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Abstract

In this paper, we investigate the existence of mild solutions to semilinear evolution
fractional differential equations with non-instantaneous impulses, using the concepts
of equicontinuous (a, f)-resolvent operator function P, ﬂ(t) and Kuratowski measure
of non-compactness in Banach space £2.
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1 Introduction

We can start the paper with the following questions: Why study fractional calculus?
What are the advantages we gain by investigating and proposing new results in the
field of fractional calculus? Are the results presented so far important and relevant to
the point of contributing to the scientific community? In a simple and clear answer,
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it is enough to notice the exponential scientific growth in the area and the impact
that the fractional calculus has contributed to mathematics and other diverse sci-
ences, specially, in a shocking way in the context of mathematical modeling [9, 17,
19, 23, 25-28].

The theory of differential equations with non-instantaneous impulses and impul-
sive evolution equations in Banach spaces has been investigated by many research-
ers in the last decades [2, 18, 24]. It is noted that investigating the existence, unique-
ness, stability of solutions of differential equations of evolution has been object of
study and applicability in the scientific community, since it describes processes that
experience a sudden change in their states at certain moments [1, 3, 7, 8, 15]. The
applicability of the obtained results related to the differential equations, especially
with non-instantaneous impulses, can be found in several areas, such as: physics,
engineering, economics, biology, medicine and mathematics itself, among others [2,
18].

Pierri et al. [21] investigated the existence of solutions of a class of abstract semi-
linear differential equations with non-instantaneous impulses using the semigroup
analytic theory. In the same year, Hernandez and O’Regan [16], investigated the
existence of solutions of a new class of impulsive abstract differential equations with
non-instantaneous impulses. In this sense, Zhang and Li [6], by means of mono-
tone iterative technique and semigroup theory, investigated the existence of mild
solutions of a class of semi-linear evolution equations, also with non-instantane-
ous impulses in Banach space. So it is noted that the study on the subject is indeed
important and motivating for the researchers.

Therefore, many researchers, specifically, from the fractional analysis group, had
the motivation, based on tools and new results from the fractional calculus, to inves-
tigate the essential properties of solutions of fractional differential equations, from
existence, uniqueness, Ulam—Hyers stabilities, controllability, among others, thus
providing an exponential growth of new results and strengthening the area [10, 11,
22,29-33, 36, 39].

Gu and Trujillo [14] were concerned to focus on the investigation of the existence
of mild solutions of the evolution of fractional equation in the sense of Hilfer frac-
tional derivative, using noncompactness measure in Banach space X. On the other
hand, Fu and Huang [12] investigated the existence and regularity of solutions for a
neutral functional integro-differential equation with state-dependent delay in Banach
space, using the fixed-point theorem of Sadovskii under compactness condition for
the resolvent operator and under Holder continuity condition.

In order to propose new results that contribute to the field of fractional differen-
tial equations, Mu [20] decided to investigate the existence of a mild solution for the
impulsive fractional evolution equation given by

Df u@) + Au®) = f(t,u(r)), t €1 :=[0,T], 1#1

Aul,_, = L(u(n)), k=1,2,....m
u(0) +gw) =xy €X
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where Df_ (-) is Caputo fractional derivative with 0 <a <1, A: DA)CX - X
is a linear closed densely defined operator, —A is the infinitesimal gen-
erator of an analytic semigroup of uniformly bounded linear operators
TD)0 O0=tfy<ti<ty<--<t,<t, =T, f:IX—X is continuous,
g . PC(,X) — X is continuous, the impulsive function I, : X — X is continuous,
Au|,_, = u(tt) — u(t™), where u(tt), u(¢~) represent the right and left limits of u(z)
at t = ¢, respectively. For a brief reading on others of existence and uniqueness of
solutions of fractional differential equations, we suggest [4, 13, 34, 37, 38].

