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In this work, we consider the time-fractional diffusion equations depend on fractional
orders. In more detail, we study on the initial value problems for the time semi-linear fractional
diffusion-wave system and discussion about continuity with respect to the fractional derivative
order. We find the answer to the question: When the fractional orders get closer, are the corre-
sponding solutions close? To answer this question, we present some depth theories on PDEs and

fractional calculus. In addition, we add an example numerical to verify the proposed theory.
© 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

In the area fractional calculus, there are many applications in
mechanic, biological, physical science, and applied science
where the generalization of classical diffusion equation is the
fractional diffusion equation. There are many methods and
ideas were developed for fractional PDEs; we cite the reader

* Corresponding author.

E-mail addresses: luuvcamhoan@duytan.edu.vn (L.V.C. Hoan),
nguyenhuucan@tdtu.edu.vn (N.H. Can).

Peer review under responsibility of Faculty of Engineering, Alexandria
University.

https://doi.org/10.1016/j.aej.2020.08.054

to [15-18,26,27,21,3.5,6,28.8,29,38-66,40,17,41], and the refer-
ences therein. Tuan et al. [23] established continuity with a
fractional order of the time diffusion-wave equation. In this
paper, we extend the equation and consider the following cou-
pled semi-linear fractional diffusion-wave equations with
xeQ e (0,7)

{ Nu(x,t) + oAu(x, 1) (1)

F (u,v),
Nv(x, 1) + ov(x,1) ¢

G(u,v),

with the boundary conditions as follows: u(x,7) =0 and
v(x,1) =0 for x € 9Q,7 € (0,7]. In addition, the problem
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(1.1) satifies the following initial value conditions (for
(x,1) e Q x {0}

u(x, 1) = up(x), wu(x,1)=0,
and
v(x, 1) = vw(x), w(x,1)=0.

In (1.1), the symmetric uniformly elliptic operator .o which
is defined in [15], the constant 1 < o < 2 is the fractional-order.
In addition, the Caputo fractional derivative 97 (respect to ¢)
which is defined as follows

1 ! ],aazu
m/{) (t—mn) afn(xw)d’%

here, the Gamma function is I'. If & = 2 then 63 is understood
as the usual time derivative. Let Q be a open domain and
bounded in R" adding a smooth boundary 9Q. The functions
F .9, uy, vy satisfy some given assumptions. The case
1 <o <2 of our problem is called super-diffusive model of
anomalous diffusion equation. We can see some quasi linear
equations with the form of (1.1), where classical time derivative
(0 =2).

The author El-Sayed ([30]) defines the following fractional
order problem

Nu(x,t) + oLu(x,t) =0,

Nu(x,t) :=

u(0) = uy, u,(0) =0, (1.2)

and he also considered the existence of mild solution of (1.2).
Recently, some mathematicians, such as, Mainardi [35], Sch-
neider and Wyss [36] have studied some various properties of
the fractional diffusion/wave equation. Very recently, the
semi-linear super-diffusive equations are studied by E. Alvarez
and his co-authors [7], here they considered the well-posedness
of these problems. According to [31], the authors H. Jafari
et al., to get the approximate solution for nonlinear fractional
diffusion and wave equations, they applied the modified of the
homotopy perturbation method.

Recall that the problem (1.1) is associated to anomalous
diffusion phenomenon in physical motivations. Especially,
for 1 <o <2, the problem (1.1) is used for the super-
diffusive model in heterogeneous media. Some physical back-
ground is found in Sokolov [37], Mainardi [32], Kilbas [33],
Podlubny [34]. For an example about the application of frac-
tional calculus in physical, the authors in [20] show that the
fractional calculus are effective to appreciate for the damping
controllers which compared to the classical derivative. In par-
ticular, in a diffusion model we need to describe a diffusion
process with a time-variable memory type.

According to our searching, there are very few works on the
fractional couped diffusion systems. Almost works used this
model to describe chemical, physical and biological processes
[1]. In the case: direct problem for the fractional diffusion sys-
tem, we can find many papers which was studied in [1,2,16].
However, there are no results about the investigating continu-
ity on the fractional order of time semi-linear fractional
diffusion-wave system. Hence, in this work, we deal on the fol-
lowing question

Does u,, — u, in an appropriate sense as n — oo?
In order to solve the above question, we have some difficul-

ties things for considering all constants independently on the
fractional orders. This is a challenge task for us when we study

(1.3).

This article is numbered into sections as follows: In the first
section, we introduce the problem. In the second section, we
present some preliminaries which will be usful for next sec-
tions. In third section, we study the continuity property of
the solution of the initial problem (1.1). In the final section,
we also give a numerical example to show the useful of method
which is used in this paper.

