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A B S T R A C T

Solving partial differential equations has always been one of the significant tools in mathematics for modeling
applied phenomena. In this paper, using an efficient analytical technique, exact solutions for the unstable
Schrödinger equation are constructed. This type of the Schrödinger equation describes the disturbance of time
period in slightly stable and unstable media and manages the instabilities of lossless symmetric two stream
plasma and two layer baroclinic. The basis of this method is the generalization of some commonly used methods
in the literature. To better demonstrate the results, we perform many numerical simulations corresponding to
the solutions. All these solutions are new achievements for this form of the equation that have not been
acquired in previous research. As one of the strengths of the article, it can be pointed out that not only is the
method very straightforward, but also can be used without the common computational complexities observed
in known analytical methods. In addition, during the use of the method, an analytical solution is obtained in
terms of familiar elementary functions, which will make their use in practical applications very convenient.
On the other hand, the utilized methodology empowers us to handle other types of well-known models. All
numerical results and simulations in this article have been obtained using computational packages in Wolfram
Mathematica.
Introduction

Finding exact solutions for differential equations with partial deriva-
tives has been one of the most important basic needs of researchers
in various fields of science [1–24]. This importance has led to the
introduction and use of several methods in this regard [25–45]. For
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example, the one-lump-multi-stripe and one-lump-multi-soliton solu-
tions to nonlinear partial differential equations has been analyzed via
Hirota bilinear forms in [46]. The authors in [47], have applied the
Painlevé test has been conducted to reveal the Painlevé-integrability
of a novel (2+1)-dimensional nonlinear model. Consequently, they
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obtained several non-resonant soliton solutions, Bäacklund transfor-
mation, Lax pair and infinitely many conservation laws. The work
in [48] presents an optional decoupling condition approach is proposed
for deriving the lump-stripe solutions and lump-soliton solutions to
the KPI equation where the authors have proved there exists a link
between the two kinds of interaction solutions. Taking the Hirota
bilinear method and symbolic computation into account the authors
in [49] investigated the (3 + 1)-dimensional generalized Kadomtsev–
etviashvili equation. Based on its bilinear form, the bilinear Bäcklund
ransformation. Then, they obtained the Pfaffian, Wronskian and Gram-
ian form solutions are derived via the properties of determinant.
ased on the (2+1)- dimensional Burgers model, a generalized variable-
oefficient Burgers equation is introduced in [50]. Then, some lump
olutions to the generalized Burgers equation with variable coefficients
ere extracted in the same reference. The Sine–Gordon expansion
ethod has used in [51] to study the coupled conformable Fokas–

enells equation with spatio-temporal dispersion. Moreover, several
olitary wave ansatzs are utilized in [52] to study exact solutions
or a weakly nonlocal Schrödinger equation of the fifth order in-
olving nonlinearity of the parabolic law and an external potential.
onsequently, they successfully derived several bright, dark, singular,
eriodic soliton and exponential solutions for the model. The Riccati
quation, Kudryashov and a new auxiliary ordinary differential equa-
ion method are three utilized integration techniques used in [53]
o solve the Lakshmanan–Porsezian–Daniel (LPD) model with Kerr
onlinearity using Bäcklund transformation. Further, the work in [54]
as considered the extended rational sinh–cosh method (ERSCM) and
odified Khater method to solve the biological population model to
erive new exact solutions. In [54], the traveling wave solutions to
he (2 + 1)-dimensional dispersive long wave equation are determined
ia the (𝐺′∕𝐺)-expansion method. One of the biggest challenges in
his direction is that it may not be possible to find exact solutions
o some of the equations. In these cases, the use of approximate and
umerical methods is recommended. These techniques are also quite
opular and wildly used [55–80]. In recent decades, researchers have
ried to provide new and more effective definitions for the concept
f derivative. An important reason for the need for these activities
s that standard derivatives may lose their efficiency in the accu-
ate description of some phenomena. The result of these efforts is
he provision of several definitions for non-integer order derivatives,
hich are natural extensions for standard integer-order derivatives.
ome of these definitions include the Conformable derivative [81], 𝛽-
erivative [82], Caputo fractional derivative [83], Riemann–Liouville
ractional derivatives [84], Caputo–Fabrizio fractional derivative [85],
tangana–Baleanu fractional derivative [86]. There is a wide range of
ractical applications for each of these derivatives [87–113]. This level
f efficiency and importance has led to continuous and uninterrupted
fforts to advance these definitions and address potential shortcomings.
n this paper, we aim to study a variety of Schrödinger’s equation called
nstable nonlinear Schrödinger’s equation given by [114–116]

𝜕Q(𝑥, 𝑡)
𝜕𝑡

+
𝜕2Q(𝑥, 𝑡)

𝜕𝑥2
+ 2𝜆|Q(𝑥, 𝑡)|2Q(𝑥, 𝑡) − 𝛾

𝜕2Q(𝑥, 𝑡)
𝜕𝑥𝜕𝑡

= 0. (1)

In this model 𝜆 and 𝛾 are arbitrary real constants, and the dependent
variable Q(𝑥, 𝑡) is independent variables of 𝑥 and 𝑡 as spatial and
emporal variables respectively. This form of Schrödinger’s equation is
tilized while modeling the problems in two-layer baroclinic instability
nd the lossless symmetric two-stream plasma instability when a time
volution of disturbances in marginally stable or unstable media [114].
his fundamental change in the equation provides access to new sets
f analytical solutions to this equation. In addition, more theories
nd applications of the unstable nonlinear Schrödinger equation can
e found in [117]. The high importance of this equation in different
pplications has led to the use of different methods in determining
nalytical solutions for this equation. For example, the extended simple
2