In this sense, inspired by the works proposed up to here, we note the necessity
and importance of the realization of a work that will contribute to the existence
of solutions of fractional differential equations. Then, we consider the semi-lin-
ear evolution fractional differential equation with non-instantaneous impulses in
Banach space €2, given by

TDETu(r) + Aur)(t) = £(t,u(®)), t € kL_JO(sk, tist ]

u(t) = & (1, u(?)), te kL_Jl(tk,sk] (D

137 u(0) = uy

where 7 Dg’f(-) is Hilfer fractional derivative, I(;;y(‘) is Riemann-Liouville frac-
tional integral with O0<a <1, 0<f<1 and 0Ly <I(y=a+f(l —a)),
A: DA CQ - Q is a linear operator and is the infinitesimal genera-
tor of a strongly continuous semigroup (C0 - semigroup) (P(®));5¢ in £ with
0<t; <ty<-+-<t,<t,, :=a a>0isa constant, s, :=0 and s; € (1, 1)
for each k =1,2,...,m. We also have f : [0,a] X £2 — £ a given nonlinear func-
tion satisfying some assumptions ¢, : (tk,sk] X £ — (2 is non-instantaneous impul-
sive function forall k = 1,2, ... ,m, and u, € £2.

We highlight here a rigorous analysis of Eq. (1) regarding the main results and

advantages obtained in this paper:

1. We present a new class of solutions for differential equation of semi-linear evolu-
tion with non-instantaneous impulses by means of the Hilfer fractional derivative.

2. An important and relevant factor is the properties of the Hilfer fractional deriva-
tive, since they are preserved for their particular cases. In this sense, when inves-
tigating a particular property of a fractional differential equation and obtaining
a particular case for the derivative, the properties of the differential equation are
preserved, in this case, the existence of mild solutions.

3. From the limits f — 0 and f — 1in Eq. (1), we obtain the respective special
cases for the differential equations, i.e., the classical fractional derivatives of
Riemann-Liouville and Caputo, respectively. In addition to the integer case, by
choosing @ = 1.

Since many applications are performed by means of differential equations with
non-instantaneous impulses, specifically in biology and medicine; and by the
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enormous amount of parameters that appear when using differential equations to
model a given problem, one way to overcome a certain barrier is to propose more
general differential equations. In this case, one way is to use the more general
fractional derivatives and here, we use the Hilfer fractional derivative. Although
there are other fractional derivatives, a special emphasis on the y-Hilfer frac-
tional derivative, we restrict this work to the Hilfer fractional derivative. In this
sense, the result obtained here may also contribute to future applications.

This paper is organized as follows. In Sect. 2, we present the space of the weighted
functions and their respective norm, as well as the concepts of Hilfer fractional deriva-
tive. The concepts of equicontinuous (a, f)-resolvent operator function P, 4(7), Kura-
towski measure of noncompactness (-), mild solution and Lemmas results that are of
paramount importance throughout the paper are also presented. In Sect. 3, the main
result of this paper is investigated, the existence of mild solution of the semi-linear evo-
lution fractional differential equation with non-instantaneous impulses in the Banach
space, making use of refined mathematical analysis tools, in particular, of the Lebesgue
dominated convergence theorem. Concluding remarks close the paper.

2 Preliminaries

In this section, some definitions and results are presented through Lemmas, essential
for the development of the paper.
The space of continuous function C(J, R) (J := [0, a]) with norm is given by [29]

llull = suplfu@]l.
teJ
On the other hand, the weighted space of functions u on J’ := (0, a] is defined by
Ci_,(J.2)={ueC(/,Q), ' 7ut) € CU,Q)},

where 0 < y < 1, with the norm
_ 1-y
lule,., = sup|e'~7uto)|
el’

obviously, the space C,_,(J, £2) is a Banach space. We now, present the definition
piecewise space of functions u on PC,_, ((#, f4,]. 2). given by [33]

(1= 1) 7u) € C, ((ts 111 ], R)

. - .
hm(t - tk> yu(t), andexistsfork=1,...,m
=1,

PC,_,(J.Q) =

>

where the norm is given by

sl }

where u (t+) and u(¢™) represent, respectively, the right and left limits of u(f) att € J.

1—
lullpe, =max{sup]|r u(t)]

tel
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Consider the following set

A, ={uePC,_,(, 9Q), ||u(t)||CH <r tel}

Note that, for each finite constant r > 0, A, is bounded, closed and convex set in
PC,_,(J,£).