2. Preliminaries

2.1. The Mittag-Leffler function

We consider an important function in this area which is called
by the Mittag-Leffler function as follows

9= TRy

where o > 0, € R and & € C. We call to mind the following
lemmas (see for example [40,13,14]), which will be useful for
the results in Sections 3 and 4.

Lemma 2.1. For € is a positive constant depending only on o. If
1 < o< 2, then for all £ >0, such that

|E(=O)| < € |E(=) < €.

Proof. Applying Lemma 2.1 in [13]. OJ
Now, we consider the lemmas as follows.

Lemma 2.2. Let 2> 0and 1 < a < 2. For all t > 0, we have the
following identities

a/EOC(*;“[M) = 7/11“_1Ea,o<(7;”la)a
(P E (= 01%)) = 72 E, 4 (—A1%).

Proof. Applying Lemma 2.2 in [19]. O
Lemma 2.3 (see [25]). Let 1 < o <2 if T is large enough then

E,(—4,T") #0, (2.3)
for all j € N then there exists two constant m, and M, such that

m, ’

1+ 4,1 (24)

From lemma 2.3 [4], we have following lemma.
Lemma 2.4. Let 1 <a<b<2,a€ (ab) and M, My which

are two positive constants, and M3 which only depend on a,b
such that for any z > 0 we get

M, (a b) M, (a, b) Nz (a,b)
\ a\" < ) oo\ T < . .
D < |E(-2)| S T B2 < . (29)
Lemma 2.5. Let O <a<oa<o<b and 0 <t < T. For any

€ > 0 which independent on o, there always exists I, such that

| — '] < max (777, 1) M (o — o) . (2.6)

Proof. See Lemma 3.2 [19] O
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Using Lemmas 3.3-3.4 from section 3 [19], we consider the
lemma as follows.

Lemma 2.6. Assume that 1 <a<o <o <b<2 and € > 0.
Then there exists AB(a,b, e, v, T) is a positive constant satisfies

Bla,b, e, f, T 70 (1 — o) 4 (= )],
2.7)

|E,(—407) = Eaa (= 24517)] <

forany0< f<land0<t<T.

Proof. See Lemma 3.3 from Section 3 in [19]. O

Lemma 2.7. Assume that 1 <a<oa<a/ <b<2. Fore>0
and any 0 < f < 1, there exists €(a, b, ¢, p, T) is a positive con-
stant satisfies

| By (= 247) = 07 By (=251 |

<C(abe, B, 1A 19" [(ar — ) + (o — 01)]. 28)

Proof. Using Lemma 3.4 from section 3 in [19]. O

2.2. Some Sobolev spaces

Note 1(Q), Hy(Q), H*(Q) denote the usual Sobolev space. Let
o/ is the operator considered on L*(Q) with domain
H*(Q) N Hy(Q), where the spectrum is a increasing sequence
with positive real numbers {;“j}j>l respectively which satisfy

that lim;4 =oc. Let us denote by {¢}. in

1 =1
H*(Q) N H{(Q) are the orthonormal eigenfunctions of .o/
respectively, which mean that .«7¢; = 4;p;. The sequence form
an orthonormal basic of 12(Q) see e.g. [24]. We define by .o/"
the following operator

~

oy = Z(v, o)A, veD(A) =

=1

Mx

{VGU_Z(Q) (v, (p>| /Lz” }

1

The domain D(./") is Banach spaces equipped with the norm
= 22 2

=2 (el
j=1

If n = 1, we have D (/") = H*(Q).

For > 0is a given number, we have the Hilbert space as
follows

H"(Q) = {v c13(Q): i|<v7 (p/>|2}~f” < oo}.

We identified a norm for w(u,v) € #"(Q) =

HVH%D(&/") : (2.10)

(2.11)

H"(Q) x H'(Q)

as follow
fio2 2
HWH,W(Q) = H“”Hv(g) + HVH[H]”(Q)' (2.12)
Let a space of continuous functions with map

(0, 7] — H"(Q) is C((0,T);H"(Q)) and 0 < f < 1 is a given
number. We define the space C*((0, 7]; H"(Q)) such that

Sup lﬁllf( Dy < o0, f€ C((0, T H'(Q)),
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in which (see [4])
sy = Sup 2|/l
”ﬂ'C/’((Oﬂ.[H] @) 0<:ng 11155 @
The product space

VA0, T, H!(Q)) = CF(0, T, H"(Q)) x CF(0, T, H"(Q)) is also a
Banach space endowed with the norm

2 2
HWHv/f(o,T,Hﬂ(Q)) = \/”“Hcﬂ(o.r,wm)) + ”V||<D/f(o,r,wr(g))v

for w = (u,v) € VF(0, T, H"(Q)). Let p is a given positive real
number, we have L*(0, 7, H"(Q)) is a Banach space with norm

|m|m;6(o4,r‘wf(9>) i= esssup e ||l - (2.13)

The product space
W(0, T, H"(Q)) = L1 (0, T, H"(Q)) x LX(0, T,H"(Q)) is also
a Banach space endowed with the norm

2 2
= \/”uH[L;C(O,T.H”(Q)) + HVHE;C(O.T.[H]”(Q)V

where w = (u,v) € W°(0, T, H"(Q)).