quation method has been utilized in [118] to construct exact traveling i
wave solutions of the equation. The unstable nonlinear Schrödinger
equation has been investigated in [119] via a new version of the trial
equation method. Arshad et al. [120] utilized a modified extended
mapping method to construct different forms of the exact solutions of
the equation such as exact dark soliton, exact bright soliton, bright–
dark soliton, solitary wave, elliptic function in different form, and
periodic solutions to Eq. (1). In [121], the authors have supposed
several ansatz functions for the solution of the equation. And they have
introduced many different solutions to the equation. Several explicit
new exact solutions such as soliton, solitary wave, elliptic function
and periodic solutions of unstable NLSE are constructed in [122] by
using the proposed modified extended mapping method. Novel exact
wave solutions to the equation, have been also proposed in [123] via
the modified exponential rational function method. The work of [124]
presents several lumps, lump with one kink, lump with two kink,
rogue wave, and lump interactions with periodic and kink solitons
for the equation using diverse ansatz transformations. Along with the
research work done above, this paper aims to retrieve several wave
solutions to the unstable nonlinear Schrödinger’s Eq. (1) via an efficient
methodology. So, we organize the article as follows: In Section ‘‘The
solution procedure’’, a systematic description of the solution procedure
is stated. The application of the method to find new wave solutions
to Eq. (1) along with their corresponding numerical simulations are
presented in Section ‘‘The main results’’. In this section, the sensitivity
of the system will be also measured in terms of changes in two fixed
parameters in the model by drawing some 2D diagrams. Finding these
novel solutions is the main achievement of our present contribution.
Then finally, the paper is concluded by stating some remarkable results
in the last section.

The solution procedure

Taking into account the following new transformation

𝜁 = 𝜅𝑥 − 𝜔𝑡, 𝛷(𝑥, 𝑡) = 𝜎𝑥 + 𝜇𝑡, (2)

we assume that Eq. (1) has a solution in the following structure

Q (𝑥, 𝑡) = Q(𝜁 )𝑒𝑖𝛷(𝑥,𝑡), (3)

where 𝜅, 𝜔, 𝜎 and 𝜇 are unknown constants.
Now, we utilize the wave transformation (2) in Eq. (1) and set the

coefficients of real and imaginary parts in resultant to zero. Then, we
obtain 𝜔 = 𝜅(𝛾𝜇−2𝜎)

𝛾𝜎−1 , and

2𝜆Q3(𝜁 ) +
(

𝛾𝜇𝜎 − 𝜇 − 𝜎2
)

Q(𝜁 ) + 𝜅 (𝛾𝜔 + 𝜅) 𝑑2Q(𝜁 )
𝑑𝜁2

= 0. (4)

ow, taking 𝛬1 = 2𝜆, 𝛬2 = 𝛾𝜇𝜎 − 𝜇 − 𝜎2, 𝛬3 = 𝜅 (𝛾𝜔 + 𝜅) into account
n (4), we can write

1Q
3(𝜁 ) + 𝛬2Q(𝜁 ) + 𝛬3

𝑑2Q (𝜁 )
𝑑𝜁2

= 0. (5)

Now, through the application logarithmic transformation Q =
2 (ln(q(𝜁 )))𝜁 in (5), the equation is expanded as follows

3

(

𝜕3q(𝜁 )
𝜕𝜁3

)

q2(𝜁 ) − 3𝛬3q(𝜁 )
(

𝜕2q(𝜁 )
𝜕𝜁2

)(

𝜕q(𝜁 )
𝜕𝜁

)

+ 2𝛬3

(

𝜕q(𝜁 )
𝜕𝜁

)3

+𝛬2

(

𝜕q(𝜁 )
𝜕𝜁

)

q2(𝜁 ) + 4𝛬1

(

𝜕q(𝜁 )
𝜕𝜁

)3
= 0.

(6)

To search for the solution to Eq. (5) in terms of exponential functions,
let us consider the following general structure for the solution

q(𝜁 ) = 𝜌0 +
𝜌1𝑒𝛼1𝜁+𝛽1 + 𝜌2𝑒𝛼2𝜁+𝛽2

𝜌3𝑒𝛼3𝜁+𝛽3 + 𝜌4𝑒𝛼4𝜁+𝛽4
+
(

𝜌1𝑒𝛼1𝜁+𝛽1 + 𝜌2𝑒𝛼2𝜁+𝛽2

𝜌3𝑒𝛼3𝜁+𝛽3 + 𝜌4𝑒𝛼4𝜁+𝛽4

)−1

, (7)

here 𝜌0, 𝜌1, 𝜌2, 𝜌3, 𝜌4 and 𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛽1, 𝛽2, 𝛽3, 𝛽4 are unknown param-
ters need to be determine.

To determine the analytical solution to Eq. (5), we substitute Eq. (7)
nto Eq. (6). Then, we arrive to a polynomial equation 𝑃 (𝜈 , 𝜈 , 𝜈 , 𝜈 ) =
1 2 3 4
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Q (𝜁 ) =
2
(

𝛼2 − 𝛼4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
)

(

e𝜁𝛼2+𝛽1
)2 𝜌21 + 2 e𝜁𝛼2+𝛽1e𝜁𝛼2+𝛽2𝜌1𝜌2 +

(

e𝜁𝛼2+𝛽2
)2 𝜌22 +

(

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)2

.

Box I.
Q1 (𝑥, 𝑡) =
2
(

𝛼2 − 𝛼4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
)

(

e𝜁𝛼2+𝛽1
)2 𝜌21 + 2 e𝜁𝛼2+𝛽1e𝜁𝛼2+𝛽2𝜌1𝜌2 +

(

e𝜁𝛼2+𝛽2
)2 𝜌22 +

(

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)2

× 𝑒𝑖𝛷(𝑥,𝑡), (10)

Box II.
w

0

I

q

w

𝜁

w

0, in terms of 𝜈𝑖 = 𝑒𝛼𝑖𝜁+𝛽𝑖 for i = 0.48,… , 4. Zeroing coefficients of vari-
ables in 𝜈𝑖 introduces a system of nonlinear equations in terms of un-
determined parameters of 𝜅, 𝜎, 𝜇, 𝜌0, 𝜌1, 𝜌2, 𝜌3, 𝜌4 and 𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛽1, 𝛽2,
𝛽3, 𝛽4. After solving the resulting system, we insert its solutions into
Eq. (7) and take Q = 2 (ln(q(𝜁 )))𝜁 into account along with Eq. (3). An-
alytical solutions for the differential equation with partial derivatives
(1) will then be extracted.