We denote by £(£2) be the Banach space for all linear and bounded operators
on . We denote the (a, f)-resolvent operator function ([F"’(t))r>0 generates by
(—A) given by

M :=sup|

Pa,,;(t)H @ )
then M > 1is a finite number.

On the other hand, let n — 1 < a <n with n €N and f,y € C"(J,R) be two
functions such that y is increasing and w'(r) # 0, for all 7 € J. The left-sided y
-Hilfer fractional derivative 7 Dg’f(-) of a function u of order « and type 0 < f < 1
is defined by [26]

a, n—a); 1 d ! 1-p)(n—a);
HID ﬂu(t) Igi )y <W,(t) &> I((]+ B ) WM(I), (3)

where [ +"’( ) is w-Riemann-Liouville fractional integral with 6 = ﬂ(n —a) or
6 = (1 — p)(n — ). The right-sided y-Hilfer fractional derivative ¥ [D ( ) is defined
in an analogous way [26].

Choosing y(¢) =t in Eq. (3), we have the left-sided Hilfer fractional deriva-
tive, given by

Hpe ﬂu(t) Iﬂ(n a><§) I“ D=0, ). @)

For the development of this paper, we use the Hilfer fractional derivative, Eq. (4).
The following are some fundamental concepts and results for obtaining the principal
of this paper.

Definition 1 [5] A (a, B)-resolvent operator function P, 4(¢) in €2 is said to be equi-
continuous if P (¢) is continuous by operator for every ¢ > 0.

Definition 2 [1, 7] The Kuratowski measure of non-compactness u(-) defined on
bounded set S of Banach space €2 is

u(S) :=inf{6 >0:8=|[Js, withdiam (S;) <6, fori= 12m}

i=1

The following properties about the Kuratowski measure of non-compactness
are well known.
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Lemma 1 [1, 7] Let Q2 be a Banach space and S, U C 2 be bounded. The following
properties are satisfied:

u(S) = 0 if and only lf§ is compact, where S means the closure hull of S;
u(S) = y(S) = u(conv S), where conv S means the convex hull of S;

u(AS) = [Alu(S) for any 2 € R;

S c U implies u(S) < u(U);

u(S U U) =max {u(S), u(U)};

S +U) < uS) + u(U),whereS+U = {x/x=y+2z y€S, z€ U},

If Q:DQ)CQ— Q is Lipschitz continuous with constant k, then
u(QV)) < ku(V) for any bounded subset V. C D(Q), where Q2 is another Banach
space.

Nk wL D=

Some notations are necessary in order to facilitate and for the better develop-
ment of the results during the paper. Among these, we denote by u(-), llcl_y(') and
ypcl_y(‘) the Kuratowski measure of non-compactness, on the bounded set of £2,
C,_,(J,2)and PC,_,(J, Q), respectively.

An important Kuratowski property measure of non-compactness is as follows:
for any D C C,_,(J,2) and 1€ J, set D(1) = {u(®)/u € D} then D) C Q. If
D c C,_,(J, 2) is bounded, then D(7) is bounded in £ and u(D()) < He,, (D).

Definition 3 [1, 7] Let £2 be a Banach space, and let S be a nonempty subset of £2.
A continuous operator Q : S — £ is called to be k-set-contractive if there exists a
constant k € [0, 1) such that, for every bounded set 2 C S

(0(2)) <uu(@)

Lemma 2 [1, 7] Assume that Qc Q isa i?ounded closed and convex set on Q (Q is
Banach space), the operator Q @ £ — € is k-set-contractive. Then Q has at least
one fixed point in 2.

