we have

1 − 〠
∞

n=2
anz

n−1 ≺ 1 −
1 − α

2½ �q 1 + βð Þ − α + βð Þ z: ð101Þ

Since, the function on the both sides of the above relation
are analytic in U, therefore, in view of Lemma 14 and equa-
tion (94), we get assertion (95).

Next, we establish the integral means inequality for
the functions belonging to the class UCT qðα, βÞ with the
positive coefficients.

Theorem 16. Let f belong to the class UCT qðα, βÞ and f3ðzÞ
is defined by

f3 zð Þ = 1 −
1 − α

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 
 z, ð102Þ

then, for z = reiθð0 < r < 1Þ, we have
ð2π
0

f zð Þj jσdθ ≤
ð2π
0

f3 zð Þj jσdθ  σ > 0ð Þ: ð103Þ

Proof. We define the function w2ðzÞ as follows:

w2 zð Þ = 〠
∞

n=2

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
anz

n−1: ð104Þ

From the above equation, we have

w2 0ð Þ = 0: ð105Þ

Again, from equation (104), we have

w2 zð Þj j = 〠
∞

n=2

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
anz

n−1

������

������

≤ 〠
∞

n=2

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
an zj jn−1,

ð106Þ

since z = reiθ, then jzj = jrj < 1 and using inequality (103),
therefore, from the above inequality, we have

w2 zð Þj j ≤ 〠
∞

n=2

n½ �q n½ �q 1 + βð Þ − α + βð Þ
	 


1 − α
an < 1: ð107Þ

From equation (104), we have

1 − 〠
∞

n=2
anz

n−1 = 1 −
1 − α

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 
w2 zð Þ:

ð108Þ

Since w2 is analytic in U, therefore, in view of equations
(18), (104), (105), (108); inequality (107); and the subordina-
tion principle, we have

1 − 〠
∞

n=2
anz

n−1 ≺ −
1 − α

2½ �q 2½ �q 1 + βð Þ − α + βð Þ
	 
 z: ð109Þ

Since, the function on the both sides of the above relation
are analytic in U, therefore, in view of Lemma 14 and equa-
tion (102), we get assertion (103).
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