HWHW;,C(O,T,H"(Q))

3. Continuity with respect to fractional order of initial value
problem

The aim of this section, we consider the existence of a mild
solution of problem (1.1) with the initial condition uy, vo).
From [23], we have the solution in terms as

{ u(, 1) = Lot + fot P oot — )F (u,v)(-,5)ds,

, (.14)
V() =L aa(Ovo + fo Pt — )G(u,v)(-, 5)ds,

where
E,(=4)(w, 0;)®;,

(=4(t=9)"){w, 0) ;.

Lemma 3.1. Let 1 <o <2,y <n<y+1andwe H" Q). The

following inequalities hold:

1S s ()9l ) <M, ) [0l
12 st = )Wl <M (a, b) (2 )" [ w]

- (3.16)

Proof. Using lemma (2.4), we get

1 (W0 ) = ZA’”EZ ) w o) < D (B o, )
=
2 @)\ 20D gy @\ 20 2
Z’“(lw,’) (]wﬁ,t’) ‘<“’-(ﬂ,>\

D (a, b) 2201 Z, (w, ) < W5 (a, b) 0wl g

=1

N

N

Therefore, we have estimate as
S .o () W] i) S My (a, b),ﬂ(» ")

"Nl q)-
Similarly, using lemma (2.4), we have

(3.17)
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)2 CTVER (<At — ) (w0

S

j=1

o2 1) [ My(as) ) 3.18
Z/lﬂ(l—s)z( l)(l—fj;,((,,[\))x) |<w, (pj>|2 ( )

J=1

_ 2
2.0 (2 — S)WHIII]”(QJ

/N

N

22y 12
W (a, b) (1 = )" wllip)-

Therefore, we deduce

-1
12 cs.a(t = $)Wllin0) < M@, D) (1 = 5)" 1wl o -

Completing the proof of lemma (3.1). O

Lemma 3.2. Let 1 <a<2y<n<y+1L,=y—n+1 with
0< p<1landweH"(Q). The following inequalities hold:

H[yﬂ-i’([) - y&/.a(l‘)]wHHu(Q)
8((1, b7 € ﬁ7 T)[(OC/ - OC)‘ + (OC/ - o‘)]tib(n wiE“wH[H]’(Q)v
(3.20)
(12 st = ) = Pg(t = )] g (321)

< Glabye BT =) + (o = )2 (1 = ) g

Proof. Using lemma (2.6), we get

H['y-r/w@) - (/W<t w Hw 1(Q) Z’“ (_)“iti)}szv ‘/7i>|2

1/1 — f”

<3 B a b e, b, T(w — ) +

=

22(B=1) —2b(1—B)—2€| /.. 2
A/_! ) =2b(1-p) =2 K“'V‘/’/N

(o — a)]”

<V ab,e, B Do — ) + (w1 — )1 DS 2D )
=1

<B(a,b,e, B, (o — @) + (o — ) 20D w B g

Therefore, we obtain

i) W10
< B(a,b,e,f, T)[(2 — 2)° + ( — )]0

= L a(1)]
7E||W||[H]7(Q)
(3.22)

wherey =5+ —1 <#5,0 < f < 1. Similarly, applying lemma
(2.7) with 0 < f < 1, we get
H[!ﬂ’ﬂ_z,(tfs) Pyt —5) MHH,

B[ 97 B (1= 9)” — (1= Bt = )] [ 0))P

Il
Mx

s )a/fﬂ—l} ‘|<w’ (/7/>|2

u/i — 1] Z['IKW (p,

< |G(a.bye, B T)(w — 0) + (o — 2)]24 1(,7@1,,‘471] 1wy

< iif" [‘K(a, b,e, B, T)[(or — o) + (a — ot)])/f Yt -
< |G(a,b,e, B, T)[(or — ) + (ar — )] 25" (

And so

H [Pt — ) — P oot — s)}wHH,,(Q)
< (ab 8. Dl —
o= o)) 1

HW| Q) -

we get all estimates of Lemma 3.2. This complete the proof. [J

We assume that &
(S.1)

1 1) D)y < Co (1 G, D)y + G Dl )

I, v) <G (1, Dlliny + 19 Dl )

, % satisfy the assumptions as follows.