Lemma 3 [1, 7] Let 2 be a Banach space, and let ® C Q2 be bounded. Then, there
exists a countable set D, C D, such that u(D) < 2;4(@0 )

Lemma 4 [1, 7] Let Q2 be a Banach space, and let D = {un} c PCl_y([bl,bz], .Q)
be a bounded and countable set for constants —o0 < b; < b, < co0. Then u(D(r)) is
Lebesgue integral on [bl , bz] and

b, by
M({/ u,(ndt : ne N}) < 2/ w(D(1))dr.
by b,

Lemma5 [1, 7] Let £2 be a Banach space, and let ® C Cl_y( [bl, bz] , Q)be bounded
and equicontinuous. Then u(D(t)) is continuous on [bl, b, |, and
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He, (D) = terﬁﬁfz]”@(t))'

Definition 4 [5, 14, 37] Suppose that A is a closed, densely defined linear opera-
tor on Q. A function P, ; : R, — B(£2) is called a p-times integrated a-resolvent
operator function or an (a, f)- resolvent operator function if the following conditions
are satisfied:

1. [P’a,ﬂ(t) is strongly continuous on R and [P’a,ﬂ(O) =gy +1 (O
Po s ()P, 5(1) = Py 5(OP, 4(s) for all 2,5 > 0;
3. The functional equation

Pa,ﬂ(s)l;lpa,ﬂ(t) - I;’Pa,p(S)Pa,ﬂ(f) = gﬂ+l(s)[a|]:b p(f) - gﬂﬂ(f)lfﬂj’a,/;(S),

forallz,s > 0, where g;,,(t) = F(ﬂ D — (> 0.
Lemma 6 [14, 29, 37] The fractional nonlinear differential equation Eq. (1) is

equivalent to the integral equation

% T(a) / (t = )" (f(s,u(s) — Au(s))ds. 1€ [0 ]
u®) =3 &(t, u(®), ] 21w
Gt u(®) + m/ (= )*7L(f (s, u(s)) — Au(s))ds t € (Snlm] i=1,....m

5)
The following is the definition of the Wright function, fundamental in mild solu-
tion of Eq. (1). Then, the Wright function M, (Q) is defined by

_ -Q"!
M,(Q) = Z;(n—l)!m—an)’ 0O<a<l, QeC

(e8]

satisfying the equation

o F<1+5)
/ 6°M,(0)d0 = ———, for 6 > 0.
0 F<1+a6>

Definition 5 [14, 37] A function u € PCI_Y(J, ) is called a mild solution of Eq.
(1), if the integral Eq. (5) holds, we have

Py Dy + / S, (t — $)f (s, u(s))ds, 1€ [0,1]
0
u(t) = 4 &t u()), t te(tus], i=1...m
Pa’ﬁ(t)é’k(sk,u(sk))+/ Syt = )f (s,u(s))ds t € (s tiy|, i=1,....m
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where S, (1) = 171G, (1), G (1) = / aOM,(O)P(1*9)d0 and P, 4(1) = IS, (1).
0

3 Existence continuous mild solutions

In this section, we investigate the main result of this paper, the existence of con-
tinuous mild solutions for Eq. (1) using the idea of equicontinuous (a, f)-resol-
vent operator function (P,(7)),»o and the Lebesgue dominated convergence theo-
rem. However, to achieve such a result, we assume certain conditions:

(A1) The nonlinear function f :J X Q2 — Q is continuous, for some r > 0,
there exists a constant p > 0, Lebesgue integrable function, ¢ : J — [0, ) and a
nondecreasing continuous function y : [0, 00) — [0, 00), such that for all t € J
and u € Q2 satisfying ||u||CH <r,

W)
e, < pww(llulc,) and liminf 2 = 5 < oo
for r > 0.

(A2) The impulsive function &, : [tk, sk] X £ —  is continuous and there

exists a constant ng >0,k=1,2,...,m, such that for all u,v € Q2

¢t w) — g, v)||CH <Kyllu=vllc, . Ve (1 51]-

(A3) There exists positive constants, L, (k =0, 1, ..., m) such that for any countable
setdD C 0,

M(f(t9 @)) S Lk#(g)’ te (Sk’ tk+1:|’ k = O’ 1’ cee M.
For brevity of notation, we denote
K := max KC ;
k=1,...m >k

(6)

A :=k310,?t).§,m||(p||1‘[sk’tk+‘];
L :=k=m0f1§mLk(tk+l - sk)- (7)