The main results

After pursuing the steps mentioned in the previous section, the
following analytical solutions are constructed:
Category 1: In this case, we obtain

𝜅 =
2
√

(

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

, 𝜇 = −
8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼

2
4𝜆−𝜎

2

𝛾𝜎−1 ,

= 𝜎, 𝛼1 = 𝛼2, 𝛼2 = 𝛼2, 𝛼3 = 𝛼4, 𝛼4 = 𝛼4,
1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = 0, 𝜌1 = 𝜌1, 𝜌2 = 𝜌2, 𝜌3 = 𝜌3, 𝜌4 = 𝜌4.

(8)

provided that
(

8𝛾2𝜆𝛼22 − 16𝛾2𝜆𝛼2𝛼4 + 8𝛾2𝜆𝛼24 − 1
)

𝜆 > 0.
If we employ the these values in Eq. (7) one gets

q(𝜁 ) =
𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
+

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2
. (9)

So, it reads as given in Box I.
Accordingly, the analytical solution in this case, is structured as (see
Eq. (10) given as in Box II)
where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼2−𝛼4)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

4(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼
2
4𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(11)

oreover, solution (10) covers abundant analytical solutions for the
ain equation, which are described below.

ub-family 1: Considering the case of 𝛾 = 2, 𝜆 = 2, 𝛾 = 2, 𝜆 = 2, 𝜎 =
1, 𝛼2 = i, 𝛼4 = 1 + i, 𝛽1 = −i, 𝛽2 = −i, 𝛽3 = −i, 𝛽4 = −i, 𝜌1 = 1, 𝜌2 = 1, 𝜌3 =
−2, 𝜌4 = −2 in (10) yields the following analytical solution

Q1,1 (𝑥, 𝑡) =
8 cosh

(

(128𝑡+4𝑥)
√

14
21

)

+ 8 sinh
(

(128𝑡+4𝑥)
√

14
21

)

− 2

4 cosh
(

(128𝑡+4𝑥)
√

14
21

)

+ 4 sinh
(

(128𝑡+4𝑥)
√

14
21

)

+ 1
× ei(−15𝑡+𝑥).

(12)

ub-family 2: Taking the case of 𝛾 = 2, 𝜆 = 2, 𝜎 = 1, 𝛼2 = 1, 𝛼4 =
1, 𝛽1 = −1, 𝛽2 = −1, 𝛽3 = −1, 𝛽4 = −1, 𝜌1 = 1, 𝜌2 = 1, 𝜌3 = −2, 𝜌4 =
2 into account in (10) yields the following analytical solution, see
3

q. (13) given as in Box III
here 𝛷 = −63𝑡 + 𝑥.
Through considering 𝛼1 = 0.48, 𝛼2 = 0.1, 𝛼3 = 0.8, 𝛼4 = 0.7, 𝛽1 =

.48, 𝛽2 = 0.48, 𝛽3 = 0.48.5, 𝛽4 = 0.48, 𝜌1 = 0.48, 𝜌2 = 0.75, 𝜌3 = 0.9, 𝜌4 =
0.2, and 𝜎 = 2, 𝜆 = 2.94, 𝛾 = 2.94 in (10) the resulted dynamic behavior
related to the analytical solution obtained have been also displayed
in Fig. 1. In addition, the sensitivity of this solution is demonstrated
based on the changes of two parameters 𝜆 and 𝛾 in Figs. 2 and 3,
respectively. In these diagrams, it can be seen that increasing the value
of the parameters will make the solutions more stable in the considered
conditions.
Category 2: In this case, we obtain

𝜅 =
4
√

(

8𝛾2𝜆𝛼21−16𝛾
2𝜆𝛼1𝛼4+8𝛾2𝜆𝛼24−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼21−16𝛾
2𝜆𝛼1𝛼4+8𝛾2𝜆𝛼24−1

, 𝜇 = −
8𝜆𝛼21−16𝛼4𝜆𝛼1+8𝛼

2
4𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛼3 = 𝛼3, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = −2, 𝜌1 = 𝜌1, 𝜌2 = 0, 𝜌3 = 0, 𝜌4 = 𝜌4.

(14)

nserting these values into Eq. (7) yields

(𝜁 ) =

(

𝜌1e𝜁𝛼1+𝛽1 − 𝜌4e𝜁𝛼4+𝛽4
)2

𝜌4e𝜁𝛼4+𝛽4𝜌1e𝜁𝛼1+𝛽1
. (15)

Therefore, it reads

Q (𝜁 ) =
2
(

𝛼1 − 𝛼4
) (

𝜌1e𝜁𝛼1+𝛽1 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌1e𝜁𝛼1+𝛽1 − 𝜌4e𝜁𝛼4+𝛽4
.

Finally, the analytical solution in this case, is structured as follows

Q2 (𝑥, 𝑡) =
2
(

𝛼1 − 𝛼4
) (

𝜌1e𝜁𝛼1+𝛽1 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌1e𝜁𝛼1+𝛽1 − 𝜌4e𝜁𝛼4+𝛽4
× 𝑒𝑖𝛷(𝑥,𝑡), (16)

here

=

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼1−𝛼4)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼1−𝛼4)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

2(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼1−𝛼4)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼21−16𝛼4𝜆𝛼1+8𝛼
2
4𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(17)

Further, solution (16) covers abundant analytical solutions for the main
equation, which are described below.

