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In this article, the instigator sets up the profuse traveling wave solutions four types of fractional nonlinear
equations in the sense of conformable derivatives by using the novel form of modified mathematical technique.
The constructed traveling wave solutions are articulated in terms of trigonometric, hyperbolic and exponential
functions. The derived results are fruitful for the physical demonstrations of problems in mathematical physics

Introduction

Oldham and Spanier are first researchers who have taken the frac-
tional differential equations (FDEs) into consideration [1]. Exact solu-
tions of FDEs plays an imperative role in understanding the features of
numerous physical phenomena, that described by these equations. For
illustration, the nonlinear oscillation of an earthquake can be modeled
due to derivatives of fractional order. In fact, the physical phenomena
may not depend only on the time moment but also on the former time
history, which can be fruitfully, modeled utilizing the theory of frac-
tional integrals and derivatives [2-4]. Fractional evolution equations
play a important role in diverse fields like engineering, biology, physics,
fluid flow, finance, electrochemistry and many more [5-17]. Several
competent methods have lately been developed to get analytical solu-
tions for FDEs. For example, the generalized tanh-coth method[18], the
auxiliary equation method [19], improved F-expansion method [20],
the exponential rational function method[21-23], the simplest equation
method [24], the modified simple equation method, the first integral
method [25], the Kudryashov method [26-31], fractional calculus and
many more methods [32-44].

This research work aims is to implement the improved simple
equation method to construct the novel exact solutions of concern
nonlinear fractional wave models. The derived results have valuable
positions in applied sciences. The remaining part of this article is

arranged as; the description of conformable derivative is illustrated in
Section “Approach for fractional derivatives”. The proposed method is
mentioned in Section “Description of proposed method”. The Section
“Applications”, application of the method. Results discussions and
conclusion are provided in “Results and discussion” and “Conclusion”.

Approach for fractional derivatives
The captivating definition of fractional derivative in term of

conformable derivative illustrated [45]. Liebniz and chain rule together
observed via that derivative.

Conformable derivative

Definition: Suppose hy : R* >R is a function, for t > 0,

ho(t + et'P) — hy (1)

Dl (s(1)) = lim E &)
is called conformable derivative of h, with order 5,0 < g < 1.

DY (ah, +bg) = aD! (h,) +bD!(g), a,beR @)
D (hyg) = D} (g) + D! (hs) 3)

Suppose h, : R"—R be a differentiable, f and g are differential
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functions, in the range of h,.
Dl (hoe(g)) = ' (1) (1) (4
Following rules hold.

DX () = ptr" peR )

D} (%) =0, (6)

where /5 is called a constant.

D’ (%) _ gD/ (hs) g‘z h.D!(g) )
h, is differentiable, then

a4t
D) (o (1)) = ' P—=. ®

Description of proposed method

Consider

R (U, D/U,D,U,D’U,D,U,...) =0 ©)]
Let

U=U(), fzkxfl%i, (10)
Put (10) in (9),

R,(U,U,U",...)=0. 1n

Let solution of(11) is,

UE = i= —mAw(E) a2

V(&) = Co+ CY+CI + W (13)

The general solutions of new simple ansatz Eq. (13) are as following:

Ci —/4CoC: — Chtan (M(g’ + z;o))

PE) = — 4CoC, > CE, G
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—C,e% (é+&o)

Y= T3 Ceoar

G, <O0. (1e)

If C; = 0,C; = 0, then the ansatz (13) reduces to Riccati equation
with following solutions:

9o =22 an(/GG(E+ &), GG >0, 17)
W) = ——V*Ci“gtanh(\/—cocz(ﬁgo)), GGy < 0. as)

Put (12) and (13) in (11). Solving the obtained systems of equations
for the required values parameters. Putting all parameters values and ¥
in (11), achieved the solution of (9).