Theorem 1 Suppose that the (a, f)-resolvent operator function ([F"a’ ﬁ(t))t>0 generated
by —A is equicontinuous, the function {,(-,0) is bounded for k = 1,2, ... ,m. If the
conditions (A1)-(A3) are satisfied, then Eq. (1) has at least one PC,_,—mild solution
u € PC,_,(J, Q) provided that

Mmax {pA + K, K +4KL} < 1. (8)

Proof First, we define the following operator & on PC,_, (/, £2) given by

% Birkhauser
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Fu)®) = (&u) ) + (Fu) (@) ©
where
Py 5Dty te 0,1
(1) (1) =9 Gt u(t), 1€ (s, k=1,2,....m (10)
Po s O (50 uti)) 1 € (S0 ligy ], k=0,1,....m
and

/ S, (1 — )f (s, u(s))ds, t € [0,1,]

0

(Fou) @) = O,Z 1€ (ns], k=1,2,....m (11)
S, = $)f (s, u(s))ds, t € (sk, tk+1], k=0,1,...,m.

Sk

Note that  is well defined and that PC,_,-mild solution of Eq. (1) is equivalent to
the fixed point of operator § defined by Eq. (9). Now, the objective is to prove that
the operator § admits at least one fixed point. The proof will be carried out in four
steps.

Step I: §u € PC,_,(J, 2), Vu € PC,_,(J, Q).

Suppose that 0 < 7 < t < £, then by means of the strongly continuity of the (a, §)
-resolvent operator function P, ;(7)(z > 0) Egs. (2) and (9), we get

| [ - G|
<[ [P0 = P gtoe]

1—

~

+ ||t / S, (& — $)f (s, u(s))ds — /T S.(@ — 9 (s, u(s))ds]
L/ O 0

= [ [PuptOto = B poe]|

1—

<

+ ||t

/ Syt = 5)f (s, u(s))ds + /T (Sa(t —5) =S, (r - s))f(s, u(s))ds]
LJ T 0

< [ [P0 = Py ”+su§)||Sa(t—s)|| i / (s, u(s))ds

+

A7 /T (Sa(t = 5) = S, (z — 5))f (s, u(s))ds
0

< M”tl_yﬂmaﬁ(t—s)u()” + M| / t £(s, u(s))ds

-0,

+

1 /T (8ot = D), (x = ) (s, u(s)) = S, (t = 7)) (s, u(s))ds
0

ast —> 1.
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In this sense, it follows that §u € C,_ ( [0, tl], Q). Now, it is necessary to check
for the other intervals, i.e., Ju € Cl_y((tk,sk],Q) and Fu € Cl_y((sk,tkﬂ],!z), for
everyk=1,2,...,m.

Note that, by means of Eq. (8) and the continuity of the non-instantane-
ous impulsive functions {.(f,u(¢)) with k=1,2,...,m, it is easy to know that
Fu € Cl_y((tk,sk],Q), is in fact similar to the proof of continuity carried out
above (Fu)(r), for 1€ [0,7,], we can prove that Fu € C,_,((s.teyi]- Q). for
k=1,2,...,m. Thus, we conclude that Fu € PCl_y(J, Q) foru € PCl_y(J, Q),1ie.,
g :PC_U,02) —PC_(J,Q).

Step II: 3R > 0; g(§R> c Gy

For this step, it will be carried out by contradiction. Suppose that not true, i.e.,
there is no R > 0 such that %(ﬁR) C ﬁR, then in this sense for each r > 0,

Ju, € Q, and ¢, € J, such that ||t1‘7($}u,.)(t,)||cl > r. Now, we need to evaluate ¢, in
-7

the intervals [0, 7, |, (#. 5] and (s, ;|- Thus, we have:
Ift, € [0, tl], then by Egs. (2) and (9) and condition (A1), we obtain

o= 1) @] = | [Pas e+ [0 =510
1 /Otr S, (2, = )f (s u,(s))ds

I
/sr—lw(s)Y’(HuHCH)ds
0

Mlugl, , +MFOl@l o4

<[Py (1) o +

<M | + |

(12)
Ifr, (tk, sk], k=1,2,...,m,then by Egs. (2), (9) and condition (A2), we get
= 10) (1)) <K o 0]
<K Ju (1), + |6 (5.-0) Hc,_y (13)