Sub-family 1: Considering the case of 𝛾 = 2, 𝜆 = 1, 𝜎 = 2, 𝛼1 = 1, 𝛼4 =
−1, 𝛽1 = −1, 𝛽4 = −1, 𝜌1 = 1, 𝜌4 = −2 in (16) yields the following
analytical solution

Q2,1 (𝑥, 𝑡) =
4 cosh(−𝜁 ) + 4 sinh(−𝜁 ) − 8 cosh(𝜁 ) + 8 sinh(𝜁 )
cosh(−𝜁 ) + sinh(−𝜁 ) + 2 cosh(𝜁 ) − 2 sinh(𝜁 )

× ei𝛷, (18)

here 𝜁 = 0.48 + (272𝑡+36𝑥)
√

127
381 , 𝛷 = − 28𝑡

3 + 2𝑥.
Sub-family 2: Considering the case of 𝛾 = 2, 𝜆 = 1, 𝜎 = 2, 𝛼1 = i, 𝛼4 =
−1 + i, 𝛽 = −i, 𝛽 = −i, 𝜌 = 1, 𝜌 = −2 in (16) yields the following
1 4 1 4
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Q1,2 (𝑥, 𝑡) =
4 cosh

(

−2 + (512𝑡+4𝑥)
√

510
255

)

+ 4 sinh
(

−2 + (512𝑡+4𝑥)
√

510
255

)

− 16 cosh
(

2 + (512𝑡+4𝑥)
√

510
255

)

+ 16 sinh
(

2 + (512𝑡+4𝑥)
√

510
255

)

cosh
(

−2 + (512𝑡+4𝑥)
√

510
255

)

+ sinh
(

−2 + (512𝑡+4𝑥)
√

510
255

)

+ 4 cosh
(

2 + (512𝑡+4𝑥)
√

510
255

)

− 4 sinh
(

2 + (512𝑡+4𝑥)
√

510
255

) × ei𝛷, (13)

Box III.
Fig. 1. The wave solution Q1 (𝑥, 𝑡) given by (10). Left: Real part, Right: Imaginary part.
Fig. 2. The effects of 𝜆 on Q1 (𝑥 = 0.48, 𝑡) given by (10) for 𝛾 = 2.94. Left: Real part, Right: Imaginary part.
Fig. 3. The effects of 𝛾 on Q1 (𝑥 = 0.48, 𝑡) given by (10) for 𝜆 = 0.4. Left: Real part, Right: Imaginary part.
4
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Fig. 4. The wave solution Q2 (𝑥, 𝑡) given by (16). Left: Real part, Right: Imaginary part.
Fig. 5. The effects of 𝜆 on Q2 (𝑥 = 0.48, 𝑡) given by (16) for 𝛾 = 2.94. Left: Real part, Right: Imaginary part.
analytical solution

Q2,2 (𝑥, 𝑡) =
−4 sinh

(

(80𝑡+36𝑥)
√

31
93

)

+ 4 cosh
(

(80𝑡+36𝑥)
√

31
93

)

− 2

2 sinh
(

(80𝑡+36𝑥)
√

31
93

)

− 2 cosh
(

(80𝑡+36𝑥)
√

31
93

)

− 1

× ei
(

− 4𝑡
3 +2𝑥

)

.

(19)

In Fig. 4, we have demonstrated corresponding dynamic behavior
related to the analytical solution obtained in (16) for 𝛼1 = 0.48, 𝛼4 =
0.48, 𝛽1 = 0.48, 𝛽4 = 0.48, 𝜌1 = 0.48, 𝜌4 = 0.7, and 𝜎 = 0.2, 𝜆 = 2, 𝛾 = 3.35.
In addition, the sensitivity of this solution is demonstrated based on the
changes of two parameters 𝜆 and 𝛾 in Figs. 5 and 6, respectively. In
these diagrams, the instability of the behavior of the solutions for some
values of the parameters is clearly observed.
Category 3: In this case, we obtain

𝜅 =
2
√

(

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼3+8𝛾2𝜆𝛼23−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼3+8𝛾2𝜆𝛼23−1

, 𝜇 = −
8𝜆𝛼22−16𝛼3𝜆𝛼2+8𝛼

2
3𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛼3 = 𝛼3, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = 0, 𝜌1 = 0, 𝜌2 = 𝜌2, 𝜌3 = 𝜌3, 𝜌4 = 0.

(20)

Inserting these values into Eq. (7) yields

q(𝜁 ) =
𝜌2e𝜁𝛼2+𝛽2 +

𝜌3e𝜁𝛼3+𝛽3 . (21)
5

𝜌3e𝜁𝛼3+𝛽3 𝜌2e𝜁𝛼2+𝛽2
Hence we conclude

Q (𝜁 ) =
2
(

𝛼2 − 𝛼3
) (

𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼3+𝛽3
) (

𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼3+𝛽3
)

(

e𝜁𝛼2+𝛽2
)2 𝜌22 + 𝜌23

(

e𝜁𝛼3+𝛽3
)2

.

Accordingly, the analytical solution in this case, is structured as follows

Q3 (𝑥, 𝑡) =
2(𝛼2−𝛼3)

(

𝜌2e𝜁𝛼2+𝛽2−𝜌3e𝜁𝛼3+𝛽3
)(

𝜌2e𝜁𝛼2+𝛽2+𝜌3e𝜁𝛼3+𝛽3
)

(

e𝜁𝛼2+𝛽2
)2

𝜌22+𝜌
2
3

(

e𝜁𝛼3+𝛽3
)2

× 𝑒𝑖𝛷(𝑥,𝑡),
(22)

where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼2−𝛼3)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼2−𝛼3)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

4(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼2−𝛼3)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼22−16𝛼3𝜆𝛼2+8𝛼
2
3𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(23)

Further, solution (22) covers abundant analytical solutions for the main
equation, which are described below.