Applications

The conformable space-time EW equation

Let EW equation in [46];

DIU(x,t) +aD’U*(x,1) — DY’ U(x,1) = 0. 19)
P

Put (20) in (19), after this integrating by taking integration of con-
stant equal to zero

akU* + ck*lU" —1U = 0 21)

Let solution of (21) is

A, A
U=Ay" +Ay+—+—+A (22)
2 1 V2 ” 0
Put (22) in (21) with (13),
Casel: C3 =0,
Family- I:
6 1 6cC31
A= GG A= Gy yA=0,A_,=0,

a{[A(C—ac0)  afE(C—aGa)

1( /A (C=4CyCy)* +cC? +8cC0C2)

2C2 A k !
=0. 0 4 200 2 Y 2
2ay/ 2 (C? —4Cy () A (Ct—4CCy)
(14) 23)
If Co = 0,C; = 0, then simple ansatz Eq. (13) reduces to Bernoulli . .
o o 8 P q- (13) Substitute (23) in (22),
equation;
C]ecl(e“rfo)
V= 1 — CpeCi(E+)’ € >0, as Family- II:
_ _? 1 _c?
) el Ci — /4CC, — Chaan <2 VAGCr — G (e + fo)> 6cC,Cyl
L=
ay/ 3 (CF - 4C,G,)° 26 ay/ (€} = 4G, C)°
24

1
Ci—\f4CC: - C tan(5 Vaae - a(e +§0))
+

1( —/E(C = 4Gy C)° +cC 86C0C2>

2C,

2ay/(C? - 4C,G,)’ 7

4C,Cy > C*
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Substitute (25) in (22),

6cC3l
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1( — 1/ (C = 4CyCa)° +cCr + sccocz>
, A =

2ay/ cz(Cf — 4C0Cz)2 ax

6C'C[] C] !

Ay =

AIIO,A,II k:

A(C —4C,6)’

, A2 =0
(25)

1

i (C —4c,C)

CaseIl: Cy =C3 =0,

U, = 6cC3l

€ /4G, — Caan (g VAGC: - G (e + rf.o)>

V& (C? - 40C,)°

6CC0C1I

ay/(C? — 4G, ) 26

-1

Ci — /4CoC — Chuan (% VAGoCr - G (e + fo))

1( —/E(C = 4CyC)° +cC sccocz)

ay/(C — 4CyCy)°

(26)

2C, *
2 N
Ay=0,A,=0, A, =0, Ay = 76\:2?21, A = 76‘/2621. k= \fclcl
(27)
Put (27) in (22),
Ui 6\/EC21( Ciexp(Ci(§+&0)) ) 6\/5C§l( Ciexp(Ci(£+40)) )2 c
3 a 1—-Crexp(Ci(E+&))) aC, 1—Cyexp(Ci(E+&)))) ]
>0.

(28)

Ui 6ﬁczl< —Ciexp(Ci(£+&)) ) 6¢EC§1( —Ciexp(Ci(¢+40)) )2 c
4 a  \I+Cexp(Ci(6+&,)) aC, \1+Cyexp(Ci(£+&))) '
<0.
(29)
Case III: C, = C3=0,
Family-I
1\/eCoCs 3,/cCY
Apg=—"22 4 ,=0, A, =0, Ay ="Y""2" A, =0, k
0 a 2 1 2 (l\/a
1
_ 30
2\/CCOC2 ( )
Put (30) in (22),
1eCoCy  3veC31 (vToCrtan(VCols (E+ &)\’
Us = + , C,Cy > 0.
a a/Cy C
(31

2ay/3(C? - 4C, )’ 7

4C,Cy > C*

R Nzees +3\/EC§/21 (\/—coc2 tanh (v =CoC5 (E+ &) )2 CC
= ) 2%0

U
6 a a/Co o}

<0.
(32)
Family-II
1y/eCoCs 3/eC
Ay = , Ay = )
a av/C,
1

N 33

Put (33) in (22),

2
v zx/cc0c2+3\/zc3/21 G
7 a a Cz VCoCy tan(\/ CoC, (5 + 60) )

0 A=0,A=0 A =0,k

., C,Cy > 0.

(34

G

_ lVCC0C2+3\/EC<3)/Zl ’
- V=CoCrtanh(v/=CoC; (+ &)) |

U,
8 a a\/C,

Cz C()

<0.