(3.23)
SOl <

where (u,v) € A"(Q) =
(S.2).

|7 Gy vi) (- 1)
1% Gur, v1) (-, 1)

H(Q) x H'(Q).
- »07(“2:"2>(‘~f)”w”(9) < K (H”I - uZHH’Y(Q) + 7”2“H”(Q))'

(3.24)
’)H[-a’wn) < K (H”l - l‘ZHH'v(m + v = “ZHH'r(n))v

= G(ur,m)(,

where (1/t17 Vl) € ayfﬂ(Q), (uz, Vz) € %’7(9)

Definition  3.1. If the solution w= (u(-,1),v(-,1)) €
W(0, T; H"(Q)) satisfies System (3.14), then w is called a

mild solution of Problem (1.1).

Theorem  3.1. Let  (up,vo) € #"(Q).  Assume  that
l<a<a<w<b<2and0< f < 1. The problem (1.1) has
unique  solution  w(u,v) € Wx(0, T;H"(Q)). Let w, €Wy
(0, T;H"(Q)) and w, € W (0, T;H"(Q)) be two solution of
(1.1) with fractional order o. and o/ respectively. If exist numbers
y.e satisfy 0<e< (mina(y+1—n)—1b(y—n)+1) and
y<n<y+1then

& b T)
||w||\/1(”’7‘)((0.T],H"(Q)) < @{;(a,b) exp (12 ’

[[Wor — W, |

VB0 (0, T, (@)
< (o = 2) + (o — 01)]

X [J%'{" (a, b, T, |lwoll 10y C1s Cz) exp

1/2
M (a,b, T, Ky, Ko (o0 — o) + (o — a)]ZT] . (3.26)

Proof (Proof of Theorem 3.1). Proof of this theorem consist
some smaller parts.

Part 1. Existence and uniqueness of the solution of (1.1)
For w € W°(0, T; H"(Q)) We consider the following function

Dw = (Dyu(-, 1), Dyyo¥(-, 1))

where

{ Dot 1) =L ara(thto + [o Posat = 5)F (u,v)(:, 5)ds,
DuaV(s1) =L gl OO0+ [y st — )G, v)(-,5)ds.

(3.27)

By applying the Banach fixed-point theorem, we obtain that
the equation Dw,=w, has the unique solution
w, € Wx(0, T; H"(Q)).

Let
wi (u1(~, l) ( ,Z)) c WOO(O T H 7(0)), ‘4/2(142(’, Z)7 \/2('7 l)) c-
W(0, T; H(Q)) we have
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Doyt (1) — Doy (- / Pyl ) (r8) — (g v2) (- 5)]s,
(3.28)
DoV (1) = Doya¥a (- /1@"/, (1= 5)[%(ur,v1) (-, 8) — G(uz, v2) (-, 5)]ds.

(3.29)

We get the following estimate
e (Duyti (1) — Nl
= o Pusalt = 5)e " [F (i, m)(-5) =

DV/Q{“Z

F (uz, m)(- ]dv”H,,

Applying lemma (3.1), we get the following estimate
e (Darm (-, 1) - Doy
< oy Mis(a, b)(t — s)“”efﬂvfw [e 77 || 7 (uy
=7 (102,12)(+5) o |

Using (3.24) and applying Holder inequality, we obtain

3;«' allz

vi)(9)

le (s (-5 1) = Doy o (-, 1)) Hw
< KiMs(ab) fy e (lwn5) = wa58)
1) = Va9l ) — 5)° s
ot
PR
< Klim3(avb)<”“l 7“2“1,"7(0.{9—{]”(9)) + [lvi *V2H|L;f(o_rw(m)) /0 (t— )" e ds
1

< KM (a,b)||wi — wz|\?yw(0v7-v,,ﬂum))/ (r— s) e =9 g

0

1
< KiMs(a,b)||wi — Walws 0.7 ) /0 (1—s)""ds

_Kis(ab) ,

S oz llwy = wZHWI’,‘(ﬂ.T.H”(Q))‘
Hence
[ Derom = b&/‘a“2||m;<(o,r.w(9))

< K] 9]33 (LZ7 b)

ST, T*|lw, - WZHW;C(O,T,IH]”(Q))‘ (3.30)
We can obtain a similar estimate
[Deravi = b-—QMVZH[L;C(OJ‘va))
Kzilng (a, b)
< #TXHWI _WZHW;‘(O,T,IH]”(Q))‘ (3.31)

Therefore, we find that

[PW1 = DWallyyx 0 (@) = [P = l\f‘*"-r“'“2H[L‘;C(04,T,[H1”(9)>

+HDM,1V1 - bﬂ,l”“mﬁ(o,rw"(ﬂ)) (3.32)
K1 +Kx) M (ab

< % T%||w, — WZHW;C(O‘T’HW(Q)).

