AIMS Mathematics, 6(2): 1443-1451.
ATIMS Mathematics DOI:10.3934/math.2021088
% : Received: 17 September 2020
o Accepted: 10 November 2020
http://www.aimspress.com/journal/Math Published: 20 November 2020

Research article

Comparison principles of fractional differential equations with non-local
derivative and their applications

Mohammed Al-Refai'-*and Dumitru Baleanu?>*

! Department of Mathematics Sciences, Yarmouk University, Irbed, Jordan
2 Department of Mathematics and Computer Science, Cankaya University, Angara, Turkey
3 Institute of Space Sciences, Magurele-Bucharest, Romania

4 Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung, Taiwan

* Correspondence: Email: m_alrefai@yu.edu.jo.

Abstract: In this paper, we derive and prove a maximum principle for a linear fractional differential
equation with non-local fractional derivative. The proof is based on an estimate of the non-local
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nonlinear equations.

Keywords: fractional differential equations; maximum principle; fractional derivatives
Mathematics Subject Classification: 34A08, 35B50, 26A33

1. Introduction

In this paper, we consider the linear and nonlinear fractional boundary value problems

P,(u) = (RCDZ,b)u(t) + r(Hu(t) = g(0), t € (a,b), 0 < a < 1, (1.1)
Now) = (D¢ u(r) = h(t,u), t € (a,b), (1.2)
u@a = ug ud)=u, (1.3)

where r, g € Cla, b], h(t, u) is a smooth function, and (RcDg’bu)(t) is the non-local fractional derivative.
The non-local fractional derivative of order 0 < @ < 1, is defined by

RC Nna _ 1 ' —a g7 i —a g
D0 = 5= [ €= s = [ =) (1.4)
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For the definition of higher order non-local derivatives and their properties we refer the reader to [1].

Remark 1.1. The non-local fractional derivatives defined in Eq (1.4) is known in the literature by the
Riesz-Caputo derivative. As the definition has no direct connection to the Riesz derivative, we call it
the non-local derivative.

Fractional calculus is an emerging field in mathematics and it has many important applications
in several fields of science and engineering [5]. Fractional differential equations with different types
of fractional derivatives have been studied extensively. The existence of solutions of the problem
(1.2), (1.3) was established in [6]. In [7] a new maximum principle was derived and implemented to
study a multi-term time-space non-local fractional differential equation over an open bounded domain.
Fractional variation principles were derived using several types of non-local fractional operators, and
their applications were illustrated, see [2—4]. All the above mentioned results make non-local fractional
operator an interesting operator to be further investigated. Maximum principles are commonly used
to study the qualitative behavior of various types of functional equations. In recent years there many
studies devoted to extend the idea of maximum principles to fractional differential equations. Several
comparison principles were derived and used to analyze the solutions of fractional equations with
different types of fractional derivative, see [7-11]. In this paper, we extend the idea of maximum
principle to analyze the solutions of the linear and non-linear boundary value problems (1.1)—(1.3). In
Section 2, we derive a new estimate of the non-local derivative of order 0 < a < 1, of a function at
its extreme points. We then, use the result to formulate and prove a maximum principle for a linear
fractional equation in Section 3. In Section 4, we analyze the solutions of the associated linear and
nonlinear fractional boundary value problems. Finally, we close up with some conclusions in Section 5.

2. Extremum principles for the non-local derivative

In the following we use the space CW'([a, b]) = Cla, b] " W(a, b), where W'(a, b) is the space of
functions f € C'(a, b) such that f’ € L'(a,b). The space CW'([a, b]) is less restrictive than C'[a, b].
For instance, f(f) = Vt € CW'([a, b]) but not in C'[0, 1]. We have the following extremum principles
for the non-local derivative. Analogous results are obtained for several types of fractional derivatives,
and we refer the reader to [12, 13], among the first papers discussing this issue.

Lemma 2.1. Let a function f € CW'([a, b)) attain its maximum at a point ty € (a,b) and 0 < a < 1.
Then the inequality

D, N10) =

1 (f(to)—f(a) N f(IO)_f(b))ZO, 2.1)

Q,F(l — a) (to — a)“ (b - to)a
holds true.

Proof. We define the auxiliary function g(t) = f(t)) — f(¢), t € [a, b]. Then it follows that g(t) > 0, on
[a. b1, 8(to) = &'(to) = 0 and (*°D2 ,g)(t) = ~(D, f)(1). We have

i b
2 - )DL = [ (=9 g xds = [ (5= 10) (o)

fo
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Integrating by parts yields

2r(1 — &)(*“ D ,8)(t0)

(to — ) "g(9ly — f (1o — )™ 'g(s)ds

b
—(s = 1) "g(s)ly, = af (s = 1) """ g(s)ds.