Family-IIT

11/eCoCs 3,/cCl 3,/cCY?1
A= A, = -0 a4, = = -z

a 2a./C; '
1

4\/ CC()CZ

(36)
Put (36) in (22),
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2 . —
U WVEGG 3yea)t o 3,/ E‘ase,ll' CI3 =0
— _ - mily- I:
0 a 2ay/C; \ VoG tan(v/CoGa (£ + &) 2ay/Cy amuy
_ 12Q2c+ 1)C _ 12Q2c+ 1)CIG o 12Q2c+ 1)G G
CoCy taIl(\/ CoCy (5 + fsn)) : Ay = a ) A= a ) Ao = a f
c , C,Cy > 0.
? @7 I=(2c+1)(C? —4CyCy), A, =0, A, =0.
(42)
Substitute (42) in (22),
Family- II:
(3 + 1)-dimensional conformable time-fractional KdV-ZK equation
2
o WG 3yeCy & eGSR
10 2ay/C; \V=CoC; tanh(v/=CoC; (£ + &) ) 2a+/Cy 38)
V=CyCy tanh(y/=CoC5 (64 &) )
. C2C, < 0.
G
2
_ _? 1 o
U 120+ 1)C €1 = \4GC: — Can (2 Vaae: —Cie ‘fﬂ)) (1202 4+ 1)CC
e a 2C, a
1 (43)
Ci —1/4CyCy — C3tan| =4/ -
! 02— Gytan (2 4G -G §”)> 1202+ )GG
2C2 a ’
4CC, > C}
Consider KdV-ZK equation in[47],
2
DPU+aUU, 4 Uy +c(Upy +U..) =0, 1 >0, 0 < B < 1. (39) Aiz:_%’ A :_w’ A, =0, A =0,
Py 44)
12(2 1)CoC
U=U@), ¢=xtyti=ly (40) AQ:—%,I:(2C+1)(C$—4C[)C2)
Put (40) in (39), yields following ODE; Substitute (44) in (22),
U2
“7+(2c+1)u”fw:o (41)
Casell: Cp =C3 =0,
Let Eq. (22) is the solution of (41), Put (22) into (41) with (13) after
solving we have the following cases;
-2
— _c? 1 —?
1202c+1)E [ € V4G~ Clan (2 V406 -Gl +a) ) 12(2¢ + 1)GoC,
U]Z = -
a 2C, a
- (45)

Ci —/4G,C: — Ctan (% VAGC - C e+ éo))
2C2

+ (2c+ 1)(C] — 4Gy Cy),

4CyC, > C}
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12(2¢ +1)C;

2
, A= —

12(2 1
AL =0 A= — 120Qc+ NGG

[
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12(2¢ + 1)CoCy 122c +1)C?

a a Ag= — - = - . 0A,=0,A =04, =0,
=2c+1)C Ay =0, A, =0. 46
(2c+1)Cy, Ag=0, A, (46) — 42+ 1)CC
Put (46) in (22), (52)
Put (52) in (22),
= - RLENOG (L CoROE 15 )1t DG (GO LE) Y g @)
a 1 — Crexp(Ci(§+&)) a 1 — GCexp(Ci(§+&))
_ 12Qc+1)CG [ —Ciexp(Ci(E+&)) 12(2c + 1)C3 [ —Ciexp(Ci(E+&))
Uy = — - ,C1 <0 (48)
a 1+ Crexp(Ci(E+ &) a 1+ Coexp(Ci(E+&))
CaseIll: C; =C3 =0, 2
ase th b1 =08 12(2¢+1)CoCy 12(2¢+1)C2 o
Famlly-I U17: 7Czcvo
a a C()Cz[al’l(\/ CoCy (54’60))
42¢ + 1 12(2¢ + 1)C?
Aosz,A,zzo,Aq:O,Azz ,w7141:0’1 >0.
a a
=4(2c+1)CoCs (53)
(49)
Put (49) in (22), 2
(49) in (22) U 12(2¢+1)CoCy  12(2¢+1)C3 C,
l/_,“%+”QQ,UQ“HX3CEFQMQE““?%“UZcc " a a V=CoCotanh (v/=CoCa (6+&,))
15 a a C, , L2Co CyC <0,
>0. 54
(50) Family-TII
2c+1 12(2¢+1)C? 12(2¢+1)C?
A0:8( c+ )C()Cz’Ad: (2c+ )CU,A,IZO,Azsz,
a a a

Ujg=— A DGE 12(26+1>C§(mtanh(mwo)))ﬂ%
a a C,
<0.
(G20)]
Family-II

8(2c + NGy 12(2¢ +1)C5
a a

Uy =

< CoCatan(v/CoCr (E+ &) )