If w, = 0 then for any w € W)°(0, T, H"(Q)) then

HQWHW; orm@) S [1Dw - D"V2||w;(D.T,[Hl"(ﬂ)) + stz“‘wiﬂo-fw”(“” (3.33)

< R T Wiy o ramay + 1Dl o i

bWZ = (EEQ].QUZ(y [), b,g«’,of."Z(H Z))v

where u, = v, = 0 and
D,y (-1 = ,.(Du

{ o o 2(7 ) d,u() 05 (334)
DM,Q,VZ(', f) - ydﬁu([)vo

By applying Lemma 3.1, we deduce that
Dw, € WX(0, 7,H"(Q)). Therefore, we conclude that if any
we Wx(0,7,H"(Q)) then Dw is bounded.

Part 2. From (3.14) and using inequality
(u+v) < 2(u? 4 v*), we have
”u('?[)”iﬂ”(ﬂ) < zuyd,a«(l)uoﬂﬁuﬂ(n)
‘ 2
+2 / P oyu(t —)F (u,v)(-,8)ds .
0 HI(Q)
(3.35)

Applying Lemma 3.1, assumption (3.23), we obtain
”u('a t) ||§-|]'1(Q) < Zﬂﬁg(a, b)tz“(?'*ﬂ)

+ 2([0[ Ms (a, b) (1 — )" |7 ((u, v) (-, s))||W(Q)ds>2.

2
||“0H[H]>‘(n)

Multiplying both side to /2*"~") and using Holder inequality,
we get

2
(7 D))

<298 (a, b)||uo I3, @
F20 (a, b)C2 0 >([ (1 + Ju(-,
< 298 (a, b) o5y oy

20 B [ (14 a5y + V5 ) 570 2

Using Beta function  property f 501 0 s —
(#+9-1B(0,49),0 > 0,9 > 0 with assumption 2a(y — ;1) -1,
we obtain

2
iy )50 (1 = 5)* ' ds)

Hmm +Iv(,

(1 — 5)*2ds.

" ’
(#9 uC Dlv)
< zgﬁg(a, b)”uOH@zH’(Q)
208 (a, b) 2=+ D-1B(0, ) !

2
(1 + ”u(.’S)H[H]"(Q) + HV('7S)HH'1(Q)) SZm(rI—y)dS7

where 0 :=2a(y —n) + 1,9 := 20 — 1, by applying inequality
(m+n+k) <3(nm® +n* + k), we get

2
(11 (-, )”H”(QJ)

2
< 295 (a, b) [luol5; @

+69Jl§(u,b)Cfr2“<”’7‘“>"B((),19)f’(1+Hu(ns)\|]2ﬂu(m+|\ (- )HH,@) 20 ds (3.36)

60 (a.b)CF 2+ B(0,0)
2a(—7)+1

+68 (a, )G B(0,9) [ (1M 9) iy + IVC9) iy )2 s,

<295 (a, b) o) +

Similarly, we can also obtain

603 (a.b)C3 2412 B(0,9)
2u(n—7)+1

2
(PN D) < 298 ) ol + -
698 (a, )TV B(0,9) i (IluC5) ) + 90 5) [ )57 s

From (3.36) and (3.37), we arrive at

2 S
(I )y + 19 ) i ) 220

, (3.38)
<) + T a,b) fy (IuC-9)n @) + IV g )0 ds,
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where
€1a,b) = 298(a,5) (ol ) + 701l

698 (a,b) (C3+C3) 1212+ DB(0,9)
2u(n—y)+1 ’

€4 (a,b) = 695 (a,b) (C] + C3) T V-1B(0,9).

Applying Gronwall’s inequality, we obtain

12

©1=9) ((0,T], 17 (Q )+HV ©*01=) ((0,T),H"(Q))

< E€)(a,b) exp(CLi(a,b)T). (3.39)
Therefore
~ € (a,b)T)
Wt 0.1 4100 </ €15 (a, ) exp (% . (3.40)

Part 3. From Eq. (3.14), we then obtain

u,(, 1) =L y.(uy+ f()’ P oyt — )T (U, vy) (-, 5)ds,

V(s 1) =L s 000 + fy Posalt = )G (1, v,) (-, 5)ds,
(3.41)
and
Uy (1) =L g (o + [§ Pos (1 = $)F (g, vs) (-, 8)dls,
V(1) =L (OO0 + [y Poos(t — 5)G (U, V) (-, 8)dls.
(3.42)
Since (3.41) and (3.42), we get
Wy () = (0, 1) =L s (t) = L ra () g
+ / i = 5) = Pyl = 9] (0., (- 5)ds
/%atfs (F (a1, var) (-, 8) = F (1, v) (-, 5)]ds,(3.43)
V(o 1) = Vo, 1) = [ Lo (1) = S o (D)]00

(
F o [Posa(t = 5) = Py ot — 8)|G (1, ) (-, 8)dls (3.44)
+ j;)t *J}-r/l,o((t - S)[g(uwv Vz/)(',S) - g(uw Vi)('vs)]ds'