Sub-family 1: Considering the case of 𝛾 = 2, 𝜆 = 1, 𝜎 = 2, 𝛼2 = i, 𝛼3 =
−1 + i, 𝛽2 = −i, 𝛽3 = −i, 𝜌2 = 1, 𝜌3 = −i in (22) yields the following
analytical solution

Q3,1 (𝑥, 𝑡) =
−2 sinh

(

(80𝑡+36𝑥)
√

31
93

)

+ 2 cosh
(

(80𝑡+36𝑥)
√

31
93

)

+ 2

sinh
(

(80𝑡+36𝑥)
√

31
)

− cosh
(

(80𝑡+36𝑥)
√

31
)

+ 1
× ei

(

− 4𝑡
3 +2𝑥

)

. (24)

93 93
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Fig. 6. The effects of 𝛾 on Q2 (𝑥 = 0.48, 𝑡) given by (16) for 𝜆 = 0.6. Left: Real part, Right: Imaginary part.
Fig. 7. The wave solution Q3 (𝑥, 𝑡) given by (22). Left: Real part, Right: Imaginary part.
Sub-family 2: Considering the case of 𝛾 = 2, 𝜆 = 1, 𝜎 = 2, 𝛼2 = 1, 𝛼3 =
−1, 𝛽2 = −i, 𝛽3 = −i, 𝜌2 = 1, 𝜌3 = −i in (22) yields the following
analytical solution

Q3,2 (𝑥, 𝑡) =
4 + 4 cosh

(

(72𝑥+544𝑡)
√

127
381

)

+ 4 sinh
(

(72𝑥+544𝑡)
√

127
381

)

−1 + cosh
(

(72𝑥+544𝑡)
√

127
381

)

+ sinh
(

(72𝑥+544𝑡)
√

127
381

)
× ei

(

− 28𝑡
3 +2𝑥

)

.

(25)

In Fig. 7, we have demonstrated corresponding dynamic behavior
related to the analytical solution obtained in (22) for 𝛼2 = 0.1, 𝛼3 =
0.1, 𝛽2 = 0.2, 𝛽3 = 0.48, 𝜌2 = 0.48, 𝜌3 = 0.2, and 𝜎 = 0.7, 𝜆 = 0.7, 𝛾 = 4.12.
In addition, the sensitivity of this solution is demonstrated based on
the changes of two parameters 𝜆 and 𝛾 in Figs. 8 and 9, respectively.
In these plots, we observe the effects of considered parameters on the
behavior of the solutions.

Category 4: In this case, we obtain

𝜅 =
4
√

(

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

, 𝜇 = −
8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼

2
4𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛼3 = 𝛼4, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = −2, 𝜌1 = 0, 𝜌2 = 𝜌2, 𝜌3 = 𝜌3, 𝜌4 = 𝜌4.

(26)
6

Inserting these values into Eq. (7) yields

q(𝜁 ) =

(

𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
)2

(

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌2e𝜁𝛼2+𝛽2
. (27)

So, we get

Q (𝜁 ) =
2
(

𝛼2 − 𝛼4
) (

𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
.

Hence, the analytical solution in this case, is structured as follows

Q4 (𝑥, 𝑡) =
2
(

𝛼2 − 𝛼4
) (

𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
× 𝑒𝑖𝛷(𝑥,𝑡), (28)

where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼2−𝛼4)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

2(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼
2
4𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(29)

It should be noted that solution (28) covers abundant analytical solu-
tions for the main equation. Some of the special cases for this category
of solutions are listed below.

Sub-family 1: Considering the case of 𝛾 = 2, 𝜆 = 1, 𝜎 = 2, 𝛼2 = 2, 𝛼4 =
−1, 𝛽2 = 1, 𝛽3 = −1, 𝛽4 = 1, 𝜌2 = 1, 𝜌3 = 1, 𝜌4 = 0 in (28) yields the
following analytical solution

Q4,1 (𝑥, 𝑡) =
6 cosh(𝜁 ) + 6 sinh(𝜁 ) + 6 cosh(𝜁 ) − 6 sinh(𝜁 )

× ei𝛷. (30)

cosh(𝜁 ) + sinh(𝜁 ) − cosh(𝜁 ) + sinh(𝜁 )
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Fig. 8. The effects of 𝜆 on Q3 (𝑥 = 0.48, 𝑡) given by (22) for 𝛾 = 2.94. Left: Real part, Right: Imaginary part.
Fig. 9. The effects of 𝛾 on Q3 (𝑥 = 0.48, 𝑡) given by (22) for 𝜆 = 0.7. Left: Real part, Right: Imaginary part.
where 𝜁 = 0.48 + (592𝑡+36𝑥)
√

287
861 , 𝛷 = − 68𝑡

3 + 2𝑥.
Sub-family 2: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼2 =
−1 + i, 𝛼4 = i, 𝛽2 = 1, 𝛽3 = −1, 𝛽4 = 1, 𝜌2 = i, 𝜌3 = i, 𝜌4 = −i in (28)
yields the following analytical solution

Q4,2 (𝑥, 𝑡) =
−2 − 2 cosh(−2 + 2𝜁 ) + 2 sinh(−2 + 2𝜁 ) + 2 cosh(2) + 2 sinh(2)

−1 + cosh(−2 + 2𝜁 ) − sinh(−2 + 2𝜁 ) + cosh(2) + sinh(2)
× ei

(

15𝑡
2 +𝑥

)

.

(31)

In Fig. 10, we have demonstrated corresponding dynamic behavior
related to the analytical solution obtained in (28) for 𝛼2 = 0.1, 𝛼3 =
0.48, 𝛼4 = 0.48, 𝛽2 = 0.2, 𝛽3 = 0.48, 𝛽4 = 0.48, 𝜌2 = 0.48, 𝜌3 = 0.2, 𝜌4 = 0.2,
and 𝜎 = 0.1, 𝜆 = 0.48, 𝛾 = 3. In addition, the sensitivity of this solution
is demonstrated based on the changes of two parameters 𝜆 and 𝛾 in
Figs. 11 and 12, respectively. In these diagrams, it can be seen that
increasing the value of the parameters will make the solutions more
stable in the considered conditions.
Category 5: In this case, we obtain

𝜅 =
2
√

(

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼3+8𝛾2𝜆𝛼23−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼3+8𝛾2𝜆𝛼23−1

, 𝜇 = −
8𝜆𝛼22−16𝛼3𝜆𝛼2+8𝛼

2
3𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼2, 𝛼2 = 𝛼2, 𝛼3 = 𝛼3, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = 0, 𝜌1 = 𝜌1, 𝜌2 = 𝜌2, 𝜌3 = 𝜌3, 𝜌4 = 0.