Since g(ty) = 0, we have

"(t 1
im 5% _jim 8O i Lo g =
sot (g — 8)*  s—t —a(fy — §)*! s—l)
and
8(s)  _
s=to (5 — Io)®
Thus,

2r(1 - )(*°Dge)t0) = —(19—a)gla) —a f (1o — )™ g(s)ds

b
—(b—10)gb) —a | (s—10)""g(s)ds

To

< —(to —a)™"gla) — (b — 10)"g(b). (2.2)
The last equation yields

20(1 = a)(*“D; ,(=g))(10) = (g — @) “g(a) + (b — 1) g(b),
or
20(1 = )(*“ Dy, (10) = (to — @) (f(t0) = f(@)) + (b = 1) (f(20) = f()) = 0,

which proves the result. O

Remark 2.1. Since g € CW'([a, b)) and g(ty) = 0, then g(t) = (ty — H)h(t), for some h € C'(a, b), thus
the integral

10 0]
f (to— ) ' g(s)ds = f (to — ) "h(s)ds,
exists and is nonnegative.

Remark 2.2. The following extremum principle was obtained in [7]. Let a function f € C'[a, b] attain
its maximum at a point ty € (a,b) and 0 < a < 1, then it holds that

(*“Dg,t0) 2 0. (2.3)
However; the extremum principle in (2.1) is more general and defined in a wider space CW'([a, b)).
By applying analogous steps to —f we have

Lemma 2.2. Let a function f € CW'([a, b)) attain its minimum at a point ty € (a,b) and 0 < « < 1.
Then the inequality

flt) = f(@) |, flt) - f<b>) (2.4)

RC @ !
D bf)(t()) = 2F(1 )( (tO _ a)a (b - l())a

holds true.
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3. A maximum principle

We implement the results in Section 2 to obtain a maximum principle for a linear fractional equation.
We have

Lemma 3.1. (Maximum Principle) Let a function u € CW'([a, b)) satisfy the fractional inequality
Po(u) = (*°DZ u(t) + r(Hu(t) < 0, t € (a,b), 0 < a < 1, (3.1
where r(t) > 0 is continuous on [a, b]. Then
u(t) < max{u(a), u(b), 0}. (3.2)

Proof. Since u(t) is continuous on [a,b], then u attains a maximum at 7y € [a,b]. Assume by
contradiction that the result in Eq (3.2) is not true, then it holds that

ty € (a,b), u(ty) >0, u(ty) > u(a) and u(ty) > u(b).

Applying the result of Lemma 2.1 we have

1 u(ty) —u(a)  u(to) — u(b)
RCDY u)(ty) ( )>o. 3.3
C P2 = Tt —ar o )7 o
Thus,
Pou)(to) = (*DZ,)ulty) + r(to)ulty),
> (D2, u(ty) > 0,
which contradicts the fractional inequality (3.1), and completes the proof.

m]

4. Applications to linear and nonlinear equations

We apply the maxim principle to derive several comparison principles for linear and nonlinear
fractional equations. We also obtain uniqueness result to the fractional boundary value problems (1.1)—
(1.3) and a norm estimate of solutions to the linear fractional boundary value problem (1.1) and (1.3).
We have

4.1. The linear case

Lemma 4.1. Let u;,u, € CW'([a, b]) be two possible solutions to

g1(0), 1 € (a,b),
gZ(t), te (a9 b)a

Po(ur) = (F°DE,)ur (1) + r(Duy (1)
Po(uz) = (F°DE  Jur (1) + r(Dua ()

where r(t) > 0, g1(t), g2(t) are continuous on [a, b), and uy(a) = ux(a), u;(b) = uy(b). If g1(t) < g2(¢),
then it holds that
ui(t) < ux(t), tela,bl.
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Proof. Let z = u; — u,, then z € CW'([a, b]), and it holds that

(D2 )z(0) + r(Dz(0),
(*De w1 — wp) + r(t)(uy — un),
g1(t)—g,(t) <0, t € (a,b). “.1)

P,(z)

By virtue of Lemma 3.1 we have z(f) < max{z(a), z(b),0}. Since z(a) = z(b) = 0, then it holds that
z(t) < 0, on [a, b] which proves the result. O

Lemma 4.2. Let u € CW'([a, b)) be a possible solution to
Po(u) = (DG u(r) + r(nyu(t) = g(), t € (a,b),
where r(t) > 0y for some 6y > 0, is continuous on [a, b). Then it holds that

leellia.py = max Ju(d] < M = max{lg()lu() u(b)}.

r(1)

Proof. We have M > |£2|, or Mr(t) > |g(0)l, ¢ € [a,b]. Let v; = u— M, then v; € CW'([a, b]) and it
holds that

(D2 )vi (1) + r(t)vi ()
= (*°D2 Yu@) + r(u@) — rioM
gty—r()M < |g(t)| — r()M < 0.

Po(v1)

Thus by virtue of Lemma 3.1 we have vi = u — M < max{v(a), vi(b), 0}. Since v|(a) = u(a) - M <0,
and v{(b) = u(b) — M < 0, we have
v <0, or u <M. 4.2)

Analogously, let vo = —M — u, then v, € CW!([a, b]), v2(a) < 0,v,(b) <0, and

Po(v) = (DG y)va(t) + r(tpva(t)
= —(*D¢u(t) - r(u(t) - r(HM
= —g() —r(OM < |g(@®)] - r(NM < 0.