Using Lemmas 3.1 and 3.2, we have estimate as follows

H“w(v ) - “1 s )HHM Q) 3”[90.,%.1/([) - ym.a(f)]uomn(g)

2
+ 3”/ Pyt = 5) = Py ot — )| F (11, 1) (-, )ds
0 1)
t 2
+3 / P oot = )T (U, Var) (-, 8) — F (U, V) (-, 5)]ds
0 @)

<38 (a,b, €, B, T[( — o) + (o —
+367(a,b,e, B, T)[(o0 — )" + (o — 2)) i

” 2
( [ s)HH.m)ds)
JO
2

980 6) ([ 0= 1 ) 5) = F a0 )
(3.45)

)7 202 g [ @

Using assumption (3.23) and (3.24), we obtain

luy (-, 1) _ud('7t)|‘§ﬂ”(n)
<3 (a,b,6, B, T — )+ (& = D) 172002 ||}
+3K30G (a,b).F
+3CG (a,bye, B, (@ — o) + (0 — ) 4,
where

2

s ;:( / =5 (i o) =8y + [ 5) = v1<»,x>uwm)ds) :

(3.46)
1 . 2
J ::(/0 (t— J)“("Hf")ﬁ71( + s (- 8) sy + [V (-5 HH”(Q))dS> : (347)
Multiplying both side to (=42 we get
2w, (-, 1) _“z('at)||[24w<n)
<3B(a b B DI = + @ =D Nl (5 4

+3KING (a, b) PP g
H3CE (@, b6 B, T) (w0 — )" + (o — )] g/ P02 g

By using Holder’s inequality, we get

t
7= </ ([ _ S)('/—»Hl)a—lS—h(;;—y)—fsb(q—y)+f
0

llus (-5 8) = U (e ) llyan oy + [V (-58) =

'
< / (f — S)zh'ﬂHl)afzs’y’('l*"«')*z(ds
JO

va(~,‘¥)|\wz<o)>ds>z

! 2
x / 02 (g - 9) = 09 ) + Vo 8) = Va5 e ) -
Applying Beta function
0<e<mina(y+1—1y)—
2e — 2> —1, we obtain

property  with  assumption
1,b(y —n)+14 then 2a(y +1—n)—

e b e TR

X fi s +2f(nu (9) = 0y + Mo 9) = o)) s, o)
where
0,:==2b(n—7y) —2e— 1,9, :=2(y+ 1 — ) — 1.
Therefore
S < 2020512002 B () )
(3.50)

_/gsz""v”f(nm ) = s 5) By + [V ) = Vol 8) e ) -

Similarly, using (3.40) we have inequality as follow with
te0,7]
S :(/Dl (t— ~V)U("+I7”)7{7|l\'ﬂ s ‘(1 + [Juy (- ‘)HH' @t [V (-, Hﬂ’(!z )d‘>

'
SA (1= syt 72.\'2’("""%/,&'/0 s (l H s G 8y + ¥ G5 9) e w(!l))d"') ds

ST (U9 07)(1 o ooy + Vol »((o.ﬂ_w(m)v (3.51)

where
0, :=2a(y—n)+ 1,9, :=2a(y + 1 —n) — 2e— 1.
To facilitate the calculation, we set

(gﬂ} (a b T) _ 3T2(y—r1)(n+a)—2e+2:z—IB(Gz’192)

o0

(1 + HuWHC”l Do) T H"a/Hc* ((0,T), [H]”(Q)))
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From (3.48)-(3.50), we get

PPy (1) = wy (- )”!HU @

< 3%%(a,b,€, B, T)[(2 = 2)" + (2 — )] [t o)

+3CG> (a, b, €, B, T — @) + (a — ) 2P 20D (a5, T)  (3.52)
+3K2DG (a, b) PO+ B(0,, 9, )

hi e 2 2
X .fot sl (H“w +8) = W 8) [y + Voo (-5 8) — Va((‘7s)HH”(Q)>dS'

Similarly, we also deduce
22w, (1) = Vol D)
<3B(a,b,6,8,T)[( = 2) + (@ = 2) ol )
+3C36%(a, b, e, B, T) (o0 — 2)° + (o — ) 25/ 272000
+3K3DE (a,b) PO+ -0 B(0,, 9, )
< fo 2002 (i (,5) = e 5) iy + 19 (1) = Va1l nc ) s

7">+ZFEZ:£,(G, b, T) (353)

Compose (3.52) and (3.53) we have
fz”("’”")”‘(Hux/(w 1) = (1) By + Va5 1) = Vil f)\lﬁwm)
<38 b,e B Dl = )" + (7 = D (1wl + 170l )

+3(CF + )6 (a, b e, B, T)[(o0 — ) + (o — ) 2/ > T2 (a, b, T)
+3(1<2 + K3)MG (a, b) P01 B(0,,9,)