< Kc r+N
k
where

N = . max SUP”Ck(tr’e)”c

=1,2,...m g 1=y

On the other hand, if 7, € (sk, tk+1], k=1,2,...,m, then by Egs. (2), (9) and condi-
tions (A1) and (A2), we have

% Birkhauser
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[ [(S,) 2]
= ||[1_y[|]’a’ﬂ(tr)€k(sk’”(Sk))

+t1—7/rSa(tr—s)f(s,ur(s))dS
u,(s,) e, + ||Ck(tr’0)|‘cly> (14)
- / S, (1, — )/ (s.1,(s,) ) ds

< M(ngr+ N) + M/ty ||s1_7f(s, u,(s,))“ds
Sk

< M(K@r +N) + MY (D)l @l cy,

< M(K,:k

+

A ]

By means of Egs. (2), (6), (9), (12)—(14) and using the fact r < ||/'~7 (Fu,)(,)||, we
have

r< Htl_y(%u,)(tr)

<M([lugflc, +¥4+Kr+N) (15)

where A = k=%)1’11¢"?1‘).(-,m||(p||L[sk,lk+]]'

Finally, we divide both sides of Eq. (15) by r and taking the limit as r — oo, we
obtain

| < Htl_y(%”r)(tr) < M

r r

<||u0||cli FPA+Kr+ N> — M(pA + K).

Note that, it is a contradiction Eq. (8). Therefore, we conclude the proof.

Step III: §, : .QNR - ﬁR is Lipschitz continuous and g, : ﬁk - ﬁR is
continuous.

Then, for ¢t € (tk,sk], k=1,2,...,m and u,v € ﬁR by Eq. (10) and condition
(A2), we obtain

[ [(B10) 0 = (§19) 0| = [~ O e s 1(50)) = &elseov(50))]|
SKCkHtl_” [u(sk) —v(sk)]” (16)

< ng llu— V“PCI_V.

On the other hand, for ¢t € (sk,tk+1], k=1,2,...,mand u,v € !SR, by Eq. (10) and
condition (A2), we get

| 1§00 - (@)l <MKl - vl

<MK [lu = vilpc, -

a7

% Birkhauser
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By means of Egs. (16), (17), (2) and (6), we have

”%1’4 - %1V||pcl_y < MKQ [l — V”PC,_V + ng Il — V”PCI_,

M _max K llu=vlec,, (18)
=MK||u — vllpc, -

Therefore, §§, is continuous in .QNR. Now, we prove that g, is continuous in .QNR. Con-
sider u,, € £y be a sequence such that limu, = u in £g. By the continuity of non-

linear term f with respect to the second :L/;r?able, for s € J, we get
limf (5. u,(5)) = f(s. u(s)). (19)
Using the condition (A1), we have
I-y — <
[ 1,9 = s | <[ (5.,

<00 ([wlc,. ) + o (lule, ) O
=2¢(s)¥(R),

+ s )l

fors € J.

As s> 2¢()P(R) is Lebesgue integrable for se€ [sk, t] and
te (sk, tk+1] ,k=0,1,...,m, then by means of Eqs. (2), (11), (19), (20) and the Leb-
esgue dominated convergence theorem, we obtain

Htl—y [(F21,) ) = (S20) ()] ” <7 /lSa(t - s)sy‘lel‘y[f(s, u,(5)) = f(s, u(s))] ”ds

SM/wFﬂV@%m%J@mwwmﬁo
.k 21

asn — oo.
Then, ||&F,u, — %ZM”PCI_ — 0 as n — oo which means that §, defined by Eq.