Thus by the result of Lemma 3.1 we have v; = —u — M < 0, or
u>-M. 4.3)

By combining the results of Eqs (4.2) and (4.3) we have |u(?)] < M, t € [a, b] and hence the result. O

Lemma 4.3. The linear fractional boundary value problem (1.1) and (1.3) admits at most one solution
ue CW'\(a,b)).

Proof. Let uj,u, € CW'([a, b]) be two possible solutions, and define v = u; — u», t € [a, b]. We have
v € CW!'([a, b]) and it holds that
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Po(v) = (*°D% ) (ur — u2) + r()(uy — up) = 0,
v(a) = v(b) = 0.

Thus by virtue of Lemma 4.2 we have
IVlliaer < 0, or [Vlljap = 0, orv =0.

Thus u; = u, which completes the proof.

4.2. The nonlinear case

Lemma 4.4. If h(t, u) is non-increasing with respect to u, then the nonlinear fractional boundary value
problem (1.2) and (1.3) admits at most one solution u € CW'([a, b]).

Proof. Assume that u;, u, € CW'([a, b]) be two solutions of (1.2) and (1.3), and let z = u; — u,. Then
z€ CW'([a, b)), z(a) = z(b) = 0, and

No(u1) = No(u) = (*“DE,) iy — uz) — [h(t, uy) — h(t, uz)] = 0.

Since h(t, u) is a smooth function, applying the mean value theorem we have

oh
h(t,uy) — h(t,uy) = E(u*)(m — Up),

for some u* between u; and u,. Thus,

oh
(D2 ) (ur — up) — 2w = 1) = 0,
u

oh
*°D* )z — —(u")z =0. 4.4)
: ou

No(ut) — No(uz)

Since —%(u*) > 0, and z(a) = z(b) = 0, we have z(¢) < 0, by virtue of Lemma 3.1. Also, Eq (4.4) holds
true for —z and thus —z < 0, by virtue of Lemma 3.1. Thus, z = 0 which proves that u; = u,. m|

Lemma 4.5. Let u,v € CW!([a, b]) be possible solutions to the nonlinear fractional inequalities

IA

(D¢, )u h(t,u), t € (a,b) 4.5)
Dy > h(tv), te(a,b), (4.6)

\Y

with u(a) < v(a) and u(b) < v(b). If h(t, u) is a smooth function and is non-increasing with respect to u,
then
u(t) < v(t), t € [a,b].

Proof. Let z = u — v, then z(a), z(b) < 0 and it holds that
oh oh
D)z < h(t,u) = h(t,v) = —@)u—v) = —Wu)z,
: ou ou
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for some u* between u and v. The last equation yields
oh

(*“Df )z~ -z <0,
’ ou

which together with z(a), z(b) < 0, proves that z < 0, € [a, b], and completes the proof.
O

We illustrate the results with the following examples. Consider the linear boundary value problem

(“Dgujn + utw) =g, 1.1, @7
u(0) =0, u(l) =1. (4.8)

For u(r) = t, direct calculations lead to

1 ! 1
Kpe e = — t—s)"%d —f -nd
("D, 1)(0) el —a)( . (t—s)"ds t (s —1)™"ds)
1 1- 1-
= ———@ "= -0"%). 4.9
Thus, u(f) = t is a solution to the fractional boundary value problem (4.7), (4.8), provided that
g(t) = zml_a)(tl*" — (1 = H") + ¢, for arbitrary 0 < @ < 1. By Lemma 4.3 this is the unique solution

u € CW([0, 1]) to (4.7), (4.8). Analogously, u(f) = t is a solution to the nonlinear fractional boundary
value problem

(RCD&IM)(t) = h(t,u), 1€ (0, 1), (4.10)
W0 =0, wl)=1, @.11)
where A(t,u) = m(tl‘“ -~ (1 = " — u? + ¢, for arbitrary 0 < « < 1. Since

% = —2u = -2t <0, t € (0,1), then by virtue of the result in Lemma 4.4 we have, u(t) = t, is the

unique solution to (4.10), (4.11) in the space CW'([0, 1]).

5. Concluding remarks

In this paper, we have proved two extremum principles for the non-local fractional derivative of
order 0 < @ < 1. Based on these extremum principles, a maximum principle is derived for a linear
fractional equation. We have formulated and proved several comparison principles for the linear and
nonlinear fractional equations, and obtained uniqueness results for the associated fractional boundary
value problems. A norm estimate of solutions of the linear boundary value problem is also derived.
The obtained results are extendable to the linear and nonlinear multi-term fractional boundary value
problems

AIMS Mathematics Volume 6, Issue 2, 1443-1451.



1450

m—1

Po(u) = (RCDZ;; e RCDjjb)u(r) + r(Out) = g(0), t € (a, b),
i=1

m—1
Now) = (*DZ+ Y D2, i) = htt,w, 1 € (@b,
i=1

wa) = uq, )= uy,

where0 <oy <y <---<a,<1,¢;,20,i=1,--- ,m—1,r,g € Cla,b], h(t,u) is a smooth function.
However, the existence results of the above systems are the main challenging, and we leave these
problems for a future study.
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