Jo 02 (i 8) = 0, 9) iy + W -19)
<l (@b, T, oL

(3.54)
Va9 e ) s

€1, C) (@ = )+ (= )
+ A (a,b, T, Ky, Ko)[(of — ) + (o — )]
Xﬁg‘xzb +2e(Hu

2
8) = u1<'75)‘|\H\'Y(Q) V(5 8) = Val(oys

H\HH )d5~

In there, we applied the norm of element belong A#7(Q) as
follow

= [luollZy @ T ||V0H[H] @
By applying inequality Gronwall, we get the following estimate
02 (g (1) = W )iy + [ 1) = Vil D )

<7 (a5, T, Loy, €1, o) (o0 = 2 + (o0 = )

HWOHJ/ Q) —

(3.56)

exp (J//Z"’"”(a, b, T, Ky, K)[(or — 2) + (o — oc)]zt).

Therefore,

2
N — W[ ernse 0 pnqay) + [1Vor — Al ChO3) (0,7 H1(Q)

<ﬂ@imanwwM@xm@ﬁwfw—uwfm%mn

exp (/%’2”‘6(@ b, T, Ky, Ky)[(or — o) + (o — oc)}zT).

Finally, we obtain

||W,, W1| VE=1)+e (0, T, H1 (Q))

< (o — o) + (o — )]
[./%’}’"”" (a, by T, [woll s € C2>

N 1/2
{exp A (a,b, T, Ky, Ko)[(or — 0) + (ar — a)fT} [(3.58)

This complete the proof. [J

4. Numerical test

The goal of this section is presenting an example to verify the
results which are shown in our theory. At the benginning, we
setup some tools to support our calculations. The examples
82

are involved with the Laplace operator — g, the domain

Q =10,7], and T = 1. Then we study the problem as follows
€ (0,m),1€ (0, 1),
x € (0,n),t€ (0,1),

Zou(x,1) = F(u,v),

Nu(x, 1)
Nv(x,t) — )zv( ) =%9(u,v),

(4.59)
which satifies the boundary condition
u(x,t) =v(x,1) =0, (x,1) €{0,7} x (0,1], (4.60)
and the intial conditions
u(x,0) = up(x) and v(x,0) = vy(x),x € (0, 7), (4.61)

where the Caputo fractional derivative as follows

1 ! l—o 82‘4’('>’7)
— [ =g
NP /0 (t=n) an

where o € (1,2) and T is the Gamma function which was cal-
culated by using a function Gamma(-) in Matlab software. To
calculate the value of Mittag-Leffler function, we run the code
Matlab which was written by Igor Podlubny [18].

In L*(0,7) space, we have the orthogonal basis and eigen-

values are ¢;(x) = \/%sin(jx) and 4 =7 j=12,...,
respectively.

Next, we partition the time variable z € (0,1) and spatial
variable x € (0,7) as follows

Nw(-, 1) :=

. T 1
X[:(Z—I)Fx7 lk:(k I)Hr l:17 7H«\‘+17
k=1, H +1,

where H,, H, > Oare two given integer numbers.
To compare the regularity of the solution, we consider the
following estimations with fractional derivative order o

He+1 * 2
an Z 3 |Ll“ xH —u (X,-,l)|
H,+1 ’

B (1) =y |t 1 1) = v (i )
H,+1 ’

where ( ) and (u*
respectlvely, Wthh satlsﬁes ot
o = o+ ¢ e—0".

Then the solution of problem (4.59), (4.60) and (4.61) as
follows

(4.62)

(4.63)

v*") are the solutions in case o and o,
approachs to «. Namely,

= \/%ZfilEl(—jzt“)qu sin(jx)
VS = 5 B (- 5)7)
F j(u,v)(s)dssin(jx),

W 0) = B E (R oy sinGix)

+\/%Z,°il Jo (2 "E, . (—/(t—5)%)
G;(u,v)(s)dssin(jx),

(4.64)
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where
uo; = (uo, (pj>L2(0,n> = \/%fo7T 1o (x) sin(jx)dx,
vo; = (vo, 0;) Com = \/Zfo’[ vo(x) sin(jx)dx,
F i) = (F W), 0) 0, = LI F
Gi(u,v) = (%(u,v), (/’/>L<0n) \/—fo (u, )

x) sin(jx)dx
x) sin(jx)dx.
(4.65)

In code Matlab, we have the solution (4.64) which can be wri-
ten in form matrix as follows

u(xy, 1) u(xa, 1) u(xs, 1) u(xp 41, 11)

u(xy, 12) u(x2, 1) u(xs, 1) u(Xp, 41, 12)

u(xi, 13) u(x2, 15) u(x3, 13) u(Xpg 41, 13) ,
LuCxr, thn) (X2, tyen)  u(xs, ty) u(Xprts ) 1 )
and
[ v(xi,n) v(x2, 1) v(x3, 1) V(X 41, 1)

(x1, 1) v(x2, 1) v(x3, 1) v(Xu, 11, 12)

v(xi1, 13) (X2, 13) v(X3, 13) V(X 41, 1) ,
Lv(xis tia)  v(xa, t) V(X3 ty41) V(Xp, 415 L 41) (Hy+1)x (Hy+1)
Table 1 The estimation for £ = 0.1 and o = 1.5.