( CoCrtan (Vo Gy (E+ &)
G

A =0,1=16(2c+1)CoC,
(55)
Put (55) in (22),

o )2 B (12(20 + 1)C§>

(56)

2
),Qq>o
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Figure(l - &)
T

A. Ali et al.
»F_igure[l -a)
11
ok
“1}
N 0.0 5 1.0
Fig. 1. Exact traveling waves solution (24).
Ve — 8(2c + NGy 12(2¢ +1)C) G B (12(2c + 1)C§)
30 a a \/T()Cztanh(\/ToCz (E+&) ) a

(57)

(\/T()C‘ztanh(\/fcoc_z (E+&))

G

(2 + 1)-dimensional conformable time-fractional Zoomeron equation

Let fractional Zoomeron equation [46]

24 Ux,v _ Ux,v 2\
DY (—U) (—U)MHDf(U ), =0,0<p<1. (58)
Let
R N
U=U —k=—4+h——1— 59
©, ¢ 51 (59

), C,Cy < 0.

Put (59) in (58), after this integrating twice by taking integration of
constant equal to zero;

—aU+kh(? - K)U" —2kIU* =0 60
Let solution of (60) is
A
: 1)

U=—+Ay+A
%

Put (61) in (60) with (13), after solving following possible solutions
casess.

Casel: C3 =0,

Family- I:

Figure(2 - b)

]

Fig. 2. Exact traveling waves solution (28).

6
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Figure(3 — &)
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Figure(d —a)
I

Fig. 4. Exact traveling waves solution (65).

Figure(5 — b)

5]
T

Figure(5 —a)

Fig. 5. Exact traveling waves solution (83).
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A = V2aC, . Ag = VaC, LA =0, U aCo G CC >0 70)
2 2 _ _ = , > 0.
V/4CCoKl = CTKI V24/(Ct = 4GoCo) (— k) ©  VOH\VGGu(VGG(E+E) ) T
he 2a
(G —4GG)k(P - 1) U — VG G oc
36 — , GGy < 0. (71)
V2GK \ V=C,C, tanh(v/=C,C; (£ + ¢
Substitute (62) in (61), ’ WG tanh(V=GiCa (4 )
Family-IIT
Ci—\/4C,C. — Chan (2 /4CoCa— G e+ 6) ’
\/2_QC2 ! 2 ! \/aCZ \/LZC(] a
U = + A= ———=, Ay = 07 A = s h= (72)
/4C0C2k1 _ C%kl 2C, 2\/2Cokl 2v/2C5kl SCOCZk(lz — kz)
Ja Put (72) in (61),
aCl 2
2_ = 74»C()C2>C] B \/QTO C, fTo
V24/(C1—4CyCy) (—KI) Usy = -
©3) 7 232Gk \V/CoChtan(vCo Gy (E4 &) 2/2Cokl 73)
CoC, tan(+/CyC:
Family- II: ( 02 an( CO 2 (§+§°))>, C,Cy > 0.
2
2
A =0, Ay = vac , A= v2aGy ) C C C
V24/(C? = 4CGy) (- K1) \/4CoCokl — C3kl Uy = Y0 2 - ( ata )
2V/2C3kl \ /=C, Gy tanh (v/=Co G5 (6 + &) ) 2/2Cokl
2a
h= v/—CyC, tanh (/—CyC
(CC—4CC)k(F — 1) ( oC: tanh( - 2(§+§°))>, C2Co < 0.
2
(64)
74)
Substitute (64) in (61),
The conformable space-time modified EW equation:
—1
J3aCe € —/46C - G tan(% \/4cocz —C(E+ rfo))
U, = +
\/AC, Gkl — €K 26,
(65)
Vac, L 4G)Cy > C
V2,/(C? — 4CyGy) (— K1)
Consider fractional MEW equation in [48],
CaselIl: C; =C3 =0,
Family-I DPU(x,t) + 6D’ U? (x,1) — 8D¥ U (x,1) = 0. (75)
e Put transformation of (20) into (75) and after this integrating by
A aCy Ap=0, A 0, h a (66) taking integration of constant equal to zero yields
=, =0, -1 =0, - Z 5
LT VaKIG, : 26,k (P — K2 g nies d y
76
Put (66) in (61), _IU + ke U? + 8IK2U" = 0 (76)
e JaG; \/Etan( VGl (£ + fo)) e oo ) .Let Eq. (61) is the solution of Eq. (76), following possible solutions
33 KIC, G , (20 . are;
Casel: C3 =0,
VaC, (v/—=CoCstanh(v/=CoCs (E+&)) Family- I
Uy = , GGy < 0. (68)
VZKIG, G B M CyV/al s GVl
. 1= y Ao = )
Family-II Vo i (4CCr — C1)é V26 (4CoCy — C1)5
77
aCy a
A =0, A4 =0 A = . h= 69 V2
: 0 'TV2GK T 2G,Gk(B - 1) ©9) Ay =0, k=—