(32)

Inserting these values into Eq. (7) yields

q(𝜁 ) =
𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 +

𝜌3e𝜁𝛼3+𝛽3 . (33)
7

𝜌3e𝜁𝛼3+𝛽3 𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2
Hence we conclude

Q (𝜁 ) =
2
(

𝛼2 − 𝛼3
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼3+𝛽3
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼3+𝛽3
)

(

e𝜁𝛼2+𝛽1
)2 𝜌21 + 2 e𝜁𝛼2+𝛽1 e𝜁𝛼2+𝛽2 𝜌1𝜌2 +

(

e𝜁𝛼2+𝛽2
)2 𝜌22 + 𝜌23

(

e𝜁𝛼3+𝛽3
)2

.

Therefore, the analytical solution in this case, is structured as follows
(see Eq. (34) given as in Box IV)
where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼2−𝛼3)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼2−𝛼3)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

4(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼2−𝛼3)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼22−16𝛼3𝜆𝛼2+8𝛼
2
3𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(35)

The general solution obtained in Eq. (34) contains abundant analytical
solutions for the main equation. Some of them can be expressed as
follows.

Sub-family 1: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼2 =
1 + i, 𝛼3 = i, 𝛽1 = 1, 𝛽2 = −1, 𝛽3 = 1, 𝜌1 = i, 𝜌2 = i, 𝜌3 = −i in (34)
yields the following analytical solution (see Eq. (36) given as in Box V)

where 𝜁 =
√

30 (19𝑡−4𝑥)
15 , 𝛷 = 15𝑡

2 + 𝑥.
Sub-family 2: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼2 =
1 + i, 𝛼3 = i, 𝛽1 = 1, 𝛽2 = −1, 𝛽3 = 1, 𝜌1 = −1, 𝜌2 = 1, 𝜌3 = 1 in (34)
yields the following analytical solution (see Eq. (37) given as in Box VI)

where 𝜁 =
√

30 (19𝑡−4𝑥)
15 , 𝛷 = 15𝑡

2 + 𝑥.
In order to investigate the dynamic behavior related to the analyt-

ical solution obtained in Eq. (34), we plot the solution through taking
𝛼2 = 0.48, 𝛼3 = 0.2, 𝛽1 = 0.48, 𝛽2 = 0.48, 𝜌1 = 0.8, 𝜌2 = 𝜌4 = 0.48, and
𝜎 = 0.48.8, 𝜆 = 0.95, 𝛾 = 7.94 in Fig. 13. In addition, the sensitivity of this
solution is demonstrated based on the changes of two parameters 𝜆 and
𝛾 in Figs. 14 and 15, respectively. In each case, the changes associated



Results in Physics 31 (2021) 105036Y. Cao et al.
Fig. 10. The wave solution Q4 (𝑥, 𝑡) given by (28). Left: Real part, Right: Imaginary part.
Fig. 11. The effects of 𝜆 on Q4 (𝑥 = 0.7, 𝑡) given by (28) for 𝛾 = 0.5. Left: Real part, Right: Imaginary part.
Fig. 12. The effects of 𝛾 on Q4 (𝑥 = 0.7, 𝑡) given by (28) for 𝜆 = 0.6. Left: Real part, Right: Imaginary part.
Q5 (𝑥, 𝑡) =
2
(

𝛼2 − 𝛼3
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼3+𝛽3
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼3+𝛽3
)

(

e𝜁𝛼2+𝛽1
)2 𝜌21 + 2 e𝜁𝛼2+𝛽1e𝜁𝛼2+𝛽2𝜌1𝜌2 +

(

e𝜁𝛼2+𝛽2
)2 𝜌22 + 𝜌23

(

e𝜁𝛼3+𝛽3
)2

× 𝑒𝑖𝛷(𝑥,𝑡), (34)

Box IV.
8
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Q5,1 (𝑥, 𝑡) =
16

(

cosh2 (𝜁 )
) (

cosh2 (1)
)

+ 8 sinh(2𝜁 )
(

cosh2 (1)
)

− 12
(

cosh2 (1)
)

− 4 cosh(1) sinh(1) + 2
2 cosh(2) sinh(2𝜁 ) + 2 sinh(2𝜁 ) + 2 cosh(2) cosh(2𝜁 ) + 2 cosh(2𝜁 ) + sinh(2) + cosh(2)

× ei𝛷, (36)

Box V.
Q5,2 (𝑥, 𝑡) =

(

16 cosh2 (𝜁 )
(

cosh2 (1)
)

− 16
)

+
(

8 sinh(2𝜁 )
(

cosh2 (1)
)

− 16
)

− 12
(

cosh2 (1)
)

− 2 sinh(2) + 10
2 cosh(2) cosh(2𝜁 ) + 2 cosh(2) sinh(2𝜁 ) − 2 cosh(2𝜁 ) − 2 sinh(2𝜁 ) + cosh(2) + sinh(2)

× ei𝛷, (37)

Box VI.
Fig. 13. The wave solution Q5 (𝑥, 𝑡) given by (34). Left: Real part, Right: Imaginary part.
Fig. 14. The effects of 𝜆 on Q5 (𝑥 = 0.1, 𝑡) given by (34) for 𝛾 = 0.95. Left: Real part, Right: Imaginary part.
with each parameter clearly reveal significant effects on the solution
behavior of the equation.