(11) is continuous in £2p.
Step IV: &, : Qg — £4 is equicontinuous.
Then, foranyu € Qpands, <t <t, <t fork=0,1,...,m, we have

117 (820 (12) = (820 ()] <

153
1

/ S (l2 - s)f(s, u(s))ds

c,

+

/ ] (Sa (z2 - s) -S, (t1 - s))f(s, u(s))ds

c,

=1 +1,
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where I, = and

/ 2 S, (12 — 5)f (s, u(s))ds

/ | (Sa(tz - s) - So,(t1 - s) )f(s, u(s))ds
Sk Ci,

Now, we check I, and /, tend to 0 independently of u € _QR when#, —t; = 0. By
means of Eq. (2) and condition (A1), we get

5}
I < /
g

)
<M [ g (Il o
gl

C._

4

12 =

Sa(tz - s) ”C Ilf Cs, u(s))llCHds

1=y

<M¥(R) / " o(s)ds = 0

ast, —t;, = 0.

Now, for € > 0 small enough and by means of the Eq. (2), condition (A1), equi-
continuity of the (e, ff)-resolvent operator function (Pa,ﬂ(’)),>o and the Lebesgue
dominated convergence theorem, we get

I, <

/ | (Sa(12 = 5) =Sy (1, = 5) ) f (s, u(s))ds

c,

/ ' (Ky(t = 5) = So (1, = 5) )f (s, u(s))ds

slP(R)/]_E S, (1, —

+ 2MY (R) / @(s)ds

_T(R)/] k

+2M¥(R) / @(s)ds = 0

+

C,

s) - Sm(t1 — s)”c @(s)ds

1=y

-1 +s) S (s)” —s)ds

asty—t, > 0ande — 0.
Note that the result, ”t1 [(Fau) (1) — (Fou) (1, ]” — 0 independently of

u€e QR ast —t; = 0, which means that §, : QR - QR is equicontinuous.
For any bounded ® C QR, by Lemma 3, we know that there exists a countable set
Dy = {un} C D, such that

H(B2(D))pey, < 20(F2(Do) g, - (22)
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Since F,(D,) C 82(-511) is bounded and equicontinuous, by means of the

Lemma 5, we know that

#(%2(@0))PCH = [Eﬁgil]ﬂ(%x@o))(ﬂ. 23)

k=0.1,....m

On the other hand, for ¢t € [sk, tk+l] with k=0, 1,...,m, using Lemma 4, condition
(A3) and Eq. (11), we have

u(2(0)) 0 SM({M / s, 05) }d)

<2M /thy(un(s))ds
Sk (24)
<2ML, u(D) /t ds
<2MLu(Dlpc, (ter = 510)-
Therefore, by means of Egs. (8), (22), (23) and (24), we obtain
#(B2(Do) (0) <2MLuD)pe, (11 = 5¢) 25)

<4MLU(D)p, .
From Eq. (18) and Lemma 1 (7), for any bounded ® C §R, we know that is true
y(%}l(ﬁ)))PCH < MKu(®pc, - (26)
Using Eqgs. (25), (26) and Lemma 1 (6), we get

HE e, < H(G1D)pe, +H(FaD)pe, < ME+4L)u(Dpc, -
(27)
Now, combining Eqs. (27), (8) and Definition 3, we have § : Q~R - QR is a k-set
contractive. Thus, through Lemma 2 has at least one fixed point u € £y, which is
justa PC,_, mild solution of Eq. ().

4 Concluding remarks

We conclude the paper, with the objective reached, i.e., we investigate the exist-
ence of a mild solution for a new class of semi-linear evolution fractional differen-
tial equations with non-instantaneous impulses in the sense of Hilfer in the Banach
space by means of the equicontinuous (a, f)-resolvent operator function P, ,(r) and
the Lebesgue dominated convergence theorem. However, the following question is
raised that is open: Will it be possible to investigate the existence and uniqueness
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of mild solutions of Eq. (1) or another fractional differential equation in the sense y
-Hilfer fractional derivative? Although Sousa and Oliveira [35] have recently intro-
duced a version called a Leibniz type rule, the answer is initially no, since there
is not yet an integral transform formulation, in particular the Laplace transform,
to obtain a mild solution according to Definition 5, since it is necessary and suf-
ficient condition to obtain the expression of the mild solution according to Eq. (1).
Research in this sense has been developed and consequently contributes a lot to the
area.
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