Put (69) in (61),

\/4CoCr8 — C36

Substitute (77) in (61),
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C2Co > 0. 85
\/C(.Cztan(\/CoCz(f—‘rfo))>’ 260> (85)

A. Ali et al.
Put (84) in (61),
1
25l C - \/4coc2 — Citan (5 \/4c0(:2 - Ci(E+ 50))
Usy = +
Vo (4CoCy — C2)6 26
, 4C,Cy > C?
(4cC, - Ch)s
Family- II:
3/4
A =0, Ay = GVl AL = 2RVt
25/ (460G — ) (—9) Va/(4aC - G) (- 0)
2
o Y2
\/4CoCr6 — C26
Substitute (79) in (61),
-1
PGy 3V Ci—/460 - G tan(; V4G - C e+ go))
U4() = —
oy (4C,C, — CP) (=6 2G,
1
]
cval L 4CCy > C?
V26 ([ (4CoC, — C7) (- 6)
V26 *6V1
CaseIl: C; =C3 =0, Uy =—;
e
Family-I 2o
L B Y P SR S )y V2BV
Voo ' T 2C,Co6 HT VGCe
Put (81) in (61),
_— C/Eci/“%ﬂ( CoCs tan (/6o G (5+50))) e o0 2 Family-III
41 = s L20o .
VCo\/o G | 5V
| ey ———
V2{/Co\/o
v = V2GIBVE (V=CGrtanh (VGG (6 +60))\ (e _ ‘
R N [ » Gl <D Put (87) in (61),
(83)
Family-II
4 o) 3/4 4 1
A =04 =0 A = V26 \/5\@ k= — (84)
VoG V2Cp6C,

V=CoC; tanh (v/=CoC; (€ + &) )

Ay =0, A = —-
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. — G VeV G _(GlYavi
15 = V2/Covjo mmﬂm@*fo)) V2VCo/o
(mtan(\/gm(f +&)) )7 C,Cp > 0.
2
(88)
U _ GV C G 5/1
16 = V2V/Covjo \/Tocztanh(\/ToCz(erfo)) V2y/Coo
(\/_—()Etanh(\ém(f-ﬁ- &)) )7 C,Cy < 0.
2
(89)

Results and discussion

Fractional differential equations (FDEs) are formed by modeling due
to nonlinear corporal system. The study of these types physical models
have a strong position in applied science. Different researchers used
distinct techniques for the determination the exact results of Eqgs. (19),
(39), (58), (75) in [49-52]. Some of our results are likely similar with
other discovered due to the followings. Our solutions in Egs. (31) and
(32) are approximately similar to the results discussed in Egs. (4.8) and
(4.9) respectively in [47]. Further our results in Egs. (67) and (68) are
likely same form as discussed solutions in uyg(x,t) and uji12(x,t)
gradually in [48]. Moreover our constructed solution in Egs. (80) and
(83) have also some similarity with the solutions mentioned in Egs. (15)
and (27) in [46]. we have found that our modified mathematical method
is for explore of solutions which more general and powerful as compared
in previous research literature. Hence From this we found that our
described technique provide a best plate form as a mathematical tools
for solving fractional order nonlinear wave problem in applied science
see Figs. 1-5.

Conclusion

Exploring the exact solutions of conformable space-time derivative
of EW, KdV-ZK, (2 + 1)-Zoomeron and MEW equations via novel effec-
tive technique, called a improve simple equation method.The work
emphasizes our assurance that this method is a dedicated procedure to
manage such types of fractional nonlinear space-time equations. The
benefit of this technique is that we apply it in a straightforward way
without utilizing linearizion, discretization and restrictive suppositions.
Hence it is a very simply implementable mathematical tool for solving
real-life problems budding in engineering and sciences.
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