Category 6: In this case, the following values are solutions are deter-
mined

𝜅 =
2
√

(

8𝛾2𝜆𝛼21−16𝛾
2𝜆𝛼1𝛼4+8𝛾2𝜆𝛼24−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼21−16𝛾
2𝜆𝛼1𝛼4+8𝛾2𝜆𝛼24−1

, 𝜇 = −
8𝜆𝛼21−16𝛼4𝜆𝛼1+8𝛼

2
4𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼1, 𝛼2 = 𝛼2, 𝛼3 = 𝛼3, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4, 𝜌0 = 0, 𝜌1 = 𝜌1, 𝜌2 = 0, 𝜌3 = 0, 𝜌4 = 𝜌4.

(38)
9

Inserting these values into Eq. (7) yields

q(𝜁 ) =
𝜌1e𝜁𝛼1+𝛽1

𝜌4e𝜁𝛼4+𝛽4
+

𝜌4e𝜁𝛼4+𝛽4

𝜌1e𝜁𝛼1+𝛽1
. (39)

So, we get

Q (𝜁 ) = −
2
(

𝛼1 − 𝛼4
) (

𝜌4e𝜁𝛼4+𝛽4 − 𝜌1e𝜁𝛼1+𝛽1
) (

𝜌1e𝜁𝛼1+𝛽1 + 𝜌4e𝜁𝛼4+𝛽4
)

2 ( 𝜁𝛼 +𝛽
)2 2 ( 𝜁𝛼 +𝛽

)2
.

𝜌1 e 1 1 + 𝜌4 e 4 4
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Fig. 15. The effects of 𝛾 on Q5 (𝑥 = 0.1, 𝑡) given by (34) for 𝜆 = 1.2. Left: Real part, Right: Imaginary part.
Q6,2 (𝑥, 𝑡) =
24 cosh

(

−2 + (294𝑡−8𝑥)
√

286
143

)

+ 24 sinh
(

−2 + (294𝑡−8𝑥)
√

286
143

)

+ 6 cosh
(

4 + (588𝑡−16𝑥)
√

286
143

)

− 6 sinh
(

4 + (588𝑡−16𝑥)
√

286
143

)

4 cosh
(

−2 + (294𝑡−8𝑥)
√

286
143

)

+ 4 sinh
(

−2 + (294𝑡−8𝑥)
√

286
143

)

− cosh
(

4 + (588𝑡−16𝑥)
√

286
143

)

+ sinh
(

4 + (588𝑡−16𝑥)
√

286
143

) × e𝛷, (43)

Box VII.
Accordingly, the analytical solution in this case, is structured as follows

Q6 (𝑥, 𝑡) = −
2
(

𝛼1 − 𝛼4
) (

𝜌4e𝜁𝛼4+𝛽4 − 𝜌1e𝜁𝛼1+𝛽1
) (

𝜌1e𝜁𝛼1+𝛽1 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌21
(

e𝜁𝛼1+𝛽1
)2 + 𝜌24

(

e𝜁𝛼4+𝛽4
)2

× 𝑒𝑖𝛷(𝑥,𝑡),

(40)

where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼1−𝛼4)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼1−𝛼4)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

4(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼1−𝛼4)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼21−16𝛼4𝜆𝛼1+8𝛼
2
4𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(41)

Further, solution (40) covers abundant analytical solutions for the main
equation, which are described below.

Sub-family 1: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼1 = I, 𝛼4 =
1 + I, 𝛽1 = 1, 𝛽4 = −1, 𝜌1 = −1, 𝜌4 = 1 in (40) yields the following
analytical solution

Q6,1 (𝑥, 𝑡) =
−2 cosh(2) − 2 sinh(2) + 2 cosh(−2 + 2𝜁 ) + 2 sinh(−2 + 2𝜁 )

cosh(2) + sinh(2) + cosh(−2 + 2𝜁 ) + sinh(−2 + 2𝜁 )

× eI
(

15𝑡
2 +𝑥

)

.

(42)

where 𝛷 = − 68𝑡
3 + 2𝑥.

Sub-family 2: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼1 = 1, 𝛼4 =
−2, 𝛽1 = −1, 𝛽4 = −2, 𝜌1 = −2 I, 𝜌4 = 1 in (40) yields the following
analytical solution (see Eq. (43) given as in Box VII)
where 𝛷 = 143𝑡

2 + 𝑥.
In Fig. 16, we have demonstrated corresponding dynamic behavior

related to the analytical solution obtained in (40) for 𝛼1 = 0.48, 𝛼4 =
0.9, 𝛽1 = 0.2, 𝛽4 = 0.7, 𝜌1 = 0.1, 𝜌4 = 0.1, and 𝜎 = 0.48.2, 𝜆 = 0.48.1, 𝛾 =
3.35. In addition, the sensitivity of this solution is demonstrated based
on the responses of two parameters 𝜆 and 𝛾 in Figs. 17 and 18,
respectively. In these diagrams, the high sensitivity of the behavior
of the solutions for some values of the parameters is clearly observed.
10
Category 7: In this case, the following values are retrieved for system
solutions

𝜅 =
4
√

(

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

)

𝜆 (𝛾𝜎−1)

8𝛾2𝜆𝛼22−16𝛾
2𝜆𝛼2𝛼4+8𝛾2𝜆𝛼24−1

, 𝜇 = −
8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼

2
4𝜆−𝜎

2

𝛾𝜎−1 ,

𝜎 = 𝜎, 𝛼1 = 𝛼2, 𝛼2 = 𝛼2, 𝛼3 = 𝛼4, 𝛼4 = 𝛼4,
𝛽1 = 𝛽1, 𝛽2 = 𝛽2, 𝛽3 = 𝛽3, 𝛽4 = 𝛽4,
𝜌0 = −2, 𝜌1 = 𝜌1, 𝜌2 = 𝜌2, 𝜌3 = 𝜌3, 𝜌4 = 𝜌4.

(44)

Inserting these values into Eq. (7) yields

q(𝜁 ) =

(

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
)2

(

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2
) (

𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
) . (45)

So, we get

Q (𝜁 ) =
2
(

𝛼2 − 𝛼4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
.