{oa+¢,0} H,=40,H, =40
e EZ‘M Ec:f,zx*
{1.51,1.5} 101 0.016630876412637  0.029022995052921
{1.501, 1.5} 1072 0.010125012722883  0.011941963325382
{1.5001,1.5} 103  0.006892326925566  0.008276288565691

0.9 T T T T T T

+ Sol.urep=0.1

%  Sol.urep=0.01
O  Sol. u:ep=0.001
Sol. u T

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0 0.5 1 15 2 25 3 3.5

Fig. 1

where, let N; a truncated parameters, we have

u(x;, 1) \/ZW)
/2 ) By (<P (1 — $)7) F(u, ) (s)ds sin(jx,),
v(xi, 1) \[ZM’)E —/212) vo, sin(jx;)

VI = B (1 — 5)7) % v) () sin),
(4.66)

We consider the problem (4.59), (4.60) and (4.61) with the
following input data

-7 ’I: o sin(jix;)

uy(x) = sin(x), vo(x) = —sin(2x) x€(0,m)
F =Lu(x,1) 4+ v(x, 1) = 2T (« — 2)f(x, 1), x€(0,m),1€(0,1),
G =u(x, 1) +3v(x, 1) = 3(e = 3)T (o — 2)g(x, 1), x€(0,7),1€(0,1)

with
S(x, 1) = 2T (o0 — 2) sin(2x)at® — T(o — 2) sin(x)our? — 61 (o — 2) sin(2x)our?
—4T (o — 2) sin(2x) £ + 2T (o — 2) sin(x)at + 2T (o — 2) sin(x) s
+6I (o0 — 2) sin(2x)aut + 12T (o — 2) sin(2x) > — T'(o0 — 2) sin(x)a
—4T (o — 2) sin(x)t — 2T (o — 2)asin(2x) — 12T (o — 2) sin(2x)¢
+4sin(x)7(2 — o) + 2 (o — 2) sin(x) + 4T (o — 2) sin(2x),

g(x, 1) = —11T (2 — 2) sin(2x)o? £ + 3T (o0 — 2) sin(x)o? 1 + 33T (o0 — 2) sin(2x)o? 2
+55T (o — 2) sin(2x)at® — 61" (o — 2) sin(x)o®t — 15T (o — 2) sin(x)ar?
=330 (o — 2) sin(2x)o*t — 1650 (e — 2) sin(2x)ar® — 661 (o — 2) sin(2x) 7
+30 (o — 2) sin(x)o? 4 30T (o — 2) sin(x) ot
+18T (o — 2) sin(x)#* + 11T (e — 2) sin(2x)o?
+165T (o0 — 2) sin(2x)at + 198T (o — 2) sin(2x)#2 — 15T (e — 2) sin(x)a
=360 (o — 2) sin(x)7 — 18sin(2x)#(2 — o) + 18 sin(2x)72 *1 — 55T (o — 2) sin(2x)ot
—198I (o — 2) sin(2x)7 + 18I (o — 2) sin(x) + 54sin(2x)~* + 66T (a — 2) sin(2x).

In Table 1, we can see the results of regularity by derivative
order. Moreover, in Figs. 1 and 2, we also show the graph of
the solution in the case o = 1.5. When fixing the variable 7,
we have the error estimation between (u,,v*) and (u,-,v*).

By choosing H, = H, =40,z =1.5 and ¢ =107, where
a € {1,2,3}. We conclude that if ¢ goes to 0, then the errors

0.8 T T T T T T

+ Sol.viep=0.1

%  Sol.viep=0.01

O  Sol.v:ep=0.001
Sol. v

08 1 1 1 1 1 1
0 0.5 1 15 2 25 3 3.5

Comparison the regularity for a-derivative order of u,v at 1 =0.1,x € (0, ).
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0.9

0.8

0.4

0.2

Fig. 2 The solutions (u,v) on (x,7) € (0,7) x (0,1).

also convergence to 0. It means that the smaller the order, the
smaller the error between the solutions. This shows that the
proposed method is used in this work which is effective.

5. Conclusion

In this paper, we study on the coupled of semi-linear fractional
diffusion-wave equations. We present the results about unique-
ness, existence and regularity of the solution. According to our
search results, this is considered to be the first result in this
area. Moreover, we give an example numerical to illustrate
our method.
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