Hence, we obtain an analytical solution to the equation as follows

Q7 (𝑥, 𝑡) =
2
(

𝛼2 − 𝛼4
) (

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 + 𝜌3e𝜁𝛼4+𝛽3 + 𝜌4e𝜁𝛼4+𝛽4
)

𝜌1e𝜁𝛼2+𝛽1 + 𝜌2e𝜁𝛼2+𝛽2 − 𝜌3e𝜁𝛼4+𝛽3 − 𝜌4e𝜁𝛼4+𝛽4
× 𝑒𝑖𝛷(𝑥,𝑡),

(46)

where

𝜁 =

√

8
√

𝜆
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
)(

𝛾2𝜎2𝑥+
(

8𝑡(𝛼2−𝛼4)2𝜆+𝜎2𝑡−2𝜎𝑥
)

𝛾−2𝜎𝑡+𝑥
)

2(𝛾𝜎−1)
(

− 1
8+𝛾

2(𝛼2−𝛼4)2𝜆
) ,

𝛷 = −

(

8𝜆𝛼22−16𝛼4𝜆𝛼2+8𝛼
2
4𝜆−𝜎

2
)

𝑡

𝛾𝜎−1 + 𝜎𝑥.

(47)

Further, solution (46) covers abundant analytical solutions for the main
equation, which are described below.

Sub-family 1: Considering the case of 𝛾 = 1, 𝜆 = 1, 𝜎 = 1
2 , 𝛼2 = −1, 𝛼4 =

1, 𝛽1 = −1, 𝛽2 = −2, 𝛽3 = −1, 𝛽4 = −2, 𝜌1 = 1, 𝜌2 = 0, 𝜌3 = 0, 𝜌4 = −1 in
(46) yields the following analytical solution (see Eq. (48) given as in
Box VIII)
where 𝛷 = 127𝑡

2 + 𝑥
2 .

Sub-family 2: Considering the case of 𝛾 = −1, 𝜆 = 2, 𝜎 = 1, 𝛼2 = −1, 𝛼4 =
1, 𝛽 = −1, 𝛽 = −2, 𝛽 = −1, 𝛽 = −2, 𝜌 = −1, 𝜌 = 0, 𝜌 = 0, 𝜌 = 1 in
1 2 3 4 1 2 3 4
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Fig. 16. The wave solution Q6 (𝑥, 𝑡) given by (40). Left: Real part, Right: Imaginary part.
Fig. 17. The effects of 𝜆 on Q6 (𝑥 = 0.1, 𝑡) given by (40) for 𝛾 = 1.1. Left: Real part, Right: Imaginary part.
Fig. 18. The effects of 𝛾 on Q6 (𝑥 = 0.1, 𝑡) given by (40) for 𝜆 = 1.5. Left: Real part, Right: Imaginary part.
Q7,1 (𝑥, 𝑡) =
−4 cosh

(

−1 + (250𝑡+2𝑥)
√

31
31

)

− 4 sinh
(

−1 + (250𝑡+2𝑥)
√

31
31

)

+ 4 cosh
(

2 + (250𝑡+2𝑥)
√

31
31

)

− 4 sinh
(

2 + (250𝑡+2𝑥)
√

31
31

)

cosh
(

−1 + (250𝑡+2𝑥)
√

31
31

)

+ sinh
(

−1 + (250𝑡+2𝑥)
√

31
31

)

+ cosh
(

2 + (250𝑡+2𝑥)
√

31
31

)

− sinh
(

2 + (250𝑡+2𝑥)
√

31
31

) × ei𝛷. (48)

Box VIII.
11
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a

D

c
i

Q7,2 (𝑥, 𝑡) =
−4 cosh

(

1 + (134𝑡−8𝑥)
√

14
21

)

+ 4 sinh
(

1 + (134𝑡−8𝑥)
√

14
21

)

+ 4 cosh
(

−2 + (134𝑡−8𝑥)
√

14
21

)

+ 4 sinh
(

−2 + (134𝑡−8𝑥)
√

14
21

)

cosh
(

1 + (134𝑡−8𝑥)
√

14
21

)

− sinh
(

1 + (134𝑡−8𝑥)
√

14
21

)

+ cosh
(

−2 + (134𝑡−8𝑥)
√

14
21

)

+ sinh
(

−2 + (134𝑡−8𝑥)
√

14
21

) × ei𝛷, (49)

Box IX.
(46) yields the following analytical solution (see Eq. (49) given as in
Box IX)

where 𝛷 = eI
(

63𝑡
2 +𝑥

)

.
In order to validate all the extracted solutions, we inserted them in

the corresponding equation to make sure that all of them were correct.
Fortunately, all of these solutions were valid from this point of view.
Moreover, all necessary symbolic calculations in this manuscript, along
with drawing diagrams, have been done using Wolfram Mathematica
12.0.

Conclusion

Recent advances in computers and numerical software have been a
great help to researchers in developing evolutionary methods for solv-
ing partial equations with partial derivatives. There are many methods
in the literature that rely entirely on the use of expensive, complex,
and time-consuming calculations in computers. This paper employs an
efficient logarithmic transformation technique to obtain some oblique
optical solutions to a nonlinear Schrödinger equation of unstable type.
This variant form of the Schrödinger equation describes the disturbance
of time period in slightly stable and unstable media and manages the
instabilities of lossless symmetric two stream plasma and two layer
baroclinic. The method used in this article is quite straightforward
which offers the explicit expressions of solutions in terms of elementary
functions like exponential function. Moreover, it has less computational
complexity than some existing methods, and this is one of the highlights
of this method. Numerical simulations also complement the analytical
findings. Also, to demonstrate the effects of two existing parameters
in the model we have plotted 2D profiles. The approach can be used
to find novel exact solutions to a wide class of nonlinear differential
equations in mathematical physics that will be one of our next goals in
future research.
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